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iv Preface

Editors’ preface
This volume contains papers based on invited lectures from the 15th International
Congress of Logic, Methodology and Philosophy of Science, in Helsinki, Finland, on
August 3-8, 2015. The CLMPS 2015 was held under the auspices of the International
Union of History and Philosophy of Science (IUHPS), Division of Logic, Methodol-
ogy, and Philosophy of Science (DLMPS), by the invitation of the Finnish National
Committee for the Philosophy of Science, and hosted by the University of Helsinki.
We have included in this book the opening statements by the representatives of the
DLMPS, and the Local Organizing Committee.

In the traditional way, the Congress included six plenary lectures, 39 invited papers
and 476 contributed papers distributed in 17 sections, and 172 papers in special sym-
posia (including affiliated meetings and commission sessions). A complete list of the
plenary lectures and invited papers appears on pages ix - xiii. This book includes 23
of the invited papers. Abstracts of all papers of the CLMPS, together with abstracts of
papers of the Logic Colloquium 2015, were published in the Book of Abstracts in 2015
(clmps.helsinki.fi/materials/CLMPS_LC_bookofabstracts29.7.2015.pdf).

The process of editing the manuscripts into a camera ready version was led in Helsinki
by Päivi Seppälä, the Congress Secretary of the CLMPS. Her effective team consisted
M.Soc.Sc. Juho Pääkkönen, B.Phil. Leena Tulkki, and Ms. Hanna Pankka. We are
grateful to all of them for their careful work. We also express our gratitude to King’s
College Publications and Managing Director Jane Spurr who wished to continue the
tradition of publishing the Proceedings of the CLMPS in their series.

Munich, Helsinki, and Madison, WI, January 2017
Hannes Leitgeb, Ilkka Niiniluoto, Päivi Seppälä, Elliott Sober
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Preface of the Division of Logic,
Methodology, and Philosophy of
Science (DLMPS)

Welcome to the 15th Congress on Logic, Methodology, and Philosophy of Science
(CLMPS). The CLMPS is one of the most important activities of the Division of
Logic, Methodology and Philosophy of Science (DLMPS) of the International Union
for History and Philosophy of Science (IUHPS).

The DLMPS was founded in 1955, and currently has 31 ordinary members (represent-
ing countries) and seven international societies as international members. The first
Congress took place in Stanford, California in 1960. One of its organizers was Patrick
Suppes (1922-2014) who later became President of the DLMPS from 1975-1979; he
passed away recently. Given his importance for the Division and our field, it is fit-
ting that there will be a symposium on his work at the Helsinki Congress (Saturday, 8
August, 10am-12pm).

Since that first congress in Stanford in 1960, the CLMPS has been one of the most
important global meetings of logicians and philosophers of science, taking place ev-
ery four years and complementing national and regional meetings that occur more
frequently. The Helsinki CLMPS continues this fine tradition. The programme for
this Congress, and the abstracts in this volume, show that this Congress will provide a
vibrant, probing, and multi-dimensional picture of our research field.

The DLMPS functions as the umbrella organization for logic and philosophy of sci-
ence at the global level. The DLMPS facilitates discussion of developments in our
fields in a number of commissions, some of which are shared with our sister division
in the IUHPS, the Division of History of Science and Technology (DHST). In recent
years, the two divisions have intensified their collaboration, and this will be visible
at the Helsinki Congress in the form of a meeting of the Joint Commission (Friday,
7 August, 2:30pm-7pm; Saturday, 8 August, 10am-11am and 1:30pm-3:30pm), as
well as symposia of commissions that are or are planning to be shared between the
two divisions: the Teaching Commission, the International Association for Science
and Cultural Diversity (IASCUD), and the Commission on History and Philosophy of
Computing (HaPoC).

The IUHPS is part of the International Council for Science (ICSU), for which the
IUHPS plays a special role by providing a meta-perspective on the scientific enter-
prise, reflecting on scientific practices and institutions. DLMPS has taken this task
seriously at the Helsinki Congress by organizing two special ICSU sessions relating
to current global ICSU research projects. One is on "Future Earth and Models of
Climate Change"; the other is on "Health and Welfare". In these sessions, scientists
working on these projects will interact with philosophers of science. In 2014 and
2015, IUHPS has coordinated a project for ICSU entitled "Cultures of Mathematical
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Research Training"; there will be a report on that project as part of the already men-
tioned meeting of the International Association for Science and Cultural Diversity
(IASCUD).

In conclusion we, as representatives of the Executive Committee of DLMPS, want
to thank Hannes Leitgeb, who chaired the Program Committee, and Ilkka Niiniluoto,
who chaired the Local Organizing Committee, for their excellent work in planning this
Congress. They and the members of their committees have worked hard and deserve
our gratitude. We also want to thank the scholars who will be giving talks at the
Congress. The success of our Congress is now in their hands!

Elliott Sober
President, DLMPS

Benedikt Löwe
Assistant Secretary General, DLMPS



Preface vii

Preface of the Local Organizing
Committee

On behalf of the Local Organizing Committee (LOC) of the 15th international Congress
of Logic, Methodology, and Philosophy of Science (CLMPS), held in Helsinki, Au-
gust 3-8, 2015, I wish to thank all of those who came to the beautiful capital of Finland
on August 3-8, 2015.

The great tradition of international congresses of LMPS, under the auspices of the
Division of Logic, Methodology and Philosophy of Science (DLMPS), was started in
1960 at Stanford University. Every four years these meetings bring together logicians
and philosophers of science from all over the world to present and discuss their current
work. In addition to 45 plenary and invited speakers, the Call for Papers attracted
762 philosophers to submit their contributed papers and symposium proposals to the
congress. The number of registered participants from 55 countries was 713.

The programme covered all systematic and historical aspects of formal logic, general
philosophy of science, and philosophical issues of special sciences. The theme of the
15th Congress was “Models and Modelling”. A special feature of the CLMPS in 2015
was the co-location of the Logic Colloquium (LC), the European Summer Meeting of
the Association for Symbolic Logic (ASL), in Helsinki, which allowed the participants
also to follow a rich supply of lectures in mathematical logic.

The hosting University of Helsinki was established in 1640 as the Royal Academy
of Turku. Its staff included a Professor of Theoretical Philosophy whose task was to
teach logic or the art of thinking. When the Academy was moved to Helsinki 1828, it
adopted the Humboldtian model of research-based education where philosophy played
a leading academic role. Modern philosophy of science reached the University a cen-
tury later, when Eino Kaila as the Professor of Theoretical Philosophy introduced the
principles of logical empiricism. Kaila’s students – among them Georg Henrik von
Wright, Oiva Ketonen, and Erik Stenius - and von Wright’s student Jaakko Hintikka
transformed Helsinki to an important international centre of logic and philosophy of
science. This philosophical approach was complemented in 1973 by the establishment
of a new chair of Mathematical Logic at the Department of Mathematics.

Both von Wright (in 1963-65) and Hintikka (in 1965) are past presidents of the Inter-
national Union of History and Philosophy of Science. Hintikka was an active partici-
pant as a speaker in both CLMPS and LC, but sadly passed away only a few days after
the Congress.

The local organizers of the 15th Congress of LMPS included the Philosophical Society
of Finland (founded in 1873 by Professor Thiodolf Rein), the section of Theoretical
Philosophy of the Department of Philosophy, History, Culture and Art Studies, and the
Finnish Centre of Excellence in the Philosophy of the Social Sciences (TINT). I wish
to thank the members of our team, especially the congress secretary Päivi Seppälä, for
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their excellent and skilful work.

We are most grateful to the sponsors of the Congress: DLMPS, the University of
Helsinki, the Finnish Federation of Scientific Societies, the Finnish Academy of Sci-
ences and Letters, the Council of Academies of Science, the Finnish Cultural Founda-
tion, the Wihuri Foundation, TINT, and the City of Helsinki.

On behalf of the local organizers, I wish to thank Elliott Sober and Benedikt Löwe
(DLMPS), Hannes Leitgeb (chair of the Programme Committee), and Jouko Väänänen
(chair of the Local Organizing Committee of LC) for their effective co-operation.

The venue of the Congress was the neoclassical main building of the University of
Helsinki, located in the middle of the compact downtown area. Summertime in Fin-
land provided pleasant sunshine and white nights, and the participants were able to
enjoy the blend of logic and philosophy with a friendly intellectual and cultural atmo-
sphere.

Ilkka Niiniluoto
Chair of the Local Organising Committee
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Part A

Logic





1 Logic in play

JOHAN VAN BENTHEM *

Abstract. Going beyond the traditional focus on consequence and inference, logic
can be broadened to an exact theory of general information-driven agency draw-
ing on many sources, without giving up on its well-established mathematical modus
operandi. We show how this broader agenda involves the design of new kinds of dy-
namic logics for action, information, knowledge update, and belief change, and even-
tually, entangled with these, agents’ preferences and goals. In particular, we explore
several active interfaces of logic and games, where all these themes come together
in natural concrete scenarios, ending up with advocating a move from game theory
to a theory of play. Our presentation throughout takes the form of discussing typi-
cal examples, identifying major themes and suggesting new open problems concern-
ing logic and agency. Finally, we explore what taking this agency-based perspective
means for a variety of fields, including philosophy, linguistics, and game theory—and
we conclude with some thoughts on what the field of logic is, or can become, in the
perspective presented in this article.

Keywords: Dynamic-epistemic logic, games, agency, information.

1 Introduction: Two perspectives on logic

What logic is about and what it is up to can be viewed in two different ways. One can
see logic as describing the core structures of reality, with logical constants mirroring
the structure of compound facts. In this perspective, logic is close to metaphysics,
though some people soften this stance by letting logical consequence refer to infor-

*Amsterdam, Stanford & Tsinghua, http://staff.fnwi.uva.nl/j.vanbenthem
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mational dependencies in the world, and logical constants to how we classify that in-
formation in ways that are useful to us. On either variant, logic is about structures out
there in the world, structures that would be there even if no living being ever existed
in any planet of this universe. This view of logic has a long and distinguished history
going back to metaphysical or scientific inquiry. But there is also a second view where
agents are of the essence, and it has an equally long pedigree in the history of the field.
Logic is also typically embodied in human activities such as conversation or argumen-
tation, and some historians believe that this is even how the scientific subject arose in
the first place, out of reflection on this practice in philosophical, legal or political set-
tings. Logical constants are then about structured moves that can take place in such
social scenarios, while logical consequence has to do with forcing one’s interlocutor
to accept certain propositions. In other words, logic can be about the world out there,
but just as well about the agents perceiving that world and acting in it.

The two perspectives are not at odds. Clearly, agents will only behave successfully in
the long run if their modes of representation and reasoning fit the facts of the world.
Also, the two views occur entangled in natural language, the culture medium for all we
say and do. One instance is the pervasive ‘product–process ambiguity’ (van Benthem,
1996) between expressions for activities and their products in the world. Consider
Carnap’s famous book Der Logische Aufbau der Welt (Carnap, 1928). In German,
“Aufbau” is ambiguous between ‘structure’ of the world and our ‘construction’ of it—
and something similar is true for other natural languages. And these two viewpoints
are clearly involved in what might be seen as an intriguing conceptual dance.

2 Logic and games: A natural combination

Despite endorsing this lofty balance, my purpose in this paper is to explore the activity
or process perspective on logic, as it still has not received the full attention than it
deserves (van Benthem, 2011). And going that way, actors come to the fore, that is the
agents employing logic. So, my main topic might be called logic and agency.

In pursuing this line, I am going to first restrict attention to an area where many issues
become concrete because we have vivid intuitions about them, namely, games. Games
are a natural prism for the themes of this paper (van Benthem, 2014a). First of all, they
are a natural practice where we hone our logical skills, and in particular, major log-
ical activities such as argumentation have clear game-like features, such as choices
of what to say, long-term strategies for dealing with opponents, and preferences as to
the outcome of a debate. But also, games are a concrete model of intelligent social
interaction, and they exhibit many structures that invite logical analysis. The interface
of logic and games (and game theory) is rich and growing, with computer science as
a ‘Dritter im Bund’, and we will show how. After that, I will explore more general
agency-related themes and their connections with logic, and having done that, I con-
clude with some consequences of taking this agent-oriented perspective for a range of
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issues from philosophy to the sciences, and for logic itself.1

3 Evaluation games in logic

Let us make a simple connection first between a basic notion in logic and one in
games, that has been proposed by a range of authors since the 1960s. Truth and falsity
for formulas in models can be analyzed in terms of a two-player game, where we
pull apart logical notions into different roles—a standard pattern in creating ‘logical
games’. Roles allow the mind to play against itself, testing things to the utmost.

Games, roles, and moves Let ' be a first-order formula, and M a model. Verifier
claims that ' is true in M, Falsifier claims that it is false. To be fully precise qua first-
order semantics, we would also need an assignment sending individual variables to
objects in the model, but in our exposition here, we will mostly downplay this finesse.
Now the logical structure of the formula ' induces a scheduling for the game:

At disjunctions, Verifier has to choose a disjunct for further play, while at
conjunctions, it is Falsifier who has to make this choice. The game for a
negation ¬' is the dual of the game for ', all marks for turns, winning
and losing are reversed between the two players. Verifier has to choose
an object in M for an existential formula 9x', while Falsifier chooses an
object in M for a universal formula 8x'.

Each round drops a logical operator. When we reach an atom, a check takes place
against the model M, and the game ends: Verifier wins if the atom is true, and Falsifier
wins if it is false.

Example A formula in a network.

Consider the network depicted in Figure 1, with five nodes, and a connected relation:
that is, there is an arrow between every two points (though we will not draw the result-
ing reflexive arrows, for convenience). The first-order formula 8x8y (Rxy _ 9z (Rxz ^
Rzy)) says that one can get from any point in the graph to any other point by at most
two directed arrows. This assertion is false in the given network, and the game will
show how. For instance, Falsifier can pick the objects x = 5 and y = 4, and can then
win against any counter-play by Verifier.2

There is something general going on here that connects logic and game theory.

Truth, falsity and winning strategies The following equivalence can be proved easily
by induction on the structure of first-order formulas, and the definition of the game in a

1This paper is largely a programmatic survey, with an emphasis on ideas and suggestive examples.
Hence, I will not include extensive references, which are given, for instance, in the books cited here.

2Note how games end in finitely many steps, since the formula in play gets smaller in each round.
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Figure 1.

model (the details of this proof again involve the use of variable assignments).

Fact A first-order formula ' is true in a model M iff Verifier has a winning
strategy in game(', M).

This ties truth, a basic logical notion, to the game-theoretic notion of a strategy (for
Verifier). Likewise falsity matches existence of a winning strategy for Falsifier.

Discussion Simple as it is, the preceding result suggests radical thoughts. The notion
of a strategy is more fine-grained than truth, as there can be more than one winning
strategy for a player. In the preceding example, another winning strategy for Falsifier
is x = 2, y = 3. Thus, a game semantics is more fine-grained than mere truth values,
a feature not exploited much so far, which fits intuitions about there being a natural
hierarchy of less or more fine-grained denotations for sentences of a language.

Also, in the definition of the game, the clause for the quantifiers looks different from
that for the connectives, challenging a standard analogy. A quantifier episode consists
of two things: the choice of an object, and then, using that, playing the rest of the
game. The real game operation here seems to be the sequential composition of a
separate quantifier sub-game and the one for the remaining formula. This rearranges
the standard geography of logical constants: the basic games are now atomic tests
and object selection, while the general game constructions over these are choice, role
switch, and composition. We refer to van Benthem, 2014a for the effects of this
reappraisal. For instance, strikingly, the basic proof system underneath first-order
logic from a game-theoretic point of view is then decidable.

Evaluation games exist for many logical languages. However, not all of these are
as simple as the one we just showed. For instance, evaluation games for so-called
fixed-point logics that can represent recursive definitions, say, of transitive closure or
of wellfounded relations, allow for infinite histories of the game, since unfoldings of
fixed-point variables in a formula under consideration may return to a larger formula
of a shape encountered before. For such infinite games, the above lemma still holds,
but the proof becomes much more delicate. This setting leads to deep connections
with Automata Theory that we cannot go into here.

Excursion: model comparison There are many games for other logical purposes, such
as testing satisfiability, or comparing models. We add an example of the latter to show



Logic in play 7

another aspect of the intimate connection between games and logical syntax.

Consider two models M, N. Player D (Duplicator) claims that M, N are
similar, while (Spoiler) maintains that they are different. Players set
some finite number k of rounds for the game, the severity of the probe.
In each round, S chooses a model, and picks an object d in its domain. D
then chooses an object e in the other model, and the pair (d,e) is added
to the current list of matched objects. After k rounds, the object matching
is inspected. If it is a partial isomorphism, D wins; otherwise, S does.

A telling example compares the ordering of the integers and rationals: the latter a
dense structure, the former discrete. Here is how this comes to light in the game:

Figure 2.

By choosing objects well, D has a winning strategy here for the game over two rounds.
But S can always win the game in three rounds, as suggested by our picture.

Here is a typical play:

Round 1 S chooses 0 in Z D chooses 0 in Q
Round 2 S chooses 1 in Z D chooses 1 in Q
Round 3 S chooses 1/2 in Q any response for D is loosing

In playing the games, winning strategies for S are tightly correlated with first-order
formulas ' that bring out a difference between the models. It is easy to see how
S’s winning strategy in the preceding example matches step by step with the logical
formula defining density:

8x8y (x < y !9z (x < z ^ z < y))

The analogy goes right down to how quantifier alternations mark model switches.3

Game operations and logical constants The structure of logical games may well in-
volve further operations beyond the simple choices, switches and sequential composi-
tion that we have seen so far. In particular, there are also parallel constructions where
different games are played at the same time. In fact, the preceding model comparison
games are already a sort of parallel composition of games played in different models,
with switches between these models initiated by one of the players. In general, on

3Model comparison games can also be continued infinitely, but we do not pursue this here.
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the current view, the traditional set of logical constants can be naturally extended to
mirror a broad spectrum of game operations.

4 Logic and game theory, basic encounters

One immediate effect of the above junction is that logical laws acquire game-theoretic
import, and start connecting up with basic issues in game theory.

Excluded middle Consider the classical law of Excluded Middle '_¬'. Its validity
says that in every game of the form '_¬' over any model M, Verifier has a winning
strategy. But by our game rules, that strategy consists of a choice which game to play,
and in which role. Unpacking this information, always, either Verifier or Falsifier has
a wining strategy in the '–game. Games having this very special property that one of
the two players has a winning strategy are called determined. And we can see why
first-order evaluation games have this property by referring to what may well be the
earliest result in game theory.

Zermelo’s Theorem The following result by Zermelo dates back to the 1910s.

Fact Two-player zero-sum games with finite depth are determined.

Proof. For each specific depth, and two players i, j, this is Excluded
Middle unpacked into its game meaning. To see this, here is the case with
two rounds: 9x8yWINixy_¬9x8yWINixy is equivalent by pure logic to
9x8yWINixy_8x9y¬WINixy, which in its turn is equivalent, at least in
zero-sum games, to a determinacy statement 9x8yWINixy_8x9yWINjxy.

However, there is also a generic proof across models solving the game by an algorithm
that computes colors White for nodes where player i has a winning strategy and Black
for nodes where the opponent j has a winning strategy. The algorithm colors end
nodes according to who wins the game there. Next, working upwards in the game
tree, it colors a node that is a turn for player i white if there is at least one white
daughter node, and black if all daughter nodes were colored black. The coloring rule
for turns of player j is the obvious dual.

Equilibrium and fixed-point logic First-order evaluation games satisfy the conditions
of Zermelo’s Theorem, and so, their determinacy is explained. For later reference
though, note one can also look differently at the structure of the game solution process
going on here. The coloring algorithm itself has a logical form that can be read as
an inductive definition of the eventual winning-strategy predicates WINi, WINj. The
stages of the algorithm correspond to steps of unfolding the recursive definition, until
the first fixed-point is reached where the predicates no longer change. The shape of
the driving formula here is as follows:

WINi $ (end ^wini)_ (turni ^hmoveiiWINi)_ (turnj ^ [movej]WINi)
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The right-hand formula has only positive syntactic occurrences of the variable for the
strategic winning predicate WINi being defined here. Therefore, in standard fixed-
point logics, we can prefix a greatest fixed-point operator to the right-hand formula to
describe the eventual solution predicate.

This is not just a technical observation. Games are considered solved in game theory
when we have an equilibrium between what players can achieve. Algorithms solving
games often approach these equilibrium states in a stepwise manner. Thus, game-
theoretic equilibrium is naturally connected with not just logic but also computer sci-
ence, and the latter two fields meet in fixed-point logics of recursion and computation
such as the modal µ–calculus, or LFP(FO): the extension of first-order logic with
operators for smallest and greatest fixed-points.

Logic and game equivalence But there is much more to the interplay of logical laws
and games. Our second example again starts from a simple law of propositional logic,
this time, Distribution of conjunction over disjunction. We display the two formulas
involved in this law, and draw the shape of their game trees in a picture:

Figure 3.

Now we ask a new question, triggered by the logical equivalence.

Are these two games the same?

Distribution suggests that the two games are the same, and one can see that game-
theoretically by focusing on the powers of players, i.e., those sets of outcomes that
they can force the game to end in when they play one of their strategies against any
possible counter-play by the opponent. It is easy to calculate that players have the
same powers in both games.4

But there are natural alternative views when we look at players’ actions and choices.
The two games depicted are clearly different qua structure of moves and turns. For
instance, there is no intermediate node in the game on the right that matches the sit-
uation in E’s choice point on the left. To match this richer view of the ‘how’ rather
than just the ‘what’ of control over outcomes, a more discriminating structural equiv-
alence for games is needed. Good candidates for such a finer view are versions of the
modal process equivalence of bisimulation that correlate available moves at each pair
of matched nodes. Using a bisimulation, players can match their moves in two games

4In both games, A has the powers {p}, {q,r}, while E has the powers {p,q}, {p,r}. Here we use a
condition of Monotonicity: powers of players are closed under taking supersets. Incidentally, powers in
infinite games are sets of histories, but the idea remains the same.
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step by step, thereby simulating the strategies themselves, not just the powers over
final outcomes that they give rise to.

Further equivalences These are just two natural levels. Dropping monotonicity, van
Benthem, Bezhanishvili, and Enqvist, 2016 identifies strategies with ‘exact powers’,
where an outcome set shows what a player can force the game to end in, while the
elements of that set show which choices are left to the other player. This notion of
game equivalence differs from the earlier two: e.g., it does not validate Distribution.
Thus, it induces an interesting weaker propositional logic yet to be explored. It also
supports new game languages of the sort explored in the next section.

Thus, in this simple setting, we encounter the intriguing possibility that logics with
different validities may match up with different structure levels for looking at games.
In the following section, we will connect logic and games in one more manner.

5 Invariances, languages, and zoom levels

.

What we see here is an instance of a general phenomenon in mathematics and other
fields. A subject can be studied at various levels of detail, and these levels are spec-
ified in terms of invariance under suitably chosen transformations, as proposed by
Helmholtz and Klein in the 19th century, and in 20th century logic, by Tarski. There
need not be a unique best choice here: Euclidean geometry is not ‘better’ than topol-
ogy, it all depends on one’s purpose. The same is true for games, and indeed, game
theory has various natural structure levels, from extensive game trees to strategic ma-
trix forms closer to the above power level.

Of special interest to logicians is that setting a level of detail corresponds to introduc-
ing a language that defines just the invariant properties characteristic for the chosen
level.5 The finer the invariance relation, the richer the matching language.

A typical illustration are the above two views of games. The richer action–choice level
suggests a standard modal language over game trees viewed as relational models,
where we have many results showing that (with some technical caveats) bisimilar
models share the same modal theory. By contrast, focusing on powers suggests a
coarser (but interesting) modal ‘neighborhood language’ for invariant properties, with
‘forcing modalities’ describing properties of players’ powers. So, logical analysis of
games is not embodied in one unique formal system: there is a hierarchy of logical
languages and their logical laws matching a hierarchy of natural levels for representing
games, or social interaction generally.6

5Helmholtz’ own original motivation was finding an underpinning for the language of geometry.
6Our earlier example of Distribution suggested that logical equivalence is based on the power view. This
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One can also restate these points in terms of ‘zoom’. Many people believe that logic
is organized pedantry. We take a given reasoning practice, and then supply more and
more details until all arguments are fully spelled out, say, the way mathematical proofs
might be spelled out to machine-readable first-order formulas. This is the zooming-
in direction of supplying ever more detail, allowing us to see new phenomena at a
microscopic level, such as small proof steps that can be automated. On this view,
logicians are like moles digging in the soil below the observable cognitive behavior.
But there is also a zooming-out direction where logical analysis does exactly the op-
posite: one looks at a reasoning practice, but only considers some global features in a
rough formalism—the way, say, modal logic can yield a bare theory of the topological
interior operation. This time, we see new things precisely because we ignore details,
and soar, free as birds, far above the given reasoning practice. Both directions of zoom
occur in logic, and there are interesting conceptual and technical questions concerning
a systematic back-and-forth among various levels of analysis.7

In the light of Sections 4 and 5, developing a rich multi-level view of games and
corresponding logics seems a well-worth enterprise.8

6 Entanglement in two directions

Our discussion so far has shown that logic and games form a natural combination. But,
stepping back, we have really presented a mixture of two different directions.

Logic of games In one direction, often called logic of games, we use techniques from
logic to analyze structures in games. In this contact, logic is applied as it stands, and
the resulting systems are sometimes called ‘game logics’. This is the direction that
can be found in logical theories of multi-agent systems (Shoham & Leyton-Brown,
2009), or in current work on the logical foundations of game theory, as in ‘epistemic
game theory’ that analyzes players’ reasoning and strategic equilibria by logical means
(Branderburger, 2014; Perea, 2012).

Logic as games But there is also a converse strand through many of the examples
presented so far, where games themselves are used to analyze basic notions of logic,
or in a current phrase, we pursue logic as games. This second direction of thought
can run from weak claims, where ‘logic games’ are just used as convenient didactical
tools, to strong methodological programs where games are viewed as embodying the
essential meaning of logical systems.

may pose an initial perplexity, but we will return to this issue in Section 18 below.
7See van Benthem, 2016 for definitions of the phenomenon of tracking between levels, and some general

results on when it works and when it does not, including connections with Category Theory.
8We will revisit this issue later in our discussion of ‘Theory of Play’, since our intuitions about game

equivalence may have a hidden parameter: the type of agents that are playing the game.
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Cycles The two directions are not at odds, although one should beware of confusion.
For instance, in our game-theoretic analysis of first-order formulas, we can view these
formulas as statements about some given model, but also as algebraic terms defin-
ing a kind of game playable on any model. These games have properties which can
themselves be stated in some further logical (meta-)language, which could itself have
evaluation games, and so on.

Thus, there is a productive cycle here. For instance, one can start from a class G of
games, introduce a logical description language L(G), and then consider games for
evaluating the formulas of that logic, or for comparing its models. These activities in
G(L(G))-mode are not always disjoint: a model comparison game for a logic of games
may be close to a notion of structural equivalence for games in G. But L(G(L))-mode
makes sense just as well. For instance, we defined evaluation games for first-order
logic, but in studying those games from a solution perspective, we found patterns that
suggests a natural fixed-point logic for those games, whose expressive power is known
to exceed that of first-order logic itself.

The two directions are not as disjoint as they may seem. The monograph van Benthem,
2014a devotes two whole parts to hybrid systems merging motivations from logic
games and game logics.9

Computation Our main point here is that, while logic and games form a natural com-
bination, they do so in different entangled ways. Nevertheless, this two-component
picture may also be misleading as it underplays what may well be an essential third
ingredient: the role of computation.

Much of the basic work on game logics and logic games today is happening in the
foundations of computation (Grädel, Thomas, and Wilke, 2002, Abramsky, 2008),
where infinite games, Automata Theory, and Co-Algebra enter the fray, and where the
emphasis in studying computation is shifting from extensional input-output views to
the production of behavior by interactive systems. This is congenial to the later turn to
be made in this paper toward general agency, since today’s interactive computation is
really a form of social agency (van Benthem, 2015), blurring the border line between
games and computation just as much as that with logic.

Perhaps the best eventual picture is a triangle of Logic, Games, and Computation.

7 From logic and games to intelligent agency

In the rest of this paper, logic of games played by agents will be the central theme.

However, let us emphasize that logic as games is a rich area, too. In particular, our
few examples should not be taken to convey the whole flavor. Evaluation games are

9There are even challenges to the whole scheme: for instance, evolutionary games seem hard to fit in.
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just one way of casting logical notions as games. Argumentation, too, is a game,
and winning strategies in suitably defined formal argumentation or dialogue games
can be identified with proofs, in a tradition going back to Lorenzen. Argumentation
or dialogue is also a powerful model for interactive computation, and the resulting
work in the foundations of computation is producing deep results about games with
a general thrust. For instance, the category-theoretic treatment of ‘game semantics’
in Abramsky, 2008 brings to light new logical constants, such as sequential versus
parallel readings of disjunction that obey different laws. All this links up with resource
logics such as linear logic, Proof Theory, Type Theory, and many other fields. Again
we see how computation is a natural partner here.10

Having found natural interactions between logic and the study of games, we will now
broaden our scope. Games are played by agents, and these agents are involved in a
wide variety of activities. These range from deliberation before the game starts to pro-
cessing information, or even dealing with unexpected surprises, during the game, all
the way to post-game analysis, and perhaps rationalization of one’s behavior.

In the coming sections we discuss a wide range of basic abilities of agents, relevant to
playing games but also much more broadly, that can all be studied in logic.11

8 Dealing with many information sources

Inference and questions Inference is an important source of information, but there
are others on a par with it. Suppose you are in a restaurant.

Three people have ordered drinks, one each: water, beer, and wine.
A new waiter comes carrying three glasses. What happens?

There are six ways the glasses can be distributed over the three customers, and here is
a scene that plays out every day in many places. The new waiter needs to reduce the
6 options to 1, and solves his information problem as follows. He asks who has the
water, puts that glass, then asks who has the beer, puts that, and then, without asking,
puts the wine. What we see here is questions and answers reducing uncertainty from
6 options to 2 and then to 1, with the last step just being an inference (either explicit,
or implicit in the act of placing the glass of wine).

There is a unity in this scenario: questions and inferences go together.

10For a broad panorama of the two directions at the interface between logic and games, with a landscape
of game logics at different zoom levels, a presentation of different ways in which laws of logic can em-
body game-theoretic principles, and a survey of game-like systems that show features of both directions
distinguished here, we refer to van Benthem, 2014a.

11As always, our exposition is a survey, for further details and results we refer to van Benthem, 2011.
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Three sources of information There are further natural informational acts. This is
already clear in the natural sciences: experiments and observations count for as much
as mathematical deductions. An elegant compact statement from the world of practical
common sense can be found in ancient Chinese Moist texts (400 BC):

zhi wen shuo qin

This elegant sparse phrase says that knowledge (zhi) comes from: hearing from others
(wen), proof (shuo), or experience (qin). The Moist illustration is of someone seeing
an object inside a dark room, wondering about its color. He sees a white object outside
of the room, and someone tells him that the object inside the room has the same color
as the one inside. He then infers that the object inside is white. What we see is a
cooperation between observation, communication, and inference.12

Our basic informational abilities have at least this threefold range, and logical theory
should deal with modeling all of this. As we will see soon, it can. But for now, let us
continue with one more striking aspect of human reasoning abilities.

9 Social interactive reasoning

To some people, the high point of rationality is embodied in Rodin’s ‘Thinker’: eyes
closed, all on one’s own. But in reality, intelligence seldom comes alone. In nature,
many-body problems are the key to how the universe works, rather than the ‘natural
place’ of individual objects. Likewise, our intelligent abilities usually unfold inter-
actively in contacts with others. This so-called ‘theory of mind’ is seen as a crucial
human ability in cognitive science, and it reaches far beyond the world of practical
common sense: even the purest sciences themselves are a social enterprise.

Multi-agent knowledge ‘Many-mind problems’ are already key to asking the ques-
tions of our earlier base example. In addition to ground-level facts, we also com-
municate what we know or do not know about others. When I ask you a question,
I normally convey to you that I do not know the answer, and also, that I think that
you may know the answer: the latter is iterated two-agent knowledge.13 Answering
a question conveys a fact but, if done in public, it also makes sure that both partici-
pants know that they now know the answer, and this knowledge even goes to higher
depths of entanglement, all the way to ‘common knowledge’ in the group.14 It is this
sort of iterated and entangled knowledge and ignorance of various sorts that keeps
communication flowing, but also holds it in place and makes it successful.

12Frege famously gave up on natural language in favor of his “Begriffsschrift” because of the ‘prolixity’
of the former. But by ‘natural language’ he meant German: what if he had known Chinese?

13Exceptions are rhetorical questions, say, by teachers. But we are also attuned to when these occur.
14Of course, there is more to questions than just conveying information: tyically, questions also raise

issues, and they set or modify a current agenda of conversation or inquiry.
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There is logical structure underneath all this. We can reason about knowledge of
agents about ground facts and each other in systems of epistemic logic, even group no-
tions like common knowledge then turn out to have a precise logical behavior.

Just for illustration, we state an important valid equivalence relating knowledge of
individuals and that of groups. Here we write EG' for ‘everyone in the group G
knows that '’ and CG' for ‘' is common knowledge in the group G’:

CG'$ ('^EGCG')

This is not exactly a game-theoretic formula of our earlier fixed-point type, but it has a
similar logical form, and it expressess an informational equilibrium in a group.

This example also illustrates a much more general point that is often under-appreciated.
Action and information can exhibit very similar patterns, at least in the light of logic.

Dynamics with cards But here is another fundamental aspect to be recognized in the
above. The whole point of communication as a social process is that what agents know
keeps changing all the time as informational events occur. Again, what happens in the
course of a game provides many concrete appealing examples of this flux. Consider
the following baby card game:

Three players, John, Mary, Paul get one card each: John gets red, Mary
white, Paul blue. Now Mary asks John: “Do you have the blue card?”
Who knows what now? John answers: “No”. Who knows what now?

Audiences differ on answers to this little puzzle, but many people manage to figure
out that after the question, John (but not Paul) has learnt who has which card, while
after the answer, both John and Mary (but not Paul) know the cards. However, the fact
that John and Mary know is common knowledge, so even Paul has learnt a lot from
the information exchange in this scenario.

10 Information change, update, and dynamic logic

As we shall see, logic has the resources for describing scenarios like this: its scope ex-
tends beyond inference to questions—and to observation, and other basic acts.

Figure 4.



16 Logic in play

Art of modeling We can represent the initial situation as a simple epistemic model
with 6 states for the possible deals of the cards, and uncertainty lines indicating what
agents cannot tell apart. For instance, in the actual state RWB, Mary knows she has
the white card, but cannot tell whether she is in RWB or in BWR—and so on.

Now, crucially, further informational acts or events will change this initial model,
following a widespread intuition in the literature that reflects common sense: new
information decreases the current range of possibilities. For instance, learning that
Mary does not have the blue card removes 2 options (RBW, WBR) to yield the second
picture shown in the sequence, where we can see graphically that in RWB, 1 knows
the cards: no uncertainty line departs there for him. The picture also shows many
more facts in a direct visual manner: e.g., Paul knows that John knows the cards. The
answer removes two more worlds (BWR, BRW), resulting in the final stage depicted
where the only remaining uncertainty line is for Paul. 15

More generally, the informational action here is a public event !' telling everyone that
' is the case. (This is often called a ‘public announcement’ or ‘public observation’ of
'.) Its effect is the following change in the current group information state:

it takes a current epistemic model (M, s)—with an actual situation s —to
a new model M|',s, where only those points remain that satisfy ' in M.

Public announcement is about the simplest informational event imaginable. Under-
standing its logical behavior is the key to understanding a wide range of more sophis-
ticated informational model updates.

Dynamic logics of information Informational acts !' satisfy precise logical laws, in
suitably chosen languages allowing us to state what agents learn. The key principles
of such systems describe the basic ‘recursion equations’ for the information flow trig-
gered by acts or events, stating what happens to one’s existing knowledge through an
informational event. We display one such law:

[!']Ki $ ('! Ki('! [!'] ))

This says that agent i will (would) know that  after receiving the truthful information
that' is the case if and only if, assuming' holds, the agent had conditional knowledge
of the implication that  will be the case after the '–update.16

The reader may be used to laws of logic saying what agents know automatically when
they know certain other things. That is an extreme static case, with information com-

15The semantic model drawn here matches sketches that many people make of the scenario, being a
graphical representation of crucial information. (Incidentally, making good sketches from scenarios stated
in natural language is an art going far beyond the routine translations into ‘logical form’ that we drill our
students in.) But while we have used update only as the engine of information flow, actual behavior in
problem solving also includes inference steps. Human reasoning seems a hybrid of many informational
facilities, crossing boundaries that we would normally keep separate as theorists.

16The latter proviso with truth after the update, not simpliciter, is truly needed in a dynamic setting. We
cannot just say Ki('!  ), because updates may change truth values of epistemic statements  .
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ing ‘for free’. Dynamic laws like the preceding generalize this to the wider informa-
tional setting highlighted here, telling us what agents know after they have taken the
trouble to explore or communicate.

Multi-culturality Also noteworthy is the cooperation of several disciplines embod-
ied in this one formula, the same way common artifacts of modern life, say, your
reading glasses, are often little crystallized pieces of a long history of cross-cultural
collaboration. The idea of having logics for knowledge (Ki ) comes from philosophy,
representing speech acts !' explicitly can be seen as the essence of linguistics, and the
methodology of describing change after events with modalities comes from dynamic
logic of programs in computer science. This reflects the fact that for the program of
this paper, traditional border lines between philosophical logic, computational logic,
or mathematical logic make no sense. We need all the insight we can get if we are to
understand the full realm of the logical.

11 Proven methods, broader scope

The preceding observation suggests a continuity that may be worth stressing. Extend-
ing the scope of logic as advocated here is not a break with the past. The standard
methods and standards of rigor of logic still apply, and in fact, they are needed to get
a grip on what is going on. Information dynamics has laws extending our usual reper-
toire, but its theory is still logic. In Section 21 of the paper we will return to the issue
of how to view all this.17

12 From information processing to agency

So far, the agents that we describe are mere information-recording devices. But human
agency is more than information processing. Behavior is driven by goals and prefer-
ences. Now to some people this means entering the realm of taste and arbitrariness,
but in fact, there is logical structure even here when we analyze styles of reasoning.
Tastes may be arbitrary, but the world of fashion can have very rigid laws.

Here is our running example of the complexities arising in the interplay of information
and preference, even in extremely simple game scenarios:

Reasoning with preference In the following game, player A can go left, and get 1
Euro, while E gets nothing, or A can go right, giving the turn to player E. Then E can

17As the reader will see, our main line does not involve changing the standard laws of classical logic:
dynamics does not call for alternative logics, but for extended vocabularies. While this may provide fewer
thrills than the vertiginous joy rides into the deviant, vague or inconsistent that some philosophers prefer,
we believe that alternative logics should not be multiplied beyond necessity.
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go left, getting 100 Euro while A gets nothing, or right, in which case both players get
99 Euro. What might happen in this scenario?

Figure 5.

One way of thinking is this. At her choice point, E faces a standard decision problem,
and if she is rational, she will go left since she prefers that outcome over the one to
the right. But A can see this coming, and realizes he will get 0 in that case, whereas
going left will give him 1. So, A goes left, and it does not matter what E does.

This style of reasoning is called Backward Induction, and it describes a style of play
for rational competing agents. Backward Induction has become a benchmark for log-
ics of games, and we will return to its analysis below.

However, there are alternatives. Cooperative players might reach the endpoint (99, 99)
by other plausible kinds of reasoning. There are many footholds for this. For instance,
one weakness of the above argument is that it ignores the fact that E does not make
her choice ex nihilo: she can also take into account the history of the game that led up
to it, in terms of what she believes about the type of player that A is, or even if she has
no such belief, she may just feel that ‘she owes him’. In longer games than the one
displayed, this could certainly matter.

In general, in most games we do not know which type of player we are up against—
and the common distinction between ‘competitive’ versus ‘cooperative’ games does
not help. For instance, academic life is a subtle (and sometimes not so subtle) mixture
of both. So, we need an abstract stance that accommodates variety of behavior.

Philosophical plus computational logic Therefore, it makes sense to design logics
that can account for any reasoning of the above kind about social scenarios, mixing
information, action, belief, and preference. And when we analyze the ingredients for
that reasoning, they read like a compact agenda for all of philosophical logic, involving
knowledge, preference, belief (after all, A will never find out what E would do, so he
cannot know it, but only have a belief about her decision), counterfactual conditionals
(what would E have done, had A moved right), but also notions from computational
logic in single actions or complex strategies, and fixed-points corresponding to various
game-theoretic equilibria, such as the ones computed by Backward Induction, or by
cooperative scenarios.

Again, we see our point of merging disciplinary agendas. Logic of games is an area
where many different strands in earlier literature meet in concrete scenarios.
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13 Benchmark for game logics: Backward induction

For a concrete illustration, we will look at the logical form of Backward Induction.
Whether we endorse this style of reasoning or not, what is the logical form underlying
its particular take on rationality? We will use this a showcase of our general approach
in Sections 4 and 5: different zoom levels make sense for different purposes.

Backward Induction algorithm To define the algorithm, we first need an auxiliary
notion. We say that a node x strictly dominates a sibling node y (siblings are immediate
successors of some shared parent node z) for player i if all further outcomes of the
game reachable after x are preferred by i to all outcomes of the game reachable after
y. Now we can define a relational version of the BI algorithm as follows (the earlier
numerical values were just added for drama): one keeps removing transitions from
parent nodes to strictly dominated children. In general, this process must remove
transitions, when we look at points whose only children are end nodes. Moreover,
iteratively, the algorithm will move upward in the tree (it is really a refined version of
the earlier Zermelo coloring algorithm) until we reach the root. Since the ‘available
move’ relation BI can only get smaller in the process, it must stop by some stage, and
this fixed-point is the solution produced by the algorithm.

Theorem
BI is the largest sub-relation of the move relation in finite game tree sat-
isfying (a) the relation has a successor at each intermediate node, (b) CF :

Figure 6.

Confluence (CF)
&i 8x8y ((Turni(x)^ x�y)! (x move y ^ 8z (x move z!9u9v (end(u)^
end(v) ^ y�⇤u ^ z�⇤v^ v  iu))))

The logical form of rationality In a typical logician’s modus operandi, we can now
look at a (first-order) syntactic recursive description of the algorithm. It is easy to
see then that the relation R that is produced only occurs positively in the above for-
mula with 8899 syntax. Thus we have an observation which again reflects the close
connection between game-theoretic equilibria and fixed-point logics.
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Fact The Backward Induction strategy, viewed as a sub-relation of the
total move relation, is definable in first-order fixed-point logic LFP(FO).

One can view the fixed-point formula found here as bringing to light the ‘logical form’
of rationality as conceived of by Backward Induction. Other game solution methods
may induce other logical forms.

Domination and belief But there are further interesting features worth pointing out,
on the following intuitive interpretation. What is ‘dominated’ can change at each stage
since the total set of available moves gets smaller. This set of available moves, and
hence available histories of the game, may be said to represent the players’ current
beliefs about how the game might still go. Avoiding dominated moves at the cur-
rent stage, as prescribed by the algorithm, is then a form of optimal decision making
given one’s beliefs, or in game-theoretic terms: players are assumed to be ‘rational-in-
beliefs’, regardless of whether they are doing what is objectively best for them.

This belief interpretation can be made into a dynamic reanalysis of Backward Induc-
tion as an iterated belief revision procedure for players engaging in pre-game delibera-
tion. We will look at this mechanism later on, since it has uses in many places.

As one more pointer to later themes, note that the Backward Induction solution is uni-
formly definable for both players, who are assumed to exhibit the same kind of reason-
ing and global beliefs about how other players operate – even though their base-level
preferences and the available moves at their turns may differ completely. Once we
drop this assumption of uniformity, however, we have to start thinking about games in
which players can be of different types, raising the issue of how much diversity one
can tolerate before social interaction, or at least, reasoning underlying social interac-
tion, breaks down. This theme will return in our section on ‘Theory of Play’.

Zoom levels Finally, recall our earlier theme of different zoom levels for logical analy-
sis. Our definition of the Backward Induction strategy in fixed-point logic is extremely
fine-grained. It is hard to imagine that reasoning in such detail informs all our behavior
in daily interactions. Can we zoom out to higher description levels?

One way of zooming out uses a modal language for ‘best actions’ and preferences
only, with Backward Induction kept under the hood. How will such surface level
reasoning go? The earlier rationality principle is now expressed by this modal axiom,
where � denotes optimal moves (best actions) recommended by the algorithm:

(turni ^h�⇤i(end ^ ')) ! [movei]h�⇤i(end ^hpre f ii')

However, the complete modal logic of best action in this sense is not known, and it
is not even clear that it is completely axiomatizable.18 There are interesting analogies

18The technical reason is an insight from computational logic. The ‘confluence patterns’ in game trees
induced by our BI analysis create a regular grid-like structure that may support embedding of so-called
‘tiling problems’ of high complexity in the logic. If this is so, then, though rational behavior itself may be
simple and predictable, the logical theory of rationality might be highly complex.
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between this modal level of analyzing best action and that of deontic logic, viewed as
a high-zoom specification language for regulating and evaluating behavior.

The natural language of decision There may be other zoom levels here, and logic
need not always have the best description language for interactive social behavior
lying on the shelf. Indeed, natural language itself seems to do a good job in this
respect. Our rich vocabulary concerning best or better actions, our hopes and fears,
what we ought or are permitted to do, and other evaluative expressions form a rich and
subtle medium for describing and influencing behavior. So far, logics of agency have
only scratched the surface of this.

14 Players do much more

Three phases What we have looked at so far is only a tiny slice of the intelligent
activities that players exhibit. Let us recall an earlier distinction. There are at least
three different phases where logical reasoning plays a role: before, during, and after
a game. The above Backward Induction procedure, and many ‘game solution’ pro-
cedures seem to belong to a pre-game deliberation phase. But also very important
is the post-game phase of analysis and usually, rationalization, where we fix what is
the ‘lesson learnt’ for future play. And perhaps most excitingly, many things happen
during a game. Moves are played, obviously, but also, information is received and
gets processed, as we saw in our cards scenario.

Adding the past One immediate instance of in-play reasoning occurs with Backward
Induction itself. What if, in the course of a game, we see that our opponent deviates
from the expectations generated by the BI algorithm? This time, in general, we have
two inputs: what we expected beforehand, and what has actually happened.19

This opens up a wide space of options. We might consider the deviation an error. We
might take it as a signal that the other player wants to cooperate with us, at least to
some extent. We might also take a repeated simple pattern of deviations as information
of a very different kind. Perhaps we are witnessing a drastic case of non-uniformity,
and we are playing against an automaton that always plays one sort of move.

Belief revision It will be clear that the usual mathematical notion of a game tree, as
a record of all possible runs of a game, does not suffice to model all these processes
going on in play. Accordingly, various additional aspects have started appearing in
studies of games, such as explicit modeling of ‘player types’ in epistemic game theory,
or of various kinds of automata playing games in computational logic. We will return
to this shift later, but for now, let us just note a more base-level common denominator
behind the preceding scenarios. What surprising events in a game will do in general

19By contrast, our running example of the Backward Induction algorithm only looked at the future at any
node, and then, we might just as well throw away the past play leading up to that node.
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is force players to engage in on-line belief revision, leading to new expectations about
the future course of the game.

This broader area is the realm of game-theoretic solution methods like ‘Forward In-
duction’.20 However, in this paper, we will look at things in a more general logical per-
spective, tying up with one more general aspect of agency In the coming two sections,
we discuss two additional aspects of agency that we did not high-light before.

15 Dynamic logic of belief revision

From knowledge to belief Our actions are driven by belief as much as knowledge.
And beliefs are not whimsical attitudes, or the soddy paper money that mimics the
gold standard of knowledge.21 Beliefs are crucial triggers for most of our actions,
and their formation and maintenance may even have a more creative aspect than the
knowledge in one’s savings account.

Beliefs are generated by a much wider spectrum of informational events than the in-
dubitable public announcements that we have considered so far. In particular, they can
be triggered by signals carrying what might be called ‘soft information’ as much as by
the hard information that we modeled earlier in our discussion of knowledge update in
card games. More generally, changing beliefs is not a vice but an epistemic and cog-
nitive virtue: our cognitive abilities often show at their best when we are confronted
with a surprise, and need to re-adjust what we thought before.

Logic of belief revision Belief revision is crucial to the realm of agency that we are
charting, and techniques similar to our earlier ones apply. First, we need a simple
static base model for beliefs, and one common such structure are plausibility models
M= (W,⇠,,V ), where the agents’ ranges in an epistemic model as defined earlier
are now ordered by a binary relation of relative plausibility.22 These models are a
qualitative pilot setting on which to develop the main themes to follow—though they
can be enriched with further structure (evidence, or probability) when needed.

Belief in the truth of a proposition ' (written B') can now be defined as truth of '
in all the most plausible worlds. But we need more expressive power. Given that
information about the relevant set of worlds may change, we also need a notion of
conditional belief B � saying that � is true in all most plausible worlds within the

20Such alternative solution methods may no longer work on simple annotated game trees. For a system-
atic hierarchy of logical models for games with increasing complexity, cf. van Benthem, 2014a. Richer
models are needed as we relax what players know about the game and each other’s strategies.

21Conceptually, paper money may have been the more innovative historical invention.
22We drop agent indices in what follows, but this is merely for notational convenience. There is no barrier

toward dealing with multi-agent scenarios.
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set of  –worlds.23 Plausibility models also support other epistemic attitudes, such as
‘safe belief’ and ‘strong belief’, but we will not pursue this theme here.

Hard information The static logic of belief defined in this way is much like condi-
tional logic in the semantic tradition. Of interest to us here is that our earlier theme of
information flow and change forms a natural continuation of such systems from philo-
sophical logic. First, consider the earlier events !' that produce the hard information
that ' is the case. These sinple events can already drive quite interesting scenarios,
witness the ‘misleading with the truth’ cases discussed in van Benthem, 2011, whose
details we forego here.

Fact The logic of changes in absolute and conditional beliefs under hard
information is completely axiomatizable using suitable recursion axioms.

We merely display the two basic recursion laws for new beliefs:

Fact The following equivalences are valid for hard belief revision:

[!']B $ ('! B'[!'] )

[!']B �$ ('! B'^[!'] [!']�)

Soft information Belief is not just one more attitude that changes under hard informa-
tion. There can now also be events that do not eliminate worlds (every existing option
remains available), but modify the plausibility pattern. There are many actions of this
kind in the literature, but it will suffice to mention one characteristic example:

A radical upgrade * ' puts all '–worlds on top of all ¬'–worlds in the
ordering, and within these two zones, it keeps the old ordering.

Radical upgrade is a strong move in favor of ', of a sort that has been studied in belief
revision theory (Gärdenfors & Rott, 1995) and formal learning theory (Baltag, Smets,
& Gierasimczuk, 2011).24

Again the complete dynamic logic of such events, viewed as denoting matching model
changes, can be described by introducing appropriate modalities.

Fact The logic of changes in absolute and conditional beliefs under soft
information is completely axiomatizable using suitable recursion axioms.

This time, we display just one, formidable-looking, recursion law, where ‘E’ stands
for the existential epistemic modality ‘somewhere in the current epistemic range’:

[* ']B �$ (E(' ^ [* '] ) ^ B'^ [*'] [* ']�)
_ (¬E(' ^ [* '] ) ^ B[*'] [* ']�)

23More complex truth clauses are needed for infinite models. Note also that, unlike with the earlier
conditional knowledge, conditional belief is not definable in terms of absolute belief.

24Alternatively, a radical upgrade can be seen as a strong deontic command to see to it that '.
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For an explanation of this law, and a method for its systematic derivation from the
definitions of radical upgrade and conditional belief, see van Benthem, 2011.

Laws of learning The principle displayed just now shows that logical laws can de-
scribe the formation of new beliefs, and even of new conditional beliefs, as new in-
formation comes in. An alternative interpretation is as laws of learning, since much
learning consists in modifying beliefs so as to improve their fit with the truth, or at
least with reliable new information. However, there is nothing peculiar about radical
upgrade that enables us to do this. Plausibility changes can come in a great variety
of formats or ‘learning policies’. And there exist several general methods for deal-
ing with the induced dynamic logics of belief change. The survey van Benthem and
Smets, 2015 references many classical contributions to the literature.

Finally, while the above law may look much more complex than standard axioms for
epistemic or doxastic logic, this is to be expected. Belief is a subtle notion—and the
greater complexity may also be seen as greater richness of content.

We have seen now, at least as a sketch, how logical techniques can deal with describing
beliefs and belief changes just as for knowledge. Since beliefs are fallible, and can be
wrong, this shows that logic is not tied exclusively to truth and knowledge, it also
makes sense as a guide when we live in a world of error and confusion. We will return
to this theme of correction rather than (just) correctness in a later section.

Coda Our themes here do not belong exclusively to logic. Learning and improving
theories have long been major themes in the philosophy of science, and the same
broad origins can be seen with counterfactuals, or belief revision theories. But then,
at an Auld Alliance Congress like the DLMPS, who cares about exclusive labels like
‘logician’ or ‘philosopher of science’?

16 Long term phenomena and limit behavior

A second prominent feature of games with logical import is their temporal horizon.
Strategies are usually not single moves, but methods for achieving some effect only
after many steps. Strategies in infinite games need not even work toward any finite
apotheosis, but serve to produce particular kinds of never-ending histories. And in the
temporal long run over histories, phenomena may emerge that are sui generis.

Limit phenomena A temporal perspective enriches our earlier dynamics. Single in-
formative events, whether with hard or soft information, form longer histories. These
may contain surprising emergent structure of their own, such as success or failure in
converging to a fixed-point when running an update or deliberation procedure.

Consider the famous ‘Muddy Children’ puzzle (cf. van Benthem, 2011 and the ref-
erences therein) where repeated announcement of the children’s ignorance of their
status (as long as this ignorance holds) results eventually in a flip-flop: some children
do know their status after the last announcement of ignorance. Here, in addition to



Logic in play 25

immediate effects of the individual statements, we see ‘self-refuting’ limit behavior of
iterated announcements: at the final stage, the statement becomes false in the actual
world. But this is just a start. Limit behavior of assertions can also be ‘self-fulfilling’.
Then, at the first fixed-point of iterated announcements, the statement announced is
true everywhere in the remaining model, making it common knowledge among the
agents involved. Here is a game scenario where this happens.

Example Backward Induction, hard scenario.

Consider our earlier analysis of the Backward Induction algorithm. Let rat be the
statement — which can be true or false at any given node — that no player played a
strictly dominated move when coming to this node. Announcing this information in
our earlier public announcement style will leave certain nodes, but may remove others.
Thus, afterwards, new nodes may satisfy, or fail to satisfy, rat—and hence iterating
this assertion makes sense.

Consider our earlier running example. The following figure depicts what happens in a
hard scenario of events !rat removing nodes from the tree that are strictly dominated
by siblings as long as this can be done:

Figure 7.

At the final stage, all nodes satisfy the assertion rat, and we have a fixed-point.

Fact The preceding limit procedure of announcing rationality always
generates the Backward Induction path.

Example, continued Backward Induction, soft scenario.

By contrast, a scenario with soft information as input does not remove nodes but it
modifies the plausibility relation. Here is how we can analyze Backward Induction
as a deliberation procedure forming expectations. We start with all endpoints of the
game tree incomparable qua plausibility. Next, at each stage, we compare sibling
nodes, using the following notion.

A move x for player i dominates its sibling y in beliefs if the most plausible end nodes
reachable after x along any path in the whole game tree are all better for the active
player than all the most plausible end nodes reachable in the game after y. Rationality⇤

(rat⇤) is the assertion that no player plays a move that is dominated in beliefs. Now
we perform a relation change that is like a radical upgrade *rat⇤: ‘If x dominates y
in beliefs, we make all end nodes from x more plausible than those reachable from y,
keeping the old order inside these zones’.
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This changes the plausibility order, and hence the dominance pattern, so that an itera-
tion can start. Here are the stages for this procedure in the above example, where we
use the letters x, y, z to stand for the end nodes or histories of the game:

Figure 8.

In the first game tree, going right is not yet dominated in beliefs for A by going left.
And so rat⇤ only has bite at E’s turn, and the update makes (0,100) more plausible
than (99,99). After this ordering change, however, going right has become dominated
in beliefs, and a new update takes place, making A’s going left most plausible.

Fact On finite trees, the Backward Induction strategy is encoded in the
plausibility order for end nodes created by iterated radical upgrade with
rationality-in-belief.25

This can be proved by induction, using a natural equivalence between relational strate-
gies as subsets of the total move relation and (‘tree-compatible’) plausibility orders on
endpoints of the game tree, van Benthem and Gheerbrant, 2010. In particular, com-
putation in our upgrade scenario for belief and plausibility and the earlier relational
algorithm BI for Backward Induction are in harmony stage by stage:

Fact For any game tree M and any k, rel((*rat⇤)k, M)) = BIk.

Thus, the algorithmics of Backward Induction and its analysis in terms of forming be-
liefs amount to the same thing. Still, the belief limit scenario also has some interesting
features of its own. One clear benefit is that it yields fine-structure for the plausibility
relations that are usually treated as primitives in doxastic logic.26

Limit learning Limit behavior need not always stabilize in this simple way. It can
get more complex with plausibility updates for other statements. Baltag and Smets,
2011 show how iterated radical upgrades for complex formulas can oscillate forever
on truth of statements with beliefs occurring under dynamic modalities, though ab-
solute beliefs will converge. Baltag et al., 2011 show how this behavior extends to
‘learning in the limit’ as eventual alignment of belief to the true hypothesis. They
show that public announcement and radical upgrade are universal learning methods
from an input stream of hard information, given a suitable prior plausibility order en-

25Moreover, at the end of this procedure, players have acquired common belief in rationality.
26Many of these facts can be explained by the form of the relevant statements in fixed-point logics.
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coding the chosen learning method. But iterated radical upgrade is the only universal
learning method under input containing a finite number of errors.27

Digression: social networks Beyond games, this setting applies to many other so-
cial scenarios with irreducible collective group behavior. In particular, it fits a recent
trend of describing social networks (Liu, Seligman, & Girard, 2014) where agents’
opinions are influenced by those of their neighbors, and long-term dynamical system
behavior emerges. Such systems need not reach equilibrium in the sense of the earlier
fixed-points, but they can still show other forms of stability, where the group cycles
recurrently through certain patterns of epistemic states.28

Many earlier themes make sense here, including different zoom levels and matching
logical languages. Described at one level, agents’ opinions may keep oscillating, but at
a level of percentages for and against, a group may be stable, as happens in equilibria
studied in evolutionary game theory (Osborne & Rubinstein, 1994). These levels
are entangled with the issue of automatic group behavior versus individual decisions:
many unique intelligent decision makers may still add up to one statistical mob.

Returning to our focus on games, a temporal long-term perspective is also natural for
players in infinite games. We can think of their strategies as compounding available
individual local moves, but also at a higher zoom level, in terms of players’ powers
for forcing the game to produce specific sets of histories satisfying certain properties.
We present one instance of a logical principle that governs the latter setting.

Example Weak Determinacy.

We noted earlier that most logic games are ‘determined’ in the sense that one of the
players has a winning strategy. But not all games are determined (the Zermelo con-
ditions are quite strong), and in fact, most interesting games are not. However, here
is a fact from descriptive set theory that holds for players in arbitrary infinite two-
player games. Weak Determinacy says that, either one of the players has a winning
strategy, or the other player has a strategy preventing the first player from ever reach-
ing a winning position. Now strategies are objects that admit of logical description
(van Benthem, 2014a) as programs where conditions on actions can depend on what
players know about the world or about other players.29 But as an illustration here,
we stay at a high zoom level, that of the earlier-mentioned powers of players. At that
level, Weak Determinacy is a typical law of ‘temporally forcing’ histories:

{G, i}' _ {G, j}Always¬{G, i}'

27A more general point here is that, in this way, global limit considerations about learning methods may
be brought to bear on the issue of which local update rules one should choose.

28van Benthem, 2015 is a first exploration of logical patterns for such long-term group behavior, ranging
from generalized fixed-point logics to extended dynamic-epistemic logics. A wide variety of logics for
well-known informational social group phenomena is found in Christoff, 2016.

29For much more on logic and strategies, see Ghosh, van Benthem, and Verbrugge, 2015.
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Dynamical systems Behind all this lies a challenge. How to interface dynamic or
other logics of information-driven agency with the theory of dynamical systems that
underlies evolutionary game theory and formal theories of social behavior?30

17 Theory of play

The general picture emerging from our considerations so far may be summarized as
follows. When logic, game theory and computer science come together in the way that
we have sketched, something new emerges that does not belong entirely to any of these
fields, which may be called a Theory of Play. What is in focus here is ‘play’ instead
of ‘games’: how agents engage in games and game-like activities, what information
they absorb, how they keep this aligned with their preferences, and what actions result
in the real world. This is a huge widening of the traditional focus on game trees as
such (where one makes up stories about how they could have arisen without making
their ingredients explicit)—but motivations and tools for this broader enterprise can
be found in all three areas mentioned.31

Agent diversity While Theory of Play is attractive, this agenda expansion is not un-
problematic. Many issues remain in charting the great variety of logical tasks in-
volved, and finding their static and dynamic laws.

But a more difficult further issue is how much diversity we allow for the agents per-
forming these tasks: agents could have any sort of abilities for picking up information
or policies for changing beliefs. To tame the resulting explosion of options in analyz-
ing social scenarios, we need a taxonomy of natural kinds: such as risk-seeking/risk-
averse agents, competitive/ cooperative, and the like. We observed earlier that most
logical systems assume uniformity of agents: allowing diversity seems a real chal-
lenge to which we will return below, where we may need to relocate what is logical to
the level of interfacing agents of different types.

Instead of engaging in further general soul-searching, let us end with some conse-
quences of Theory of Play for the interface of logic and game theory. We have
seen several concrete instances of this dynamic perspective already, such as our new
information-dynamic scenarios for Backward Induction via iterated public announce-
ment or plausibility upgrade. We add a few more instances, starting with a fundamen-
tal theme discussed in earlier sections.

Game equivalence revisited In an agent-oriented view, the very notion of game iden-
tity is at stake: it becomes player-dependent. It no longer makes much sense to ask, as

30Some first explorations of interfacing dynamic logics with dynamical systems can be found in van
Benthem, 2011, van Lee, Rendsvig, and van Wijk, 2016.

31For instance, the players in a Theory of Play can be modeled as automata, and then an extensive
literature from computational logic becomes available, cf. Grädel et al., 2002.
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before, when two given games are the same: rather, we need to ask if they are equiv-
alent for what players, given their preferences, beliefs, and general modus operandi.
We will only give one very small illustration to show what has to change then in our
earlier style of analysis of actions and powers.

Logical equivalence for rational players Let us assume that players are rational in
the sense of Backward Induction. When are two games the same for players like that?
It makes sense to demand that the equilibria be correlated in some way. But then, at
once, earlier logical laws will fail. Consider again propositional Distribution, but now
apply it to our earlier running example of a simple game with preferences.

Figure 9.

The game depicted here is not Backward Induction-equivalent to its distributed form

Figure 10.

as can be seen by comparing the Backward Induction strategies and outcomes in both
cases. Thus, applying the logical law of distribution blindly would turn a competitive
solution into a cooperative one!

It is an open problem to determine what weaker propositional algebra of game equiv-
alence arises when we demand that the Backward Induction equilibrium outcomes are
the same on both sides. For some simple, but suggestive results, see van Benthem
et al., 2016.

Play equivalence But Backward Induction is only one style of reasoning-based play,
and there are many others, depending on what we take the agents’ modus operandi
to be, perhaps including their computational and inferential limitations. The more
general issue that arises then is analyzing equivalence between combinations of games
plus play styles. The best way of doing this, preferably again tied to introducing
matching languages, seems a serious open problem.

Bounded agency As a final theme, we mention the interaction of players that may
have bounded resources of various sorts. One way of modeling these resources is
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in terms of ‘awareness’ in the recent game-theoretical literature, or of ‘short sight’
in the computational literature (cf. Grossi and Turrini, 2012, and the game-theoretic
literature cited there). Another agent model would use various sorts of automata,
and then fundamental results like the Positional Determinacy Theorem from compu-
tational logic (cf. Venema, 2015 for this and many related results) start telling us
something about the reach of bounded agency.

Theory of Play has many further strands, but we leave matters here.

18 Logic, games, and general agency

In the remainder of this paper, we present a general programmatic discussion taking
a still broader view. Not all intelligent interaction is game-like, and in fact, much of
what we have been after in this paper has in fact been the broader arena of Logic and
Agency. In the coming sections, we will show how this general shift in perspective
has repercussions all around. The agency view can be taken to virtually any topic at
this congress or beyond to find new issues or connect old ones.

We merely give a few examples of agency-oriented threads, many further illustrations
for this perspective can be found in van Benthem, 2011, 2014a. Given the short com-
pass of this paper, many of our claims will be somewhat apodictic, but even so, we
hope that they will open some windows for the reader.

19 Epistemology: From foundation to correction

The traditional emphasis in epistemology has been on secure, cumulative knowledge
claims. Even in contemporary work at the interface of logic and epistemology, finding
the surplus of knowledge over belief is a focus, though there are further themes of
interest to logicians (cf. Arló-Costa, Hendricks, and van Benthem, 2016; Baltag, van
Benthem, and Smets, to appear).

Epistemic action In the perspective of this paper, two deviant viewpoints arose. One
is that we should not focus on static attitudes like knowledge (or even belief), but
in tandem with these, on the epistemic actions that create and modify such attitudes.
Such actions involve the whole spectrum of informational events that we have dis-
cussed earlier on, from inferring to observing and communicating. But, especially in
epistemology, they may well include other actions, that, say, generate doubts, or raise
objections. Nothing is sacroscant.

From foundations to correction One of the most striking aspects of the agent reper-
toire studied here is that it does not presuppose unfailing correctness. To the contrary,
mistakes and recoveries show logical ability at its best! Thus, the old foundational
ideal of a safe haven once and for all for our theorizing largely disappears. It is both



Logic in play 31

unreachable and not ambitious enough. Correction is the more exciting goal, not just
correctness. Mistakes are natural, learning from mistakes is intelligent, and the real
focus for epistemology is how we correct ourselves, repair our theories, and make the
next creative leap to a fallible theory.

Correspondingly, our view of the role of logic changes. It is not the guardian of
eternal correctness, and the key to a sterile world where nobody ever gets sick. It
rather unleashes its powers in a world full of error and uncertainty, and it acts there as
what one might call the immune system of the mind.

20 Natural language: From meaning to action

Here is an empirical angle on our program. It concerns natural language, the medium
with which we describe the world, but also, and perhaps primarily, communicate with
each other. It is illuminating to take some earlier themes to this setting.

‘Of’ and ‘as’ Recall our two directions connecting logic and games. Seeing language
as agency, we get a dynamic view of what natural language use consists of, who uses
it, and what it achieves, and all earlier topics apply. But also, looking at the language of
agency, natural language provides a rich repertoire of expressions for driving agency,
but also for discussing it, evaluating it, and reflecting on it.

However, common sense is in order. Natural language tends to blur methodological
distinctions. As has often been observed, natural language is a ‘universal medium’
where one can discuss everything, including language itself. Our two directions not
only occur in natural language, but they also allow for smooth switches. An agent can
use language to communicate in a first-person ‘participating stance’, but also step out
of this process, and comment on it in a third-person ‘reporting stance’.

Natural language as agency To make this general agency perspective a bit more con-
crete, we quote some themes from van Benthem, 2014b.

Action/product duality Natural languages have a pervasive duality of static and dy-
namic vocabulary. “Dance” is both an activity verb and a noun denoting a product of
that activity, and likewise for, say, “argument”—some languages do not even have a
grammatical distinction here. Moreover, language has a general co-existence of static
and dynamic verbs. This mirrors our approach to agency: the logic of static ‘knowing’
needs to be studied in tandem with the logic of the dynamic ‘learning’.

Natural logic and inferential zoom A second foothold is the program of ‘natural
logic’ from the 1980s that sought simple fast inference mechanisms that humans em-
ploy, living inside the more cumbersome full machinery of first-order or higher-order
proof theory. A typical example were monotonicity inferences (performing upward
or downward predicate replacement), computed by just understanding the parse trees
of logical formulas (van Benthem, 1986). Inference is a family of modules, some
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less, some more complex—and the same might hold for our logical calculi of infor-
mation dynamics. Inside their elaborate mechanisms, there may be natural language
fragments that provide much simpler high-zoom reasoning about social action.

Translation as action Our final example is an agency perspective on the crucial lin-
guistic notion of translation. Instead of a mere mapping between the syntax and se-
mantics of two languages, translation seems correlation of behavior. This is more am-
bitious in that acts of communication and reasoning need to be ‘translated’ as well, but
it is at the same time less demanding, since—in line with our earlier remarks about
correction—mistakes and misunderstandings are not problematic in cross-language
communication, as long as they are eventually detected and repaired.

21 Agents inside logic itself

Next, let us take agency to logic itself. Logical systems do not carry a description
of their users, and presumably, these are taken to be idealized all-seeing agents that
all have the same abilities. Can we tease out a parameter, and introduce agent types
inside logic in a meaningful way—going to a theory of logical systems ‘as used’? We
need to give up hidden uniformity assumptions, finding meaningful parameters for
different agents using the same system. There are some examples in the literature.
Authors have looked at differences in memory, which can be modeled, for instance,
with different levels in the automata hierarchy (van Benthem, 1986). Also, agents
with different inferential resources have been used to model ‘bounded agency’, when
agents may be unable to employ the full power of a standard proof system.

Fragments versus agents This perspective may change our view of many standard
topics. Consider the earlier topic of ‘natural logic’, i.e., simple logical inference in-
side a complex total system. We can think of this in a standard way as a search for
fragments of the full system that are decidable, or otherwise especially well-behaved.
But we could equally well think that simplicity does not arise from simple fragments
that guarantee success, but from simplicity of agents using complex systems. For
instance, consider first-order logic as used by a finite automaton: how much correct
model checking or inference could it do?

Pebble games and memory Memory modulation in standard logic occurs in ‘pebble
games’, where access to objects in model games is restricted by a fixed supply of
pebbles that are used to mark current objects of attention. As a result one parametrizes
standard logical games to those that can be played successfully by players with a
certain finite amount k of pebbles. However, it is typical for the state of the art that
pebbling is only used in a few specialized domains, whereas it is clearly a general
device for introducing memory in many logical settings. Also, players are given the
same amount of pebbles, whereas again, there seems to be no need for this.

Agent diversity revisited But scenarios can be made still more exciting. What if agents
are taken to be very different—as in the many scenarios of ‘humans versus machines’
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that pervade the literature from the Turing Test onward? Our earlier logic games might
now be played between different agent types, such as competing versus cooperative
agents, giving up the usual uniformity of reasoners. What logical notions would then
correspond to the resulting equilibria in a Theory of Play?

But this diversity also extends to other issues in logic. Consider the well-known diver-
sity or plurality of logical systems, offering us options from classical logic to systems
like intuitionistic or linear logic. What if we reinterpret this diversity, not as some sort
of momentous dogmatic system choice, but as a reflection of agent variety?

These separate themes add up to a general challenge. Logic now resides, not in one
ideal prescribed rationality, but at a higher level of rational interaction between differ-
ent agents. How will this work precisely?

22 Logic meets reality

The preceding thoughts are still about repercussions inside theoretical academic fields.
But many people read the focus on agency advocated in this paper as a step toward a
more empirical account of logic as analyzing concrete reasoning and communication
styles. There is certainly an influence from reality in all of the above, in that our
themes are not chosen out of the blue, but in accordance with what we perceive as
basic features of actual agents. This turn does not stand on its own. In recent years,
logic as a discipline has been exposed to major outside influences, shaking up the cozy
corners of the a priori mind. It is not the aim of this paper to chart all these influences,
but the following facts are readily observable.

Logic is a source of computational devices that are transforming our world. At the
same time, logic meets the empirical facts of human behavior in encounters with cog-
nitive science. It may be hard to find logicians today who really feel at ease with
splendid isolation behind the barrier of Frege’s ‘anti-psychologism’. Leaving the glass
bead game of ‘intuitions’, learning instead what people really do, and how the human
brain really works, is proving an irresistible challenge even to many theorists. And
finally, human society itself creates an ever-growing fund of challenges such as the
many whirlpools and cliffs in the world of public opinion that seems to be spinning
out of control at an alarming rate.

I am not saying that our logic, games and agency view is a panacea for all the ills of our
current society (or the source of all that is good), but it may become part of a recon-
ceptualization that will equip us better to deal with major practical challenges.

In the final sections of this paper, I discuss a few themes arising in encounters with
practice. I start with a simple concrete illustration, to show how the above flights of
the imagination can quickly land on solid ground.
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23 Designing new games and human cognition

In the real world, things go differently from theoretical scenarios. Here is an example:
what happens to our standard algorithms when the world (or other agents) engage in
sabotage? Rational agents should be able to cope with such changes, but let us first
see what drastic effects they can have on situations we thought we understood.

From algorithms to games Under adverse circumstances computational tasks for sin-
gle agents can turn quite easily into more-agent games. Consider the ubiquitous prac-
tical search problem of Graph Reachability:

“Given two nodes s, t in a graph, is there a sequence of successive arrows
from s to t?”

There are fast Ptime algorithms finding such a path if one exists (Papadimitriou, 1994).
But what if there is a disturbance—a reality in travel?

Example Sabotage Games.

The following network links two European centers of logic and computation:

Figure 11.

Let us focus on the two nodes Amsterdam and Saarbruecken. It is easy to plan trips
either way. But what if transportation breaks down, and a malevolent demon starts
canceling connections, anywhere in the network? Let us say that, at each stage, the
demon first takes out one connection. Now we have a two-player game, and the ques-
tion is who can win it where.

Here is a Zermelo solution: the sabotage game satisfies the conditions Zermelo’s the-
orem. From Saarbruecken to Amsterdam, a German colleague has a winning strategy.
Demon’s opening move may block Brussel or Koblenz, but she gets to Luxemburg in
the first round, and to Amsterdam in the next. Demon may also cut a link between
Amsterdam and a city in the middle—but she can then go to at least one place with
two intact roads. But with a traveler starting from the Dutch side, it is the Demon who
has the winning strategy. It first cuts a link between Saarbruecken and Luxemburg. If
the traveler then goes to any city in the middle, Demon has time in the next rounds to
cut the last intact link to Saarbruecken.



Logic in play 35

By now, sabotage scenarios have been used for various tasks, and sabotage is a general
strategy for changing giving algorithms or games.32 Here is an illustration.

Example Teaching, the grim realities.

A Student located at S in the next diagram wants to reach the escape E below, the
Teacher wants to prevent him from getting there. Each line segment is a path that can
be traveled. In each round of the game, the Teacher first cuts one connection, any-
where, the Student must then travel one link still open at his current position:

Figure 12.

Again Zermelo’s Theorem applies. In this particular game, Teacher has a winning
strategy: first cut a line to the right between X and E, and then wait for Student’s
moves, cutting lines appropriately. General games like this arise on any graph with
single or multiple lines, and they have been used in real teaching scenarios.

New logics of model change There is also an interesting theoretical angle here. Sab-
otage games suggest a language that changes the models on which it is evaluated.
Thus, their logical study involves dynamic modalities referring to a new model after
some change has been made to its structure, in the spirit of the dynamic update logics
considered earlier, but also some genuine extensions.33

Gamification Like our earlier logic games, sabotage is an instance of a general phe-
nomenon of ‘gamification’ that can be observed in many fields today, designing new
games for pleasure or even for serious social purposes. Given the striking human pen-
chant for interactive game play, games are a way of changing the world. At the same
time, newly designed games are a free cognitive lab where we academics can observe
and even manipulate how people behave in specific informational scenarios.

In all this, games constitute ‘hybrid forms’ of natural and designed behavior. This
is one of the most intriguing features about us humans: theory can influence design
qua behavior, resulting in a society where natural and designed behavior have to live
together. Of course, there are many examples of this phenomenon, starting with the

32It can be shown that the computational complexity of solving sabotage games jumps up from NP-
complete for graph search to Pspace-complete, a typical complexity class for games.

33Our earlier dynamic-epistemic logics are about definable model changes, and hence their complexity
tends to stay low, thanks to matching recursion axioms. Sabotage dynamic logics are about arbitrary step-
wise model changes, and as it happens, even sabotaged basic modal logic is already undecidable. For the
latest on logics of model change, cf. Aucher, van Benthem, and Grossi, to appear.
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introduction in Antiquity of specialized reasoning disciplines with specialized hybrid
languages. such as mathematics or the law. It seems fair to say that we do not really
understand very well how such societies function, but clearly, it will involve the agent
diversity of our Theory of Play in a major way.

A universal model for cognition? We conclude this section with a grand question.
We saw how computational devices become games when more users are involved,
competitive or adversarial. Now consider Turing’s celebrated analysis of computation,
using a stylized model of a human agent performing a single task: calculation. As
suggested in van Benthem, 1990, could games with agent diversity, analyzed in the
same sparse style, be a universal model for human cognition?34

24 Logic one last time

Our final question is what the topics in this paper mean for our understanding of logic.
Given the (despite all our caveats) greater empirical and practical flavor of our agency
perspective, what becomes of the status of logical theory? I merely mention a few
themes, leaving other valid concerns for other occasions.35

Normative versus descriptive? Logic and cognitive psychology or neuroscience have
often been worlds apart, with logic taken to be a normative source of valid laws,
while actual human behavior may fail to follow these norms for various reasons. But
this dividing line seems thin. Good logical theory lets itself be informed by the best
available facts about human cognition, if only to see which topics for research are
most urgent or relevant. The latter point even holds if we take our logical theories
of agency to be normative, uncovering the correct laws of information flow, belief
revision, strategic interaction, and so on.

But the topics in this paper call for an even deeper entanglement of normative and
descriptive views. Consider our emphasis on correction and learning as key aspects of
agency. This was presented as crucially going beyond the statics of what is and what
ought to be the case to the dynamics of improvement. But working toward improve-
ment and judging something to be an improvement requires a norm, and even though
these need not be absolute norms, it is a fact that learning theory is replete with norms
that allow us to judge whether we are going in the right direction. So, facts and norms
can and should work in tandem.

34The original Turing Test itself concerned a hybrid scenario with possibly different agent types.
35For instance, the models for bringing out dynamic actions in this paper are extensional, whereas one

might think that action is a typical intensional notion, involving ‘how’ (that is, ways of doing things) as
much as ‘what’ state changes are achieved. While this is true, the program outlined here for making dynamic
actions explicit seems orthogonal to the choice of a level of intensionality for the logic employed.
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Limitations? The high point of classical logic are its famous limitation results say-
ing that some things are unachievable, such as decidability for logics that are strong
enough, or completeness for mathematical theories that are expressive enough. It is
this balance of positive and negative results that makes us logicians feel we truly un-
derstand subjects such as proof, definability or computation. But in our program so far,
anything seemed to work. What would be limitations to a logical approach to games
and agency? Could there be new social paradoxes that show boundaries to what the
current program can achieve? I believe that there are such boundaries, and as a logi-
cian, I even fervently hope there are—but this paper has nothing substantial to offer
on this score, except for the obvious fact that some logics of agency are undecidable,
and can even have quite high non-arithmetical complexity.

Object and metalevel Our final point is a new philosophical worry to be resolved.
We have advocated a broad view of the logic of information-driven agency, where
inference is just one source of information among others, such as making observations
or asking questions. So, is there no privileged role left for reasoning and its laws?
One might think there still is, since at the meta-level of formulating dynamical agent
systems we studied information update or belief revision in terms of their logical laws
and what follows from them. So, inference would still rule the meta-level.

But if one were to be consistent with our general program, the broader informational
activity perspective might also have to enter the metalevel. Perhaps the answer is this.
Just as in science, we do not just have logical theories as sets of laws and proof rules,
we also find them, develop them, and live them36—and perhaps it is that dynamic ac-
tivity that constitutes the proper content of the meta-level. Theorizing about activities
is itself a many-faceted activity.

25 Conclusion

The main thrust of this light programmatic paper is easy to state. To the open-minded
observer, there is a great deal of logical content to agency, with games as a striking
example and as a natural laboratory where theory meets practice. And looking in the
converse direction, there is also a lot of agency to logic. This dual interface is a plea-
sure to explore, especially in the compass of games—and it suggests new perspectives
on past and future interfaces of logic with a wide range of disciplines.

36In that spirit, the various formalisms mentioned in this paper, such as the dynamic logics of hard
and soft information or various current logics of games, would not be the final laws and the last word of
representation, but just one stage in formulating the meta-thory of agency.
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Abstract. Questions concerning the consistency of theories, and of the independence
of axioms and theorems one from another, have been at the heart of logical inves-
tigation since the beginning of logic. It is well known that our own contemporary
methods for proving independence and consistency owe a good deal to developments
in geometry in the middle of the nineteenth century, and especially to the role of mod-
els in establishing the consistency of non-Euclidean geometries. What is less well
understood, and is the topic of this essay, is the extent to which the concepts of con-
sistency and of independence that we take for granted today, and for which we have
clear techniques of proof, have been shaped in the intervening years by the gradual
development of those techniques. It is argued here that this technical development has
brought about significant conceptual change, and that the kinds of consistency- and
independence-questions we can decisively answer today are not those that first moti-
vated metatheoretical work. The purpose of this investigation is to help clarify what
it is, and importantly what it is not, that we can claim to have shown with a modern
demonstration of consistency or independence.
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1 Introduction

In 1939, Ernest Nagel wrote:

The sort of questions considered by meta-mathematics, e.g. the consis-
tency and independence of axioms, have been discussed in antiquity and
have been cultivated ever since by mathematicians in every age; but such
problems have been clearly formulated and systematically explored only
after pure geometry had been freed from its traditional associations with
space, and only after its character as a calculus had been isolated from its
applications. (Nagel, 1939, §74, 202-3.)

While there is no doubt a good deal of truth to this claim, the purpose of this paper
is to suggest a way in which the characterization it gives us of the role of models in
meta-mathematics is misleading. The aspect of Nagel’s view that I want to question
is the idea that with the increasing formalization of mathematical theories in the late
19th and early 20th centuries, we achieved at last a method, and tools, for the rigorous
treatment of ancient questions. What I will suggest in what follows is that the ques-
tions we can now answer with our modern rigorous tools are not the same questions
as those that arise for mathematical theories prior to the modern era. The questions
we can now raise and answer, I will argue, have been shaped significantly by the tools
we have developed. One result of this is that the notions of independence and con-
sistency that we now take for granted are not those that went by these names prior to
about 1900, and the clean methods we now have for demonstrating independence and
consistency do not answer what in e.g. 1700, or even in 1850, would have been called
by these names.1

2 1900

We begin by looking at the state of the art of independence proofs in the penultimate
year of the nineteenth century. Here our example is David Hilbert’s 1899 Foundations
of Geometry, in which we find a clear and systematic application of the technique
that was becoming, at this point, the standard approach to demonstrations of indepen-
dence.2 As Felix Klein puts it in 1908, describing what he calls the “modern theory”
of geometric axioms:

In it, we determine what parts of geometry can be set up without using

1On the role of geometry in the early development of modern logic, see Webb (1985).
2See Hilbert (1899). Hilbert was not alone in using the technique to significant effect at this time. Its

application can be seen as well in the work of the Italian school (see e.g. Peano, 1894, Padoa, 1901, Pieri,
1898; for discussion of Pieri’s work see Marchisotto and Smith, 2007) and in closely-related work by e.g.
Veblen (1904) and Dedekind (1888).
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certain axioms ...
As the most important work belonging here, I should mention Hilbert’s
[1899].
(Klein, 1908, as quoted in Birkhoff and Bennett, 1988, p. 185.)

Hilbert’s work in the Foundations of Geometry monograph involves a clear and care-
ful axiomatization of Euclidean geometry, together with a consistency proof for the
whole, and a series of independence proofs that demonstrate the connections of logical
entailment holding between the various parts of the edifice. Hilbert characterizes both
consistency and independence here in terms of the relation of logical deducibility: a
set of axioms is consistent, he tells us, if “[I]t is impossible to deduce from them by
logical inference a result that contradicts one of them” [§9], and a geometric axiom
or theorem is independent of a collection thereof if it cannot be deduced from that
collection.

Hilbert’s method of demonstrating non-deducibility is as follows: Given a set AX
of axioms, and a statement (perhaps another axiom) A, we begin by uniformly re-
interpreting the geometric terms (“point,” “line,” “lies-on,” etc.) in AX and in A, in
terms of objects and relations given by a different theory, in this case a theory R of
real numbers and collections thereof. We then note that, as re-interpreted, each of the
sentences AX, together with any sentence deducible from them, expresses a theorem
of R. Finally, the negation ¬A of the target sentence A also expresses a theorem of
R, which, assuming the consistency of R, guarantees that A itself does not express a
theorem of R. Still assuming the consistency of R, then, we have a guarantee that A is
not deducible from AX.

The consistency of AX, in the sense of the non-deducibility of a contradiction from it,
is demonstrable similarly, again assuming the consistency of the background theory
R. As Hilbert says,

From these considerations, it follows that every contradiction resulting
from our system of axioms must also appear in the arithmetic related to
the domain [of the background theory]. (Hilbert, 1899, §9.)

An important point to note about the interpretation-theoretic technique used by Hilbert
here is that it presupposes that the relation of deducibility in question is “formal" in
the sense that it is unaffected by the reinterpretation of geometric terms. It is this that
guarantees that the sentences deducible from AX will express theorems of R under the
reinterpretation, given only that the members of AX do. But the deducibility relation
is not, for Hilbert in 1899, “formal” in the sense of “syntactically specified;” there is
no formal language at this point, and no explicit specification of logical principles. We
will use the term “semi-formal" for such a relation. The first thing, then, that Hilbert’s
interpretations (or models) shows is that a given sentence is not semi-formally de-
ducible from a collection of sentences.

Hilbert’s models also show, importantly, the satisfiability of the conditions implicitly
defined by the collections of sentences in question. Given a collection AX [¬A of
sentences whose geometric terms appear schematically, a Hilbert-style reinterpreta-
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tion on which each member of that collection expresses a truth about constructions on
the real numbers demonstrates the satisfiability of the condition defined by the collec-
tion. Equivalently, it demonstrates that the condition defined by AX can be satisfied
without satisfying the condition defined by A.3

Hilbert’s technique, then, demonstrates the independence of a given sentence from
a collection of sentences in two different senses. Taking as an example the ques-
tion of the independence of Euclid’s parallel postulate (PP) from the remainder of
the Euclidean axioms (EU) for the plane, the two senses, with our labels introduced,
are:

• IndependenceD: (PP) is not (semi-formally) deducible from (EU);

• IndependenceS: The condition defined by (EU)[¬(PP) is satisfiable.

IndependenceS is the stronger of the two notions, though they are extensionally equiv-
alent in the setting of an ordinary first-order language.4

3 Frege

Gottlob Frege’s work, in the same period, focuses on a notion of independence that’s
distinct from both of the relations demonstrable via Hilbert’s technique. For Frege,
independence is a relation not between sentences but between thoughts, i.e. between
the kinds of things expressible by fully-interpreted sentences. Each thought, as Frege
understands it, has a determinate subject-matter: thoughts about geometric objects and
relations are entirely distinct from thoughts about collections of real numbers. Hence
the re-interpretation of sentences along Hilbert’s lines will result in the assignment to
those sentences of different thoughts. Finally, logical connections between thoughts,
connections like dependence and independence, provability and consistency, are sen-
sitive as Frege sees it to the contents of the simple terms in the sentences used to ex-
press those thoughts. Hence Hilbert’s re-interpretation strategy amounts, from Frege’s
point of view, to shifting attention from the geometric thoughts in which one was
originally interested to an entirely different collection of thoughts, a collection whose
logical properties are no guide to those of the original target thoughts. As a result,
Frege takes it that Hilbert’s technique is unsuccessful in demonstrating consistency
and independence. In Frege’s words,

3This understanding of consistency in terms of satisfiability was the more central concern for e.g.
Dedekind and Veblen.

4The equivalence is given by the completeness of first-order logic. Hilbert’s setting is that of natural
language without strictly-defined relations of deducibility or satisfiability, so the question of the extensional
relationship between the two independence relations is imprecise. The expressive richness of that language,
however, is well beyond that of (what was to become) first-order logic, giving the second relation, in that
setting, a narrower extension than the first.
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Mr. Hilbert appears to transfer the independence putatively proved of his
pseudo-axioms to the axioms proper . . . This would seem to constitute a
considerable fallacy. And all mathematicians who think that Mr. Hilbert
has proved the independence of the real axioms from one another have
surely fallen into the same error.5 (Frege, 1906, p. 402.)

Or, as we might more calmly put it, the relation that Frege calls “independence" is nei-
ther of the relations, also reasonably known by that name, demonstrable via Hilbert’s
technique. For Frege, the parallels postulate is independent of the other axioms of
Euclid iff it isn’t provable from those axioms (and in this he agrees with Hilbert), but
the notion of proof that Frege works with is a very rich one: the question of whether
a given thought is provable from others can turn on non-trivial conceptual analyses
of the components of those thoughts.6 Hence a sentence A can be IndependentD and
even IndependentS of a set AX of sentences while the thought ⌧(A) expressed by A
fails to be independent in Frege’s sense of the set ⌧(AX) of thoughts expressed by the
members of AX. We introduce a term for this third kind of independence:

• Frege� independent: The thought ⌧(A) is not provable, in Frege’s rich sense,
from the set ⌧(AX) of thoughts.

To fix ideas with a vivid example: consider the sentences

(BETA) Point B lies on a line between points A and C.

(BETC) Point B lies on a line between points C and A.

For Hilbert, a model can immediately show that (BETC) is independent of (BETA),
in both of the relevant senses: (BETC) is not semi-formally deducible from (BETA),
and the condition defined by (BETA) [ ¬(BETC) is satisfiable.7 For Frege on the
other hand, a model can show no such thing. Though Frege does not discuss this
example, it is compatible with his views that the thoughts expressed by sentences
(BETA) and (BETC) are the same thought, and hence provable immediately from one
another. For an alternative example close to Frege’s heart: each of the Dedekind-Peano
axioms for number theory is IndependentD and IndependentS from the others, but
this straightforwardly-demonstrable fact is in no tension with Frege’s logicist thesis,
according to which the thoughts expressed by those axiom-sentences are not Frege-
independent of one another.

5The “pseudo-axioms” as Frege calls them are Hilbert’s partially-interpreted sentences; the “real ax-
ioms" are thoughts about points, lines, and planes.

6Rigorous deduction, for Frege as for Hilbert, cannot make reference to the meanings of non-logical
terms. But the demonstration that a given thought ⌧ is provable from a collection S of thoughts can (and, in
the logicist project, regularly does) involve non-trivial analysis of ⌧ and/or of S en route to the expression
of those thoughts in the sentences that will appear in the rigorous deduction. See Blanchette (1996, 2012).

7This is a simplification of Hilbert’s more-interesting result that the biconditional [(BETA) iff (BETC)]
is independent of the other axioms of order. See Hilbert (1899, §10).
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4 The Parallels Postulate

The paradigm independence question prior to the twentieth century was the question
of the provability of Euclid’s parallels postulate from the remainder of Euclid’s ax-
ioms. The firm conviction, by the end of the nineteenth century, that the parallels
postulate is not provable from the rest of Euclid rested in large part on the construc-
tion of - as we now put it - “models of non-Euclidean geometry.” But the canonical
early models, and the lessons drawn from them, were in interesting ways different
both from the later Hilbert-style models, and from their descendants, the models that
we take for granted today. We begin with a sketch of some aspects of the well-known
history, in order to make some observations about the early use of models.

In the middle of the 18th century, J. H. Lambert famously examined the independence
question by working out some of the fundamental implications of (¬PP), the negation
of the parallels postulate.8 Working in the paradigm set by Saccheri, who divided
the alternatives to the parallels postulate (itself called the “first hypothesis”) into the
second hypothesis, in accordance with which the internal angles of a triangle would
sum to more than two right angles, and the third hypothesis, according to which the
angle-sum would be less than that of two right angles, Lambert notes that the second
hypothesis holds of the triangles drawn on the surface of an ordinary sphere.9 He also,
intriguingly, suggests that the third hypothesis would hold of triangles drawn on the
surface of a sphere with imaginary radius (i.e. a radius whose length is a multiple of
i), if such a figure were possible. Lambert does not, however, treat the possibility of
such instances as a reason to suspect that the parallels postulate is independent, but
continues to search for a proof of (PP) from the remainder of Euclid.

That Lambert does not see in the behavior of arcs on a (real or imaginary) sphere
any indication that the parallels postulate might be independent of the rest of Euclid
is not entirely surprising: arcs on a real sphere are not infinite; they also violate the
Euclidean principle that two points determine a unique line. Most importantly for our
purposes, there is also a relatively clear sense in which the sides of the triangle-like
figures drawn on a sphere are not “straight:" the fact that the internal angles of such
a figure sum to more than two right angles is in no tension with the principle that
real triangles will have an angle sum equal to that of two right angles. As Katherine
Dunlop has put it, regarding Lambert’s view of the question “whether the principles
that hold of figures on [the surface of a sphere] constitute a theory that is genuinely
comparable to Euclid’s”:

Lambert appears to share the consensus view that they do not. It was
not news, in the second half of the 18th century, that Euclid’s parallel

8See Lambert (1786). For discussion, see Ewald (1996b).
9Saccheri’s division was actually couched in terms of the angle-sums of quadrilaterals rather than of

triangles; the two issues are equivalent.
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axiom did not hold of arcs on a sphere. But Lambert’s contemporaries
did not regard the arcs as lines. . . . He clearly does not take the fact that
the second hypothesis is satisfied on a spherical surface to show that it
could belong to geometry after all. (Dunlop, 2009, p. 47.)

In short: the sides of spherical triangles are not lines. Therefore the fact that they
behave “non-Euclideanly” gives no reason to suppose that lines might.

Similar concerns arguably attach to realizations of the third hypothesis, according to
which two straight lines in a plane can converge without intersecting. Lambert’s view
is that this kind of asymptotic approach, discussed here with respect to two posited
lines CD and AD, is contrary to the idea of straight lines:

Whoever at this point objects that CD could perhaps approach AD asymp-
totically (like, for instance, the hyperbola and other asymptotic bent lines)
in my opinion changes what the logicians call the statum quaestionis, or
he deviates from Euclid . . . . I do not see how in the representation of
straight lines objections about hyperbolas can be made. (Lambert, 1786,
§3.)

Similarly, “[T]he idea that AD, CF are straight lines . . . cannot coexist with the idea
of an asymptotic approach. (Lambert, 1786, §10.)

So a surface whose geodesics approach asymptotically, of the kind now familiar as a
model of hyperbolic geometry, could not have been seen from Lambert’s point of view
as a surface truly described by the negation of the parallels postulate: the only way to
describe such a surface from this viewpoint is as a perfectly well-behaved Euclidean
object whose geodesics are not lines.

Neither Lambert nor his contemporaries has the idea of a mathematical theory as
providing an implicit definition of a structure-type, or of the mathematical terms in
a theory as place-holders for the elements of satisfying structures. So the idea of
curved lines as appropriate candidates for filling such a place, i.e. as objects satis-
fying implicitly-defined conditions, can make no sense from this perspective. Also
lacking at this point is the idea that the proof of sentences one from another is un-
affected by the reinterpretation of the geometric terms in those sentences. This idea,
as natural as it seems now, requires an understanding of the mathematical language
as peculiarly well-behaved in various ways, including a stratification into defined and
primitive terms in such a way that none of the mathematical content resides in implicit
connections between the contents of those terms. In short, neither of the views essen-
tial to the idea of reinterpretation as a method for proving independence, i.e. the idea
of axioms as implicit definitions and the idea of rigorous proof as surviving reinter-
pretation, is part of the standard conception of mathematical theories in the middle of
the eighteenth century.

The idea of geometry as a reinterpretable theory rather than a doctrine of space, and the
idea that good principles of proof should survive re-interpretation, were both helped
along by the success of projective geometry and its duality principles in the early
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19th century: it is irresistible to view the counterpart theorems obtained by switch-
ing “point" with “line" etc. in the projective setting as also obtained by coordinated
re-interpretations of those terms. The idea that an axiom and its dual are in some
sense “the same” axiom under different interpretations is the beginning of a certain
broadening in the understanding of the role of the term “line" within axioms. Also
critical in this progression toward the loosening of the conception of geometric axiom
was Riemann’s reconceptualization of geometry as a theory of arbitrary n-dimensional
manifolds, of which space itself forms merely a particular instance.10

The final piece of background to mention before looking at the role of models in the
middle of the nineteenth century is the work of Lobachevsky. Following up on Sac-
cheri’s third hypothesis, Lobachevsky had provided in 1840 an elegant and deep theory
involving the denial of the parallels postulate, and according to which the angle-sum
of triangles is less than two right angles (Lobachevsky, 1840). The demonstration that
one can go as far as Lobachevsky goes in developing the non-Euclidean theory, with-
out encountering contradiction, provided compelling reason to think that the behavior
of parallel lines might not, after all, be dictated by the rest of Euclid.

Against this backdrop, the middle of the nineteenth century saw the construction of
surfaces deliberately understood as “models” of non-Euclidean geometry in the sense
of containing line-like entities which, often under an alternative understanding of such
central notions as that of distance along the surface, satisfied the postulates of two-
dimensional Lobachevskian geometry, which we will call “L.” Beltrami provides, for
example, a metric on the open unit circle that satisfies L when its open chords are taken
as lines, and another for that circle when selected arcs play the role of lines (Beltrami,
1868a, 1868b). In each case, the line-like entities are finite on the Euclidean measure,
but not on the imposed metric; triangles formed by these entities are just what one
would expect (enclosed, in the ordinary Euclidean sense, by three chords or arcs), and
the triangles’ angle-measure is on the imposed metric essentially what it ‘actually’
is on the Euclidean metric, summing in each case to less than two right angles. The
simple geometric relations between points and lines (the intersection of lines, the lying
of a point on a line) are, similarly, understood in the ordinary Euclidean way.

The most significant of the constructions at this point is Beltrami’s celebrated pseudo-
sphere and the cover he constructs on it, a surface of constant negative curvature whose
geodesics play the role of lines in L.11 In this case, the line-like entities are very much
like lines: they are “really” infinite, i.e. infinite on the ordinary Euclidean metric, and
as a result behave in the way that lines on an infinite Euclidean plane would, given an
appropriate warping of that plane. Because the curvature of the surface is constant, it

10See Riemann (1873). For discussion of the mathematical background to the broadening of the concept
of line, and especially the central role of the use of analysis in this reconceptualization of geometry, see
Gray (1979).

11For discussion of the construction, see Stillwell (1996a). For discussion of the place of Beltrami’s work
in the history of the independence claim, see Scanlan (1988), Stump (2007).
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satisfies the principle of the free mobility of figures on the plane, allowing the impor-
tant proof-technique of superposition. The surface is, in short, just what one needs in
order to provide a vivid depiction of what lines would be like if space had a constant
negative curvature: they would be just as described by Lobachevsky.

The close analogy between the geodesics on the constructed surface and the lines of
Euclidean geometry is crucial to the role played by the surface in Beltrami’s thought.
As he puts it,

The most essential figure in elementary geometry is the straight line. Its
specific character is that of being completely determined by two points,
so that two lines which pass through the same points coincide throughout
their extension. . . .

Now this characteristic . . . is not peculiar to straight lines in the plane; it
also holds (in general) for geodesics on a surface of constant curvature.
. . . [T]he surfaces of constant curvature, and only these, have the property
analogous to that of the plane, namely: given two surfaces of constant and
equal curvatures, in each of which there is a geodesic, the superposition
of the two surfaces at two points of the geodesic causes them to coincide
(in general) along its whole extension.

It follows that, except in the case where this property is subject to ex-
ceptions, the theorems of planimetry proved by means of the principle
of superposition and the straight line postulate, for plane rectilinear fig-
ures, also hold for figures formed analogously on a surface of constant
curvature by means of geodesics. (Beltrami, 1868a, pp 8-9 of Stillwell,
1996b.)12

That is to say: the figures on this surface analogous to triangles will have all of those
properties provable of Euclidean triangles with the exception of those that depend
on the parallels postulate; the geodesics will share the corresponding portion of the
Euclidean properties of lines, and so on. And that the geodesics are described by L
establishes Beltrami’s central point, that the surface is a “substrate for” Lobachevsky’s
geometry, so that this theory is not idle. (Beltrami, 1868a.)

We might ask what, exactly, constructions like Beltrami’s were understood to show
in this period about the parallels postulate and its connection to the rest of Euclidean
geometry. The answer, arguably, is that there is no single precise lesson that was
drawn from these constructions, aside from the general view that they showed, in
some sense, the coherence of L and hence the independence (in some sense) of the
parallels postulate. In 1868, axiomatic theories were still not understood as providing
implicit definitions, and there was no well-developed sense of proof as semi-formal,
or of the mathematical language as usefully subject to arbitrary reinterpretation. The

12The “straight line postulate” is the postulate that two points completely and uniquely determine a line.
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constructed “models” of L were consequently not tools for demonstrating the modern
notions of IndependenceD or of IndependenceS. To get a sense of what the models
were in fact taken to show, we look briefly here at the lessons drawn by Helmholtz
and Poincaré.

To begin with, Helmholtz continues in Beltrami’s mold to emphasize the importance
of the analogy between Euclidean lines and the geodesics on curved surfaces, and the
corresponding analogies between the figures constructed in each domain. As he puts
it, speaking specifically of Gauss’s surfaces:

The difference between plane and spherical geometry has long been evi-
dent, but the meaning of the axiom of parallels could not be understood
till Gauss had developed the notion of surfaces flexible without dilata-
tion and consequently that of the possibly infinite continuation of pseu-
dospherical surfaces. Inhabiting a space of three dimensions . . . we can
represent to ourselves the various cases in which beings on a surface
might have to develop their perception of space . . . (von Helmholtz, 1876,
p. 308.)

and

These remarks will suffice to show the way in which we can infer from the
known laws of our sensible perception the series of sensible impressions
which a spherical or pseudospherical world would give us, if it existed. In
doing so we nowhere meet with inconsistency or impossibility ... We can
represent to ourselves the look of a pseudospherical world in all directions
. . . Therefore it cannot be allowed that the axioms of our geometry depend
on the native form of our perceptive faculty, or are in any way connected
with it. (von Helmholtz, 1876, p. 319.)

In short, as Helmholtz sees it, these geometric constructions show that Kant is wrong.
The pseudospherical models demonstrate that a non-Euclidean “world” is representable
to us, with the consequence that Euclidean space is not uniquely determined by our
representational capacities.

Despite having a radically different picture of the nature of geometrical truth, Poincaré
shares essentially this reaction to the demonstrative value of geodesics on curved sur-
faces. Having claimed that Beltrami has shown via his pseudosphere that no contra-
diction is deducible from Lobachevsky’s geometry, Poincaré continues:

This he has done in the following manner: [I]magine beings without
thickness living on [a surface of constant curvature] . . . These surfaces
. . . are of two kinds: - Some are of positive curvature, and can be so de-
formed as to be laid on a sphere. . . . Others are of negative curvature. M.
Beltrami has shown that the geometry of these surfaces is none other than
that of Lobachevsky. (Poincaré, 1892, p. 405.)

The result of this demonstration is, as Poincaré sees it, similarly anti-Kantian:



Models in geometry and logic: 1870-1920 51

[W]e ought . . . to inquire into the nature of geometrical axioms. Are they
synthetic conclusions a priori, as Kant used to say? They would appeal to
us then with such force, that we could not conceive the contrary proposi-
tion, nor construct on it a theoretical edifice. There could not be a non-
Euclidean geometry. (Poincaré, 1892, pp. 406-7.)

That there is in fact a non-Euclidean geometry, as demonstrated by the combination of
Lobachevsky and Beltrami, shows in Poincaré’s view the conceivability of that con-
trary science, and hence the falsehood of the claim that Euclid’s geometry is synthetic
a priori.

It is worth noting that this late-19th-century inference from the existence of Beltrami-
style surfaces to the possibility or the conceivability of non-Euclidean space is by no
means a trivial one. There is nothing about those surfaces that conflicts with Euclid:
they are constructed within a purely Euclidean framework. And unless the actual be-
havior of the geodesics on a pseudosphere is taken to indicate the conceivable or possi-
ble behavior of lines, their satisfaction of L fails to tell us anything about the coherence
of non-Euclidean surfaces or spaces. The question whether geodesics should be taken
as such representatives is not a technical question but a conceptual one: Helmholtz
and Poincaré, in keeping with the emerging confidence of the late 19th century in the
richness and safety of the non-Euclidean framework, take it this way; those with a
more conservative understanding of the nature of a line could in principle reject the
inference, just as Lambert did with the sides of spherical triangles. That the geodesics
on the pseudosphere did successfully play this representative role is due both to a cer-
tain loosening of the concept of line in the intervening century, and to the recognizably
line-like character of the geodesics themselves.

The importance of the representative capacity of the curved surface, i.e. the repre-
sentability of lines on a plane by geodesics on that surface, is emphasized by Poincaré
in his commentary on just how such a surface undermines the claim that Euclid’s ax-
ioms are synthetic a priori. In a truly synthetic a priori science like arithmetic, claims
Poincaré, there can be no such representation of an alternative possibility:

[L]et us take a true synthetical a priori conclusion; for example, the fol-
lowing: - If an infinite series of positive whole numbers be taken, . . . there
will always be one number that is smaller than all the others. . . . Let us
next try to free ourselves from this conclusion, and, denying [this propo-
sition], to invent a false arithmetic analogous to the non-Euclidean geom-
etry. We will find that we cannot . . . . (Poincaré, 1892, p. 406.)

There is of course no difficulty in providing a model, in a modern sense, for the nega-
tion of the principle Poincaré describes here, the least-number principle. Simply inter-
pret “less-than" via the greater-than relation; alternatively, take “positive whole num-
ber" to be interpreted by the negative integers. Poincaré’s claim is that we “cannot”
represent the positive whole numbers as failing to satisfy the least-number principle;
his point is that a collection that fails this principle is not the positive whole num-
bers. Lines, on the other hand, can be represented faithfully as failing to satisfy the



52 Models in geometry and logic: 1870-1920

parallels postulate. What we get from Beltrami’s surface, on this account, is a demon-
stration that Lobachevsky’s geometry is just as coherent as is Euclid’s, not in the
sense of (semi-) formal deductive consistency (which holds just as well in the case of
the “false arithmetic”), but in the sense that each provides a coherent description of
space.13

In general: the construction of Beltrami-style models of L demonstrated the inde-
pendence of the parallels postulate in a sense quite different from those later notions
of IndependenceD and IndependenceS, which notions could not in any event have
been made sense of in the setting of a traditional understanding of geometry and
its language. The independence-claim in question was instead the less rigorously-
demarcated idea of the coherence of a space whose lines behave non-Euclideanly.
The role of the constructed surface in this project is to depict a genuine possibility for
space itself. Hence the kind of independence shown is very strong: from the claim
that it’s possible for lines to satisfy most of Euclid without satisfying the parallels
postulate, we conclude that one cannot prove the latter from the former, even if one
employs proof procedures much richer and more content-sensitive than are the formal
or semi-formal deductive principles favored after the turn of the twentieth century.
The result is strong enough to establish not just IndependenceD and IndependenceS,
but arguably also the Frege-independence of the parallels postulate.

But while the representational strategy just described proves a strong result, an im-
portant weakness of the strategy is that its scope of applicability is severely limited.
There is no way via appeal to representative surfaces to demonstrate, for example, the
independence of (BETA) from (BETC), since no construction of points on a line-like
element will satisfy one of the between-ness claims without satisfying the other. And
as Poincaré points out above, no such representative strategy can successfully depict
a situation in which the natural numbers fail the least-number principle. More gen-
erally, there is no straightforward way to extend the strategy beyond the scope of a
small part of geometry, that part in which the statement to be demonstrated indepen-
dent is one whose negation can be represented via recognizable analogues of lines and
figures.

5 The turn of the century

In addition to the developments mentioned above concerning the recognition of dual-
ity principles in projective geometry and the Riemannian generalization of the scope
of geometry, the path from Beltrami to Hilbert turns on closely-related developments
concerning mathematical languages and their subject-matter. Here the developments
are of both a mathematical and a logical kind. In the first category is the development

13For Poincaré, of course, unlike Helmholtz, the further lesson to be drawn is that the choice between the
two is purely conventional: they describe the same empirical possibility for space.
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of the view of mathematical theories not as statements about determinate collections of
entities, but instead as collections of sentences that characterize multiply-instantiable
structural properties. This development opens the way for a conception of consistency
as satisfiability, and hence of independence as IndependenceS. On the more purely-
logical side is the increasingly-important idea near the end of the twentieth century
of proof as characterizable in terms of semi-formal (or later purely formal) princi-
ples of sentential deduction, an idea that made IndependenceD a natural and central
concern.

The modern strategy in place by the turn of the twentieth century, the Hilbert-style
method described above, is both much more broadly applicable (since it can be ap-
plied to any relatively well-regimented axiomatic theory) and more rigorous than is
the kind of appeal to constructed surfaces made by Helmholtz and Poincaré. There
is no need for a Hilbert-style model to contain recognizable analogues of elements
of an original subject-matter, and there is no conceptual question to be raised about
whether the model depicts a conceivable arrangement of the target objects and prop-
erties. As long as the sentences in question are true as re-interpreted, and the rules of
proof preserve truth under the reinterpretation, IndependenceS and IndependenceD are
immediate. Poincaré’s objections about the impossibility of representing false syn-
thetic a priori theories have no purchase in this setting, and Lambert’s concerns about
the representability of lines by non-lines are irrelevant both to the newly-conceived
notions of independence, and to their modern demonstration.

6 The formalization of logic

In the period of roughly 1880 to 1905, it became standard to apply to mathemat-
ical axiom-systems a handful of fundamental “meta-theoretical” questions, includ-
ing those of completeness (in various senses), consistency, and mutual independence.
Independence demonstrations for axioms of number theory, geometry, and analysis
were familiar by the end of this period, and proceeded in essentially the Hilbert-style
way.14

Between 1905 and 1915, the Hilbert school became increasingly interested in the de-
velopment of systems of axioms for logic itself, and specifically in the formal, i.e.
syntactic, specification of such systems. The natural question to raise at this point is
whether the independence-proving techniques that are clearly useful in mathematical
settings can be applied to systems of pure logic. Can one, for example, demonstrate
the independence of logical axioms one from another using the modern technique of
interpretation-style models?

14For discussion of these developments, see Awodey and Reck (2002), Mancosu, Zach, and Badesa
(2009), Zach (1999).
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Bertrand Russell, asked this question in 1909, responds as follows:

I do not prove the independence of primitive propositions in logic by the
recognized methods; this is impossible as regards principles of inference,
because you can’t tell what follows from supposing them false: if they
are true, they must be used in deducing consequences from the hypothesis
that they are false, and altogether they are too fundamental to be treated
by the recognized methods. (Russell to Jourdain, April 1909, as reported
in Grattan-Guinness, 1977, p. 117.)

A similar sentiment appears in Principles of Mathematics, and again in Principia
Mathematica. (Russell, 1903, §17; Russell and Whitehead, 1910-1913, *1.)

It is not difficult to see the problem as Russell sees it. Suppose (with Russell) that
the basic idea of an independence proof is to assume some collection of claims to be
true, assume a further claim to be false, and then check to see whether any contra-
diction follows. As applied to the independence of the parallels postulate, the idea
is that we are assured by the coherence of the non-Euclidean surface that no contra-
diction follows from supposing that the parallels postulate is false while the rest of
Euclid is true. The role of the model on this picture is not that of re-interpretation to
show IndependenceD or IndependenceS; it is the earlier idea of a representation of a
situation in which the axioms in question are true and false respectively. Given this
understanding of an independence-proof and of the role of models, it is clear that one
cannot, just as Russell says, apply the technique to principles of logic. To assume a
handful of logical axioms true and a target logical axiom false is already to engage in
contradiction. And there is no sense in which such a collection of sentences, i.e. one
including the negation of a principle of propositional logic, can be taken to describe a
coherent situation. In short, and as Russell notes, the principles of logic - to which we
must appeal when demonstrating independence in the arenas of geometry or analysis
- are “too fundamental to be treated by” such a method.

Nevertheless, there is clearly something wrong with Russell’s idea that the “recog-
nized method” at the time of his writing cannot be applied to systems of logic. By as
early as 1905, Hilbert had already been lecturing on the use of arithmetical interpre-
tations to show the mutual independence of axioms for propositional logic. And by
1918, Bernays uses just such interpretations to demonstrate the mutual independence
of some of Russell’s own propositional axioms (Bernays, 1918).15

Bernays’ technique for demonstrating the independence of an axiom A from axioms
A1 . . .An is essentially as follows: We give a systematic assignment of values (e.g. the
numbers 1, 2, 3) to every sentence of the language, in such a way that, for example:
each of A1 . . .An, together with every sentence deducible from these via the specified
inference rules, is assigned the value 1; A itself is not assigned 1. The immediate
conclusion is that A is not deducible from A1 . . .An.

15For discussion of Bernays 1918, see Mancosu et al. (2009).
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The first thing to note about this strategy is that, contra Russell, it does not involve
supposing that A is false. It also doesn’t involve the representation of a state of affairs
that in any sense satisfies or exemplifies A1 . . .An; there is no need to try to make sense
of the presumably-incoherent idea of a state of affairs in which an instance of an axiom
of propositional logic is false. What is demonstrated by Bernays’ method is simply
the non-deducibility, now in an entirely formal - i.e. syntactic - sense, of the formula
A from the collection A1 . . .An of formulas.

The connection between the method of Hilbert 1899 and Bernays 1918 can be brought
out as follows. First of all, both methods are instances of what we can call the arbi-
trary valuation strategy: That strategy, applied to a formula A and a collection A1 . . .An
of formulas, is to assign values to formulas in such a way that, for a designated value
V, V is assigned to each of A1 . . .An and to each formula deducible from them, but is
not assigned to A. The two coordinated differences between Hilbert 1899 and Bernays
1918 are (i) the kind of values employed, and (ii) the nature of the deducibility rela-
tion.

For Hilbert 1899, the value V is in each case the value “expresses a theorem of B
under interpretation I,” where B is a background theory (typically a theory of con-
structions on the real numbers) and I is the interpretation of the formulas in question
via the subject-matter of B. Deducibility is a relation not explicitly specified, but un-
derstood in terms of self-evident principles of inference, subject to the constraint that
the principles be semi-formal, holding independently of the interpretations of the geo-
metric terms appearing in those formulas. The critical fact about deducibility assumed
throughout is that anything deducible from a formula that expresses a theorem of B
is also a formula that expresses a theorem of B. This assumed feature of deducibility
is the guarantee that V is preserved by deducibility. The guarantee that the target for-
mula A lacks value V, i.e that A does not express a theorem of B under interpretation
I, is given by the facts that (a) by design, ¬A expresses a theorem of B under I, and (b)
B is, by assumption, itself consistent.

No such valuation, and no such account of deducibility, can work in the setting of
independence proofs for principles of pure logic. First of all, the designated value V
must in this setting be one that is not automatically had by all truths of logic, since
it is precisely a truth of logic that we will want to demonstrate lacks V. So V cannot
be the value “expresses a theorem of theory B under interpretation I,” for any B or
I. The relation of deducibility, in addition, cannot be merely a generally-understood
notion of (semi-formal) provability, since any such notion will count the formulas of
pure logic as deducible from everything. Bernays’ method rests on the existence of a
syntactically-specified relation of deducibility, with respect to which it is not trivially
true that each principle of logic is deducible from everything. It also rests on the
choice of a targeted value V that has nothing to do with the “interpretation,” in any
ordinary sense, of the formulas in question: i.e. nothing to do with the idea of those
formulas as expressing truths and falsehoods about either the intended or an alternate
subject-matter.

With respect to the question, then, of whether Russell is right that the “recognized



56 Models in geometry and logic: 1870-1920

method" is not applicable to questions of independence in systems of logic, the answer
will turn on what exactly we take to fall under the scope of “recognized method." Tak-
ing that method to be the very broad strategy we’ve called the “arbitrary valuation”
strategy, Russell is wrong: the method works, as Bernays shows. Taking, on the
other hand, that method to be the more narrowly-construed instance of that technique
in which valuations are understood in terms of re-interpretations into an assumed-
consistent background theory, then Russell is right: we cannot interpret the language
in such a way that axiom-sentences of propositional logic express the negations of the-
orems of a consistent background theory. Finally: given Russell’s own, old-fashioned
way of understanding the “recognized method,” as involving the supposition of the
falsehood of the target axiom and a subsequent question about the consistency of the
result, the method is clearly not applicable to principles of logic, for the reasons Rus-
sell himself gives.

A further important difference between the method as employed by Hilbert 1899 and
its refinement in Bernays 1918 involves the kind and the strength of the independence
claims thereby demonstrated. As above, Hilbert’s technique shows IndependenceD:
it shows that A is not deducible from A1 . . .An, where “deducible from" is the semi-
formal relation described above. Similarly, Bernays’ technique shows that A is not
deducible from A1 . . .An, where “deducible from" is now the rigorously-specified rela-
tion specific to a particular formal system. But Hilbert’s technique also demonstrates,
as we’ve discussed, the stronger result of “IndependenceS,”: it demonstrates that the
condition implicitly defined by {A1 . . .An,¬A} is satisfiable. But Bernays’ method
provides no such further result: no domain is exhibited that satisfies conditions implic-
ity defined by the formulas in question. And indeed, the satisfiability claim in question
makes no sense as applied to the formulas to which Bernays applies it: the axioms are
not implicit definitions of structural conditions, and there is no sense to be made of a
domain with respect to which some of those axioms express falsehoods.

The importance of IndependenceS is most vivid in the setting of the kind of struc-
turalist approach to mathematical theories and axioms that was beginning to take hold
at the end of the nineteenth century, and remains of central importance today. In
Dedekind’s work, for example, the theory of natural-number arithmetic is the theory
of any and all ordered collections of objects that satisfy the natural-number axioms, or
equivalently the theory of any and all !-sequences.16 The role of each axiom on this
conception is to provide a partial characterization of the type of structure in question.
Given a collection of axioms A1 . . .An, the addition of a further axiom A would be
redundant if every structured domain satisfying the former collection already satisfied
the latter. The important independence relation, from this point of view, is the relation
of non-redundancy in this sense, which is to say that it is a matter of the satisfiability
of {A1 . . .An,¬A}, i.e. of IndependenceS.

IndependenceD is the relevant kind of independence if instead the goal of the axioms

16See Dedekind (1888).
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is the deductive characterization of a body of truths. In this setting, A is redundant
with respect to A1 . . .An if A is deducible from A1 . . .An, and hence independent in
the relevant sense if IndependentD of those axioms. In a setting in which axioms are
intended to provide both a deductive characterization of a theory and a definition of
the structural characteristics of its domain, both kinds of independence are relevant;
and as above, both are demonstrable via the construction of a model in the mode
of Hilbert 1899. Once we move to Bernays 1918, however, the goal of the axioms
is purely deductive (there being no sense in which the axioms of the propositional
calculus define properties of structures), and the relevant kind of independence is just
IndependenceD.

7 Summing up

The idea with which we began was the traditional idea that the development of model-
theoretic methods around the turn of the 20th century provided, at last, a rigorous
way of answering old independence questions. The contrary proposal suggested here
is that this is not quite the right way to view the developments of the period 1870 -
1920. Instead of a single notion of independence that’s given increasingly-rigorous
treatment, we have a handful of different independence questions, some of which are
susceptible to rigorous treatment, and some of which are not. As our methods have
changed, so too have the questions that we are in a position to ask (and answer).

Passing from 1870 to 1899 to 1918, we see the following three lines of develop-
ment.

First, we see a gradual increase in rigor. By 1899, questions of independence are di-
vorced from questions about the representability of the subject-matter (e.g. of lines by
geodesics, of positive numbers by negative numbers), and linked to the more tractable
notion of reinterpretation. By 1918, the appeal to an informal notion of provability is
replaced by appeal to an explicitly-defined relation of formal deducibility.

Secondly, we see an increase in the scope of the methods. In 1870, the canonical
independence-proof technique applies to the parallels postulate and to that small col-
lection of geometric propositions whose negation can be represented as holding on
something recognizably like a surface. By 1899, we have a technique that applies
to all of geometry and arithmetic. And by 1918, the standard technique allows us to
prove independence even of the axioms for formalized systems of logic.

But, thirdly, we see in this period a gradual decrease in the strength of the indepen-
dence claims demonstrable by the emerging methods. In 1870, as understood e.g. by
Helmholtz, a model establishes a strong modal claim, i.e. the claim that space might
really be a certain way, and that we can conceive of its being that way. By 1899, the
method exhibited in Hilbert’s Foundations of Geometry makes no claim to establish-
ing such a strong claim about the possible configuration of space or about our con-
ception of it; the claims made via the new method are claims of non-deducibility and
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of the satisfiability of implicitly-defined conditions. Finally, the method employed by
Bernays in 1918 provides us with clear demonstrations of non-deducibility; it is nei-
ther intended to provide, nor is it capable of providing, any modal results about the
subject-matter of the theory or any conclusions about the satisfiability of structural
conditions.

If the oldest versions of the question of the independence of the parallels postulate
are questions whose positive answer would establish the possibility or conceivabil-
ity of non-Euclidean space, then they are not the questions answerable via either the
method of 1899 or the method of 1918. And if the questions asked of arithmetic and
geometry by Deekind and Veblen have to do with the satisfiability of conditions im-
plicitly defined by the axioms in question, then those questions, decisively answerable
via the method of 1899, are not answerable via the method of 1918.17 The weakest
of our independence relations, that of pure non-deducibility in a rigorously-specified
formal system, is also the cleanest, and the most crisply demonstrable. It is natural
to take it to be, in some sense, a refinement of older and more inchoate questions
about independence. But if the suggestions made here are accurate, then the gap be-
tween the independence-claims cleanly demonstrable via the modern methods and the
independence-claims that originally motivated much geometric work prior to the end
of the 19th century is quite large; and it is sufficiently large that we cannot take the
newer methods to be merely cleaned-up ways of answering the old questions.
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3 Squeezing arguments and
strong logics

JULIETTE KENNEDY AND JOUKO VÄÄNÄNEN

Abstract. G. Kreisel has suggested that squeezing arguments, originally formulated
for the informal concept of first order validity, should be extendable to second order
logic, although he points out obvious obstacles. We develop this idea in the light of
more recent advances and delineate the difficulties across the spectrum of extensions
of first order logics by generalised quantifiers and infinitary logics. In particular we
argue that if the relevant informal concept is read as informal in the precise sense of
being untethered to a particular semantics, then the squeezing argument goes through
in the second order case. Consideration of weak forms of Kreisel’s squeezing argu-
ment leads naturally to reflection principles of set theory.

Keywords: generalized quantifiers, logical validity, reflection principles, second-
order logic, squeezing principles.

1 Introduction

The foundational project is driven by the idea of modeling mathematical discourse,
more or less globally, by giving an adequate formal reconstruction of it. Adequacy
here, as in the phrase "adequate formal system," is delivered by the following: the
formalism should be sound, complete, and at least to the degree possible, effective and
syntactically complete. The formalism should also be meaning-preserving, relative to
a given semantics (ideally). The idea of foundational formalism, as we called it in
(Kennedy, 2013), is that with such a system in hand one could reasonably claim that
the formalism has "captured" the informal discourse—whichever way one wishes to
express this idea of "capturing."
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At the same time the idea of considering just the informal mathematical discourse
on its own, so to say in situ, has also attracted interest. This is implicit in so-called
"practice-based" philosophy of mathematics—that practice is situated, after all, in
natural language—while other philosophers take a more direct interest in natural lan-
guage. M. Glanzberg, for example, in his (Glanzberg, 2015), argues that the notion of,
e.g., consequence at work in natural language is to be distinguished from a genuinely
logical consequence relation:

The success of applying logical methods to natural language has led some
to see the connection between the two as extremely close. To put the idea
somewhat roughly, logic studies various languages, and the only special
feature of the study of natural language is its focus on the languages hu-
mans happen to speak.

This idea, I shall argue, is too much of a good thing.

Glanzberg is not only alerting us to the pitfalls of conceiving of natural language, at
least in its logical aspects, as a kind of thinly disguised formal language, a matter
of cleaning up the relevant definitions, concepts and so on. For Glanzberg, natural
language and formal discourse are instead, with respect to their logical scaffolding
anyway, two autonomous domains—"though the processes of identification, abstrac-
tion, and idealization can forge some connections between them." "Natural language
has no logic" is the paper’s central claim.1

What does it mean to say that natural language has no logic? For Glanzberg this is to
deny the logic in natural language thesis (LNL thesis henceforth), namely the thesis
that:

A natural language, as a structure with a syntax and a semantics, thereby
determines a logical consequence relation.

This is as opposed to the logics in formal languages thesis (LFL thesis henceforth):

Logical consequence relations are determined by formal languages, with
syntactic and semantic structures appropriate to isolate those relations.. . . Thus,
the logics in formal languages thesis holds that consequence relations are
in formal languages, in the sense that they are definable from them.

The LFL thesis is uncontroversial, if not trivial. The argument against the LNL thesis
is subtle and turns partly on a critique of the model-theoretic account of logical conse-
quence.2 We will not consider Glanzberg’s critique here, but will do so below, as the

1Glanzberg construes the term "logic" rather narrowly in the paper. The quote in the central claim is a
deliberate reference to Strawson’s (Strawson, 1950):

Neither Aristotelian nor Russellian rules give the exact logic of any expression of ordinary
language; for ordinary language has no exact logic.

2Glanzberg’s arguments against the LNL thesis generally read "logic" as logical consequence.
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issue becomes relevant to Kreisel’s so-called squeezing arguments, to which we now
turn.

2 Squeezing arguments and their critics

Squeezing arguments may be thought of as falling on the other side of the spectrum of
belief in the LNL thesis (albeit tacitly). Introduced by Kreisel in his 1967 "Informal
Rigour and Completeness Proofs" (Kreisel, 1967), and since taken up by W. Dean
(Dean, 2016), H. Field (Field, 2008), V. Halbach (Halbach, 2016), P. Smith (Smith,
2011) and others, the arguments go as follows:

Consider an informally defined mathematical concept I. Formally define
two concepts A and B such that falling under the concept of A is a suf-
ficient condition for falling under the concept of I, and falling under the
concept of I suffices for falling under the concept of B. Thus A ✓ I ✓ B,
where the inclusions are understood as applying to the extensions of the
concepts A,B, I.

Now suppose the formal notions A and B have the same extension. Then
by the inclusions A ✓ I ✓ B the informal concept I must coincide, again
extensionally, with that of A and B.

For the informal concept I Kreisel took intuitive validity, denoted Val, understood as
truth in all possible structures. This includes set and class-sized structures, as well as,
in principle at least, structures that have no set-theoretical definition. Taking formal
first order provability, denoted DF , on the left, and taking truth in all set-theoretical
structures,3 denoted V, on the right, Kreisel argued as follows: By soundness, DF ✓
Val. By the fact that truth in all structures entails truth in all set-theoretical structures,
Val ✓ V. Thus

DF ✓ Val ✓ V. (3.1)

Invoking the completeness theorem for first order logic Kreisel concludes the follow-
ing theorem, as he calls it, for ↵ any first order statement:

Val ↵$ V↵ and Val ↵$ DF ↵.

Kreisel’s presentation of the argument has been criticised in the literature. Smith
(Smith, 2011) objects that Kreisel’s somewhat model-theoretic construal of Val does
not obviously capture the pre-theoretic notion in question, validity-in-virtue-of-form,
as Smith prefers to think of Val.

3A set-theoretical structure is one whose domain, relations and functions are sets in the usual sense.
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Field’s criticism of the argument in (Field, 2008) involves the soundness claim, namely
the first inclusion 8↵(DF↵! Val↵):

In chapter 2 I argued that . . . there is no way to prove the soundness of
classical logic within classical set theory (even by a rule-circular proof):
we can only prove a weak surrogate. This is in large part because we
cannot even state a genuine soundness claim: doing so would require
a truth predicate. And a definable truth predicate, or a stratified truth
predicate, is inadequate for stating the soundness of classical logic, and
even less adequate for proving it.4

Field goes on to prove soundness—or a weak surrogate of soundness—by means of a
formal truth predicate, applying in restricted cases. Taken as a repair of Kreisel’s ar-
gument one might argue that it ignores the methodology of the paper, which is heavily
semantic (see below). Kreisel’s argument does not depend on a proof of soundness in
classical set theory. Kreisel is asking us to take soundness for granted, on the basis of
historical experience—or as Kreisel puts it, intuitive notions standing the test of time.
Instead, Field takes DF as "primary", in Kreisel’s terminology.5

As for Kreisel’s own "proof" of soundness, extending to ↵i (interpreting ↵ as an ith
order sentence) for all i, it amounts to arguing that the universal recognition of the
validity of Frege’s rules (DF ) at the time, together with the "facts of actual intellectual
experience" accumulated subsequently, should amount to no more and no less than the
acceptance of

8i8↵(DF ↵
i ! Val ↵i)

for us. And though a century of logical history has taught the logician nothing if not to
be extremely suspicious of inclusions such as (3.1)—suspicions that Kreisel himself
airs at the end of the paper—surely what Kreisel has in mind here is the idea that DF
was formulated ex post facto, that is precisely so as to guarantee soundness. DF stood
for Frege and his contemporaries, Kreisel claims, and stands for the contemporary
mathematician too, as a completely adequate formalisation of Val.

Returning to our discussion of (Kreisel, 1967)’s critics, Halbach (Halbach, 2016) of-
fers a repair of squeezing arguments in the form of a formal, syntactic substitutional
notion of logical validity, to be substituted in for Kreisel’s somewhat model-theoretic
notion.6 Such a concept of validity is, in Halbach’s view, "closer to rough and less rig-

4(Field, 2008, p. 191)
5From Kreisel (1967, p. 153):

First (e.g. Bourbaki) ’ultimately’ inference is nothing else but following formal rules, in
other words D is primary (though now D must not be regarded as defined set-theoretically,
but combinatorially). This is a specially peculiar idea, because 99 per cent of the readers,
and 90 per cent of the writers of Bourbaki, don’t have the rules in their heads at all!

6Halbach’s conceptual analysis applies more widely, that is, it is an analysis of the "natural" concept of
logical consequence in terms of substitutional validity überhaupt, i.e. not just in connection with squeezing
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orous definitions of validity as they are given in introductory logic courses":

I put forward the substitutional analysis as a direct, explicit, formal, and
rigorous analysis of logical consequence. The substitutional definition
of logical validity, if correctly spelled out, slots directly into the place
of ’intuitive validity’ in Kreisel’s squeezing argument, as will be shown
below.7

This is as opposed to the model-theoretic account of consequence, with its many (in
Halbach’s view) drawbacks:

. . . on a substitutional account it is obvious why logical truth implies
truth simpliciter and why logical consequence is truth preserving. On the
model-theoretic account, valid arguments preserve truth in a given (set-
sized) model. But it’s not clear why it should also preserve simple (’ab-
solute’) truth or truth in the elusive ’intended model’. Truth-preservation
is at the heart of logical validity. Any analysis of logical consequence
that doesn’t capture this feature in a direct way can hardly count as an
adequate analysis.8

Under a substitutional account, the connection with set theory is severed, or such is
the claim; and interpretations of logical formulae are now syntactic objects:

On the model-theoretic account, interpretations are specific sets; on the
substitutional account they are merely syntactic and (under certain natural
assumptions) computable functions replacing expressions.9

We do not wish to address the question here whether Halbach’s is a reasonable concep-
tual analysis of the intuitive notion of logical consequence, the notion of consequence
in itself. What seems clear to us is that the informal concept of consequence at work
in natural mathematical languages is often plainly semantic, and moreover model-
theoretic. That when the mathematician draws inferences in natural language, s/he
imagines a situation in which the hypothesis is true—i.e. one has a model for the hy-
pothesis in view—then s/he argues that the conclusion must hold in that model.

Kreisel states the point rather colorfully—"they don’t have the rules in their heads at
all!"—but what he means is that, e.g. group theorists do not derive theorems directly
from the group axioms in practice, rather they employ the semantic method, i.e. they
imagine a group and then show that the group has the property claimed for it. Analysts
do not derive formal theorems from the axioms of real numbers, the real numbers are

arguments.
7(Halbach, 2016)
8(Halbach, 2016)
9(Halbach, 2016). It is on account of this passage that we characterized Halbach’s solution as syntactic.

On the other hand, Halbach takes truth as a primitive in the paper, so in that sense his account is at the same
time semantic.
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taken as a structure which satisfies the axioms, and then theorems are proved about
that structure. In fact this is what mathematicians are trained to do, as a cursory look
at most standard introductory texts demonstrates. For example, Walter Rudin begins
his classic text Principles of Mathematical Analysis (Rudin, 1976) with the existence
of the field of reals:

Theorem 1.19. There exists an ordered field R which has the least-upper-
bound property.

The rest of the book is the investigation of this field R. The proof of the existence of R,
i.e. the construction of the reals from the rationals, is relegated to an appendix.

For another example, Halsey Royden introduces the real numbers in his Real Analysis
(Royden, 1988) with the following statement:

We thus assume as given the set R of real numbers, the set P of positive
real numbers and the functions "+” and "·” on R⇥R to R and assume
that these satisfy the following axioms, which we list in three groups.

As for the reasons behind the mathematicians’ semantic mode of thought, this is in
some sense the moral of Gödel’s speed-up theorem:

Thus, passing to the logic of the next higher order has the effect, not only
of making provable certain propositions that were not provable before,
but also of making it possible to shorten, by an extraordinary amount,
infinitely many of the proofs already available.10

This can be interpreted as saying that the semantic method, the method of establishing
logical consequence by considering models, enjoys a so-called "speed-up" over the
method of formal proofs. This may explain why the model-theoretic notion of logical
consequence seemed natural to Tarski and others.

The above-mentioned objections to (Kreisel, 1967) are certainly appropriate. Kreisel’s
notion of intuitive validity is clearly overly theorised, in the sense that the intuitive
notion considered is not sufficiently intuitive or pre-theoretic, per Smith; and under
theorised, per Field and Halbach respectively. At the same time though one might
ask, if the intelligibility of Kreisel’s squeezing argument depends on replacing the pre-
theoretic notion of intuitive consequence by some formal, syntactic counterpart notion
(as in (Field, 2008) or (Halbach, 2016)), what is the point of squeezing arguments at
all? Why not simply analyse formal consequence directly, as logicians have always
done?

For it seems to us that the interest of squeezing arguments lies in their being car-
ried through in such a way as to fulfill what was originally claimed for them in
(Kreisel, 1967), namely to capture an informal, natural language mathematical notion
by "squeezing" it between two formal ones. It can be argued whether Kreisel himself

10(Gödel, 1986, p. 397)
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succeeded in this. The point is that if the aim was to capture (or "squeeze") informal
notions used in practice—to provide a conceptual analysis of the informal notion of
validity, as it were—then as we have argued above, Kreisel’s model-theoretic con-
strual of intuitive consequence was the correct and natural one. This is not to question
the validity of the conceptual analyses of logical consequence which have been pur-
sued so vigorously, especially in the period since Etchemendy’s (Etchemendy, 1990),
but rather to ask whether the concepts emerging from such analyses ought to replace
the informal notions which serve as the object of Kreisel’s analysis here, i.e. in the
original squeezing argument. We will return to the issue of "genuine informality"
below.

A final objection may concern what is surely the very unnatural restriction to the first
order case, that is to propositions of the form ↵1. The issue is addressed by Kreisel in
the paper, who points to a partial result in this direction, an analogue of the squeezing
argument derivable in the case of extensions of DF to the !-rule.11

Of interest to us here, and one of the topics of this paper, is the possible development
of squeezing arguments in the direction of infinitary and second order logics. As it
turns out somewhat more is known about completeness theorems for extensions of
first order logic than was known in 1967. Going beyond the !-rule, which Kreisel
mentions, completeness theorems have been obtained for a number of infinitary log-
ics, as well as for logics intermediate between first and second order. The second
order logic perspective has also been developed a great deal since the publication of
Kreisel’s (Kreisel, 1967).

As a result of this logical work squeezing arguments of the kind Kreisel seems to
be asking for in (Kreisel, 1967) may now be available. It is an oddity of the paper
that while Kreisel mentions both the completeness of !-logic and infinitary logics, he
doesn’t mention completeness theorems that would have been available already during
the writing of (Kreisel, 1967), namely the Henkin Completeness Theorem (Henkin,
1950) for second order logic with the so-called Henkin semantics, and the complete-
ness theorem for L(Q1), the extension of first order logic by the quantifier "there are
uncountably many” due to Vaught (Vaught, 1964) and published in 1964. We will
return to these logics below.

3 Squeezing arguments and the logic in natural lan-
guage thesis

Before we consider the possibility of expanding squeezing arguments in the direc-
tion of second order and other strong logics, we ask, are the relevant natural language
concepts available for this analysis at all, i.e. even in the first order case? Keeping

11The completeness of the !-rule is due to Orey (1956).
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Glanzberg’s rejection of the LNL thesis in mind, can one simply extract what one
thinks of as the notion of informal validity at work in the natural language mathe-
maticians use, and devise a squeezing argument for that notion? In other words, do
squeezing arguments require the LNL thesis?

Many researchers in the foundations of logic and mathematics may share a tacit belief
in what one might call the "logic in natural mathematical language thesis". At the
more formalist end of the spectrum of foundationalist views which have been pursued
traditionally, one might even attribute a belief in the identity of the notion of logical
consequence at work in natural mathematical languages with the notion defined by the
relevant formal language. This is just the thought that the logical consequence relation
defined by a suitable, maximally adequate formal language is the correct version of the
logical consequence relation at work in natural language mathematics—what had been
meant by the natural language concept all along. Tarski, though no formalist, seemed
to argue for this or a similar view in his conversations on nominalism with Quine and
Carnap at Harvard in 1940-41, when he remarked that "the difference between logic
and mathematics" was that "Mathematics = logic + ✏".12

Others, with Glanzberg, might see the notion of consequence at work in the math-
ematician’s natural language as exact but fundamentally different from the formal
notion. In that case one might ask, what separates formal entailment from its counter-
part in (mathematical) natural language? We remarked above on Kreisel’s observation
that Frege’s rules gained acceptance among mathematicians over time. This is to say,
presumably, that if the relevant part of the discourse is formalized, then Frege’s rules
would be the mathematician’s obvious choice of logical rules. Formalization also in-
volves a choice of a semantics, but in contrast to the rules (DF ) it is not clear that a
choice of semantics is determined by the informal practice in the second order case,
which is our interest here. The view taken in this paper is that in the case of intu-
itive, informal second order validity, a choice of semantics is entirely irrelevant to the
conceptual analysis of the notion of informal consequence, or so we will argue be-
low. To be informal in the second order case necessitates prescinding from a choice
of semantics.

We first consider the case of strong logics in general.

4 Squeezing arguments with completeness theorems

Kreisel’s paper is entitled "Informal Rigour and Completeness Proofs," and indeed an
apparently implicit assumption in (Kreisel, 1967) is that any time one has a complete-
ness theorem in hand for a given logic, the associated squeezing argument should go
through. More precisely, let L be a logic, and let VL denote L -validity understood

12Tarski is quoted in Carnap’s notebooks. See Mancosu, (Mancosu, 2005).
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in the standard semantic sense, that is set-theoretically. Let ValL denote informal
validity (via L ), understood in Kreisel’s sense, that is as referring to truth in all struc-
tures. Finally, let DL denote derivability in the formal system introduced for L .13

Then one would expect that a completeness theorem for the logic L together with the
inclusions:

DL ✓ ValL ✓ VL

should underwrite the extensional equivalence of the concepts L -provability, informal
L -validity and L -validity construed semantically.

Is this plausible? That is, can new squeezing arguments be obtained from complete-
ness theorems for strong logics? The following completeness theorems for strong
logics are known: in ZFC, completeness theorems have been obtained for L(Q1), the
extension of first order logic by the quantifier "there are uncountably many", due to
Vaught (Vaught, 1964), as was mentioned; for L!1! , the logic which is otherwise first
order, but allowing conjunctions and disjunctions of countably many formulae, due
to Karp (Karp, 1964); for so-called cofinality logic, the extension of first order logic
by the quantifier denoted Qc f

 xy'(x,y), meaning "' defines a linear order of cofinality
" for  a regular cardinal, due to Shelah (Shelah, 1975); and for so-called stationary
logic, the extension of first order logic by the quantifier denoted aas'(s), meaning "a
club of countable sets s satisfies '(s)", due to Barwise, Kaufmann and Makkai (Bar-
wisw, Kaufmann, & Makkai, 1978). The last two require the Axiom of Choice for
their completeness theorems.

Going beyond ZFC there is the logic L(Q2), the extension of first order logic by
the quantifier "there are at least ¿2 many" proved complete by C.C. Chang (Chang,
1965), as pointed out by G. Fuhrken (Fuhrken, 1965), using the continuum hypothesis
CH.

Another interesting case going beyond ZFC is the extension of first order logic by
the Magidor-Malitz quantifier (Magidor & Malitz, 1977), defined as follows: M |=
QMM,n
↵ x1 . . .xn'(x1, . . . ,xn) () 9X ✓M(|X |�↵^8a1, . . . ,an 2XM |='(a1, . . .an)).

The completeness theorem for this logic uses the set-theoretical principle 3, which is
stronger than CH, and it is consistent that completeness fails in the absence of 3

(Abraham & Shelah, 1993) .

The squeezing argument for the logic L(Q1), for example, would look like this: Let
DL(Q1) denote the concept of formal provability relative to this logic. Let VL(Q1) denote
the truth of L(Q1)-statements in all set-theoretical structures. Finally let ValL(Q1) stand
for the validity of L(Q1)-statements relative to all possible structures. Then if the
inclusions

DL(Q1) ✓ ValL(Q1) ✓ VL(Q1)

13For many L it is obvious what DL should be, but this is not always so.
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hold, the squeezing argument relative to the logic L(Q1) must also hold, by the com-
pleteness theorem for L(Q1).

Strengthening the logic escalates one’s set-theoretic commitments, clearly. The com-
pleteness theorem for first order logic is actually equivalent to Weak König’s Lemma
(WKL), which is also required to prove the completeness both of !-logic and of L!1! .
The Axiom of Choice is used for proving completeness theorems for the cofinality
and stationary logics, corresponding to the generalised quantifiers Qc f

 xy'(x,y) and
aas'(s). The CH is used for proving the completeness theorem for the logic L(Q2),
and finally 3 is required for proving the completeness of the extension of first order
logic obtained from the Magidor-Malitz quantifier. A comprehensive study of the ex-
act nature of these commitments would seem to be in order, but is not our concern
here.

Countenancing such a hierarchy of commitments is acceptable in some quarters and
unacceptable in others—a matter of deciding whether the relevant completeness the-
orems "speak for themselves," to quote Kreisel.14 What about the soundness claim
in this advanced setting? In the first order case we claimed, in the spirit of informal
rigour, that DF was formulated so as to guarantee soundness—in fact Kreisel’s sound-
ness claim 8i8↵(DF ↵

i ! Val ↵i) extends to all orders, as we saw. There is no obvious
reason why Kreisel’s argument could not be extended to strong and infinitary logics.
In the case of !-logic, the order is somewhat reversed. That is, formal validity (V)
is considered with respect to !-models, in which the positive integer part is standard.
Thus in the case of !-logic the semantics is designed so as to underwrite the soundness
of the omega-rule.

The case of second order logic in this regard is also striking, in that the Henkin se-
mantics is formulated specifically so as to guarantee not soundness but completeness.
We will now take up the question of whether squeezing arguments can be obtained in
the second order case.

5 Squeezing for second order logic

The mathematician’s informal discourse very naturally includes second order concepts—
quantifying over functions and relations and so forth—so it is reasonable to ask for a
squeezing argument for informal second order validity. But if a logic has a complete-
ness theorem, then if the proof system of the logic is effective in the sense that the set

14Kreisel used this phrase in discussing the independence of the CH in the paper (p. 140):

The present conference showed beyond a shadow of doubt that several recent results in
logic, particularly the independence results for set theory, have left logicians bewildered
about what to do next: in other words, these results do not ’speak for themselves’ (to these
logicians).
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of axioms and rules are recursive and proofs are finite, then the set of valid sentences
is recursively enumerable. By (Väänänen, 2001, Theorem 1) the set of valid sentences
of second order logic is actually P2-complete in the Levy hierarchy. Thus on simple
grounds of complexity no reasonable completeness theorem can exist for second order
logic.

Does this mean one shouldn’t pursue a squeezing argument for second order ↵?
Kreisel himself took the view that "For higher order formulae we do not have a con-
vincing proof of 8↵2(V↵2 $ Val↵2) though one would expect one." We will now
argue that a squeezing argument for second order ↵ is available, once one incorpo-
rates the concept of validity with respect to general models.

Before addressing this point, recall that the Henkin semantics is defined simply so
that in the so-called general models, the second order variables of a given formula are
thought of as ranging over a fixed subset of the power-set of the domain. This subset
of the power set may be a proper subset but it has to satisfy the axioms of second order
logic, including the full comprehension axioms. In case the domain of quantification
is actually the full power set, one refers to the model as "full" or "standard", and the
associated semantics as full or standard semantics.

Taking the definition of Henkin semantics into account, a squeezing argument for
informal validity of second order ↵ would be the following:

Let DG denote the usual axiom system of second order logic, already given in (Hilbert
& Ackermann, 1928). As above, let Val↵2 mean that ↵2 is informally true in all
structures, including class-sized structures and including, in principle at least, struc-
tures that have no set-theoretical definition. Now let V↵2 mean that ↵2 is true in all
set-theoretical structures. The unproblematic implications are:

DG↵
2 ! Val↵2 ! V↵2.

Note that if the completeness theorem held for second order logic, we could conclude
straightway that Val↵2 $ V↵2 and Val↵2 $ DG↵

2, as before. Now denote by V0↵2

the statement that ↵2 is valid with respect to set-theoretically defined general mod-
els (satisfying—as we have assumed—the full comprehension axioms). Consider the
following implications:

DG↵
2 ! Val ↵2 ! V0↵2 ! V↵2. (3.2)

Suppose we assume (3.2). Then by Henkin’s (Henkin, 1950) proof of

V0↵2 ! DG↵
2

together with (3.2) we would obtain:

Val ↵2 $ DG↵
2 $ V0↵2.



74 Squeezing arguments and strong logics

Figure 3.1: Varieties of validity in second order logic.

The first implication of (3.2) is clear, modulo the soundness claim, and so is the last,
for trivial reasons. What about the middle implication Val ↵2 ! V0↵2? If ↵2 is in-
formally valid in all structures, why is it that general models should count as such
structures? If the second order variables of ↵2 are thought of as ranging over the full
power set of the domain in question, why is it the case that these second order variables
can be regarded as ranging over the subsets in a general model? Is there a principled
way to distinguish non-standard general models from standard (full) structures, from
the "informal practice" point of view?

To analyse the situation in more detail, let us write Vc |= ↵2 if ↵2 is valid in both
class-sized structures and set structures. Let us also write V0

c |=↵2 if ↵2 is valid in both
class-sized general models and set-sized general models. Finally, let us write Val0c ↵

2 if
↵2 is informally true in all structures, full or general, including class-sized structures.
Figure 3.1 depicts the trivial implications. The possible implication Val ↵2 ! V0↵2 is
the problematic one.

So what distinguishes Val ↵2 from Val0↵2? We claim that on the informal level it is
impossible to see a difference between a standard model and a general model. It is
true that if we consider a general model in isolation, from outside, so to speak, it is
easy to imagine that something is missing from the model, in order for it to count
as a standard model. For example, if we consider an infinite general model with a
countable set of relations as the range of second order variables, we know that the
model is not standard. There may be other ways of seeing the non-standardness from
the outside. We may, for example "see” that a general model of arithmetic has an
element with infinitely many predecessors. The position taken here is that it is contrary
to the idea of informal validity that one should be able to look at the situation from
outside.
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One might still think15 that there really is an informal concept of a general model,
encapsulated by the thought: "All the sets I need are there and if some are missing,
they do not change anything”. This would seem to be different from the informal
concept of a standard model, encapsulated by the thought: "All the sets are there and
no set, whether I need it or not, is missing”. If this is the case it is conceivable that for
some ↵2 we make the judgement that it is informally valid only in standard models,
not in all general models. However, while it is crystal clear what the difference is
between standard models and general models in the technical, logical sense, it is a
different matter to see the difference on the informal level.

We go further and claim that on the informal level, the difference is not discernable.
The reason for this is (essentially) that the general models "know" all the definable
sets and relations (by the Comprehension Axioms) and they are the ones we refer to
in mathematical practice.16

A similar line is articulated in (Väänänen, 2012), in which the second author has
argued that from the point of view of mathematical practice, when we actually use
second order logic we do not and in fact cannot see a difference between ordinary
("full”, or "standard”) models and general models.

I will argue in this paper that if second-order logic is used in formaliz-
ing or axiomatizing mathematics, the choice of semantics is irrelevant: it
cannot meaningfully be asked whether one should use Henkin semantics
or full semantics. This question arises only if we formalize second-order
logic after we have formalized basic mathematical concepts needed for
semantics. A choice between the Henkin second-order logic and the full
second-order logic as a primary formalization of mathematics cannot be
made; they both come out the same.17

For example, let us consider Bolzano’s Theorem:

Theorem 1. (Bolzano) Every continuous real function on [0,1] which has a negative
value at 0 and a positive value at 1 assumes the value 0 at some point of (0,1).

For the proof, by the second order comprehension axiom one can instantiate a uni-
versal second order quantifier at X = {x| f (x) < 0}. The set X is even first order
definable, with f as parameter. This is a paradigm example: we operate on sets defin-
able from existing sets. Of course, principles such as the Axiom of Choice force us
to introduce also non-definable sets, but they do not exist because "all" sets exists but
because we assume—and the general models are assumed to satisfy—the Axiom of

15We are indebted to A. Blass for suggesting this line of thought.
16Note that the definable sets taken on their own are not sufficient as they do not satisfy the Compre-

hension Axiom. One needs a little "blurring" around the edges, otherwise one can diagonalise out of the
class.

17(Väänänen, 2012, p. 505, emphasis ours.)
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Choice.

We now turn to the issue of set vs class-sized models. Consider the weaker claim that

V↵2 ! Vc↵
2 (3.3)

that is, the claim that second order formulas valid relative to set-theoretical structures
are also valid relative to class-sized structures. In other words, we ask, is it true that
if a second order sentence has a class-sized model, it also has a set-sized model?
This cannot be proved from the axioms of von Neumann-Gödel-Bernays class theory
(NGB), as the following "Zermelian" argument shows: Let ↵2 be the second order
sentence which says that the universe of the model is an inaccessible cardinal. Let 
be the least inaccessible and let M denote the cumulative hierarchy up to . Then
hM,P(M)i is a model of NGB satisfying ↵2. But no set-sized model, in the sense
of hM,P(M)i, satisfies ↵2.

Paul Bernays (Bernays, 1961) formulated more or less exactly (3.3), albeit in dual
form, as a reflection principle, and observed that it implies the existence of inacces-
sible cardinals.18 In fact, (3.3) implies a parameter-free version of so-called Levy’s
Schema (Lévy, 1960), which says that every definable closed unbounded class C of
ordinals contains a regular cardinal. In the original Levy’s Schema the definition of
C is allowed to have parameters. Since the class of all cardinals is definable without
parameters, we obtain from (3.3) a proper class of inaccessible cardinals. Bernays
goes on to formulate (3.3) with second order parameters and arrives at what became
later to be known as indescribable cardinals.19 L. Tharp (Tharp, 1967) showed that
the parametrized principle implies that for every n, the class of P1

n-indescribable car-
dinals is a proper class. This gave immediately a proper class of e.g. weakly compact
cardinals. For an analysis and discussion of the situation we refer to Tait (Tait, 2005,
Ch. 6).

Thus we cannot expect a proof of V↵2 ! Vc↵
2, at least without additional axioms.

On the other hand, the assumption (3.3) formulated in a reasonable class theory (such
as NGB) seems plausible. By a result of Scott (Scott, 1961), it is true in the above
hM,P(M)i, assuming that  is not only weakly compact, but even measurable. In
fact, it suffices to assume that  is P1

<!-indescribable, hence (3.3) is consistent with
V = L, assuming the consistency of a P1

<!-indescribable cardinal.

What about (3.3) for sentences ↵ in other extensions of first order logic than second
order logic? For first order logic this is an immediate consequence of the Levy Reflec-
tion Principle. For extended logics of the form L(Q↵) we can use translation to first
order set theory and get the analogue of (3.3) as for first order logic. The same is true
for L(QMM,n

↵ ), L(Qc f
 ), and the extension of first order logic by the Härtig-quantifier

18We are indebted to A. Blass for pointing this out.
19In our model theoretic context second order parameters would correspond to adding generalised quan-

tifiers to second order logic.
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Ixy'(x) (y), meaning: the cardinality of the set of elements x satisfying '(x) is the
same as the cardinality of the set of elements y satisfying  (y). For these powerful
logics, unlike for second order logic, the analogue of the small part of the squeezing
argument represented by (3.3) is simply provable in ZFC. The situation with station-
ary logic is more complicated. We leave the status of (3.3) open, if ↵2 is taken to
be a formula of so-called stationary logic rather than second order logic. The Open
Question is, whether it is provable in ZFC or not.

Attempts to formulate higher order reflection with higher order parameters leading to
larger large cardinals than (!) have failed (see Koellner, 2009). However, a different
approach, due to P. Welch, to a very strong reflection principle with second order
parameters, called the Global Reflection Principle, gives a proper class of Woodin
cardinals (Welch & Horsten, 2016; Welch, 2012).

6 Löwenheim-Skolem Theorems

Kreisel asks for a convincing proof of 8↵2(V↵2 $ Val↵2), on its face impossible
as we saw. Short of such a proof, Kreisel then asks a more specific question, which
can be answered. Stating the Löwenheim-Skolem Theorem for first order logic in
the form 8↵8� > !(V!+1↵1 $ V�↵1), what is the analogue to ! for second order
formulae?20

First we recall some definitions. Given a logic L , we say that L has Löwenheim-
Skolem number  if  is the least cardinal such that for all vocabularies ⌧ such that
the cardinality of ⌧ is  , if a sentence ' in the vocabulary ⌧ of the logic has a model
M, then it has a model N of size  . In case N can be taken to be a submodel of M
then  is called the Löwenheim-Skolem-Tarski (LST ) number of the logic.

Let L 2 denote second order logic. We can now state Magidor’s result (Magidor,
1971), which answers Kreisel’s question:  is the the least supercompact cardinal if
and only if = LST (L 2).

In fact there is now a whole range of logics calibrated by large cardinals, in the sense
that the assumption of the cardinal is equivalent to or implies a Löwenheim-Skolem-
Tarski theorem for the logic. For the cases already mentioned the results are as fol-
lows: for cofinality logic, corresponding to the generalised quantifier Qc f

 xy'(x,y), the
LST number is ¿1.21 For stationary logic, corresponding to the quantifier aas'(s),
the LST number is consistently ¿1, assuming the consistency of a supercompact car-
dinal,22 but the LST number of stationary logic can also be the first supercompact

20In Kreisel’s notation V�↵1 denotes the assertion "↵1 is true is the cumulative hierarchy up to �".
21(Shelah, 1975).
22(See Ben-David, 1978).



78 Squeezing arguments and strong logics

cardinal.23

Finally, the interesting case of the Härtig quantifier: It is now known that if the LST
number LST (I) of this logic exists, then there is a weakly inaccessible cardinal and
LST (I) is at least the least weakly inaccessible cardinal. It is consistent relative to the
consistency of a supercompact cardinal that LST (I) is the first weakly inaccessible,
and also consistent that it is the first supercompact.24

A general approach to strong logics and the reflection principles they give rise to is
presented in J. Bagaria et al. (Bagaria & Väänänen, 2016), where a close connection is
established between LST numbers of strong logics and so-called structural reflection
principles in set theory.

Just as in the completeness theorems, and the ensuing squeezing arguments, obtain-
ing Löwenheim-Skolem type theorems may require principles that go beyond Weak
König’s Lemma (WKL), sufficient in the case of first order logic.

7 Squeezing very simple concepts

Consider the concept W of finite words in a given vocabulary X . Intuitively we con-
struct a word by placing letters from X one after another a finite number of times.
What does this mean? We can use a squeezing argument to shed light on this ques-
tion. As an analogue of derivability consider the concept D of starting from the empty
word and then adding one letter from X at a time to the end of any word we already
have. As an analogue of set theoretic validity we take the concept C of being a mem-
ber of every closed set, where a set A is called closed if the empty word is in A, all
one-letter words are in A, and the concatenation ww0 of any two words w,w0 of A are
in A. Clearly,

D ✓W ✓C.

The first "✓" is intuitively obvious because adding one letter to the end of a word
certainly yields another word. The second is less obvious but one can run an informal
induction on the length of the word to see that if A is closed, then the word is in A. It
is a mathematical fact that

C ✓ D,

because D is one of the sets that C is the intersection of. Hence

D = W = C,

23Magidor, unpublished.
24(Magidor & Väänänen, 2011).
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and the informal concept of a finite word is squeezed between two (extensionally)
identical exact concepts. Although everything in this squeezing argument in on a very
elementary level, it is noteworthy that strictly speaking the inclusion C ✓ D is based
on an impredicative argument.

Similarly, we may consider the concept F of a finite set. Intuitively we call a set finite
if we can use some natural number to list the elements of the set. On the other hand,
natural numbers can be identified with finite ordinals. Thus there is a certain amount
of circularity in the concept of finiteness. So what does "finite" exactly mean? Let us
take as D the concept of starting from the empty set and then adding one element at
a time to get more sets. Let C be the concept of belonging to every ideal class i.e. to
every class which contains the empty set, all singletons and is closed under unions of
any two elements of the class. Clearly,

D ✓W ✓C.

The first "✓" is again intuitively obvious because adding one element to a finite set
certainly preserves the set finite. For the second one can use informal induction on
the finite size of the set to see that if A is an ideal class, then the set is in A. It is a
mathematical fact that

C ✓ D,

because D is one of the classes that C is the intersection of. Hence

D = W = C,

and the informal concept of a finite set is squeezed between two (extensionally) iden-
tical exact concepts of class theory.

8 Conclusion

Do squeezing arguments capture the mathematician’s informal discourse, even as it
strays beyond first order talk, quantifying over relations and functions, and making
implicit use of infinitary rules? This is difficult enough to argue for in the first order
case. Nevertheless, we hope to have reinforced Kreisel’s original argument in (Kreisel,
1967) that squeezing arguments have a general role in the conceptual analysis of in-
formal mathematical concepts. Moreover, we have pointed out and given evidence to
the claim that the circumstance that the two sides of the squeeze (extensionally) agree
is based in general on a non-trivial mathematical fact.

In particular, we hope to have shown for strong logics that if we refashion the relevant
informal concepts appropriately (here validity), we can, so to say, filtrate the informal
discourse involving those concepts through a hierarchy of set-theoretic commitments
ranging from Weak König’s Lemma (WKL) up to 3.
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We also saw that various strategies present themselves in the second order case, that
go beyond what Kreisel suggests, if intuitive second order validity is understood in
the right way.
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4 Global reflection principles

PHILIP WELCH *

Abstract. We consider a structural reflection principle that seeks to go beyond the tra-
ditional reflection principles of Mahlo, Levy, Bernays, et al. The latter are all firmly
intra-constructible that is they produce justifications for only small large cardinals
consistent with Gödel’s constructible universe L. Our Global Reflection Principles
by contrast ensure that the universe of set theory has unboundedly many measurable
Woodin cardinals. This is a hypothesis which (with variants) is used by current set
theorists to establish many absoluteness (and consistency) results concerning the uni-
verse V . It is argued that the Principles are justified by appealing to a Cantorian
Absolute perspective, together with a mereological view of its classes as parts: thus
we may distinguish the mathematico-set theoretic part of the realm, the sets, from the
classes. As there are no ’super-parts’ a hierarchy over and above the universe V does
not threaten.

Keywords: Set Theory, Reflection Principles, Large Cardinals, Strong Axioms of
Infinity.

Das Absolute kann nur anerkannt, aber nie erkannt, auch
nicht annähernd erkannt werden.

Cantor, Über unendliche lineare Punktmannigfaltigkeiten.
Math. Ann., 1883

To say that the universe of all sets is an unfinished totality
does not mean objective undeterminateness, but merely a
subjective inability to finish it.

Gödel, in (Wang: “A Logical Journey: From Gödel to
Philosophy”)

*University of Bristol
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1 Reflection principles in set theory: Introduction

Historically reflection principles in set theory have been associated with attempts to
say that no one notion, idea, or statement can capture our whole view of the universe
V =

S
↵2On V↵; the motivating idea seemingly that the universe (V,2) is in some sense

ineffable: all attempts to pin it down will fall short. In particular this will be so, once
we have formalised our notions, for any formal linguistic expression.

Such reflection principles have usually been formulated in some language (first or
higher order) as sentences ' (when interpreted in the appropriate way over V ) that
hold in hV,2, . . .i, hold in some hV� ,2, . . .i - sentential reflection. Here we are ini-
tially allowing set objects to be substituted for variables of a purely first order formula
to construct a sentence. For formulae of higher orders than one it then becomes a ques-
tion as to how to reflect second order parameters, and indeed is a genuine problem at
third and higher orders. In Section 3 we summarise the history of such principles. As
is well known, such principles had been used to a validate the large cardinals known at
that time, or at least the plausibility thereof. From a modern perspective such princi-
ples are disappointing as they never reveal any arguments for strong axioms that sug-
gest anything beyond those consistent with Gödel’s constructible universe L.

However, since Scott’s Theorem (itself surprisingly late) that the existence of a mea-
surable cardinal implies that V is not L, and the wide use of axioms implying the ex-
istence of much stronger cardinals than measurable, reflection principles have tended
to be ignored, (at least by set theorists) as being part of the historical development of
the subject and not much more.

This is not entirely true however. Perhaps the most well known attempt was that
of Reinhardt (1974a) to give justifications of some ideas (that later were adopted to
imply very strong axioms when once re-expressed in an appropriate “set form”) using
a notion of ‘projecting V into idealised realms’.

In Section 4 We suggest a Global Reflection Principle to overcome the limitations
that these principles are all intra-constructible. The concept of a Woodin cardinal
has become central to the development of set theory in the last few decades. This
is not just for the development of determinacy results, but more germane here, for
Woodin’s remarkable results on the absoluteness of various truths resisting any attempt
by Cohen style forcing arguments to falsify them. Many of such theorems use as
background assumptions the existence of a proper class of such Woodin cardinals, or
even measurable Woodin cardinals. The Global Reflection Principle delivers just such
hypotheses.

Thus: we must rise to the challenge to justify a set-theoretic reflection principle that
will ensure the existence of large cardinals (or strong axioms of infinity) that are suf-
ficient to deliver the hypotheses needed for modern set theoretical principles.
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1.1 Argument

As we shall see that purely syntactic, or linguistic means only deliver intraconstructible
principles, we need to go beyond them. We shall need to express the ineffability of
V not purely in considerations about (V,2) alone, but in the general idea of a set
structure which we view in any case, as extending Martin’s concept of “set structure”
(Martin, 2012). We thus outline our viewpoint for this section in terms of which we
wish to argue for new principles. In summary:

(I) (cf. Martin, 2012) We have no need to ‘perceive’ in a Gödelian sense,
or otherwise ‘locate’ any mathematical objects in order to understand the
concepts involved, and to communicate that understanding.
Thus: instantiation of our concepts is not necessary, but what is needed
is uniqueness of the concept up to isomorphism.

(II) We then seek to extend arguments of Martin’s along the above lines
which he advocated for the ‘concept of !-sequence’ and the ‘concept of
set of x’s’ to a ‘concept of set with absolute infinities’.

(III) We then formulate within this framework reflection principles that
establish large cardinals beyond those consistent with Gödel’s L.

2 Martin on set structures

2.1 The reality of concepts: Sets and classes

Martin (2005) has questioned the level of realism that Gödel, although on occasion
expressing this with talk of ‘perception of mathematical objects’ etc. , needs in or-
der to make some of his arguments work, eg. , of the analyticity of mathematical
truths.

Martin identifies two kinds of sense to ‘concept of set’.

(i) That more nearly akin to pure platonism - the whatever it is that falls
under the extension of ‘concept of set (of x’s)’ - that is sets (of x’s), and
(ii) a more general sense of ‘concept of set’ under which falls concepts of
sets, or additionally that of ‘set-structures’.

It is this final ‘additional version’ that I shall want to mostly take here, and go beyond
Martin.

His primary point is perhaps plainly put: the example of Axiom of Extensionality:
it does not say what a set is, on this it is silent, it only prescribes what it means for
any two sets to be equal. The concept of set alone does not determine what it is
for an object to be a set (as he states in Martin, 2012). The notion is objective: we
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understand it, talk about it, as no doubt they do on some other planet with discretely
individuated intelligences. (It is not for nothing that we engrave on steel plates pictures
of Pythagoras’ theorem and place them on the moon, or send them out on Voyager
23.)

However first:

A concept of set expressed by axioms such as comprehension axioms
cannot put any constraint on which objects count as sets and which do not.
Such axioms put constraints on the isomorphism type of a set theoretic
structure . . . a concept of set could count as concept of set in my [indirect
(ii)] sense even if it determined completely what objects count as sets and
what counts as the membership relation. A concept of this sort would
have at most one instance: it would allow at most one structure to count
as a set-theoretic universe . . .

What is ultimately at play here is the point Martin wishes to make that instantiation of
a concept for mathematics (or set theory) is not needed: what we require is uniqueness
(up to isomorphism) in order to make sense and understand concepts. At the end of
the quotation he says that it might have only one structure instantiating it, but this need
not be the case. It might not have any instantiations. (Who seriously believes there
is a well ordering in our own physical manifold that there is well ordering order type
!23?) He reads Gödel as primarily not needing instantiation in many crucial places:
for example, he notes that neither it nor perception of objects plays any significant
role in Gödel’s justifications of strong axioms of infinity. In short instantiation is not
needed either in mathematics or in set theory. Hence: this is closer to an eliminative
structuralist viewpoint.

Basic concepts and their properties

He (Martin, 2012) discusses in the following terms two basic concepts: the concept of
an !-sequence and the concept of set. He identifies three properties a basic concept
may have:

1. First order completeness: the concept determines truth values for all first order
statements.

2. Full determinateness: the concept fully determines what any instantiation would
be like.

3. Categoricity.

An analysis of the notion of , as to whether the notion is first-order complete, cat-
egorical, or perhaps fully determinate. He claims that instantiation of the natural
numbers is not needed for number theory: what we require is categoricity, although
mathematicians probably think that is in fact fully determinate. He identifies In-
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formal Axioms schemes of PA with which one can, informally, prove the categoric-
ity of .

Turning to set theory, we have only glimmerings of what goes on when considering
subsets of V!+1: is the Continuum Hypothesis true? Is every definable subset of the
plane definably uniformisable? So we are hopelessly far from first order completeness.
(However, when considering subsets of V! we are in a better position. We now know
that adding the assumption of Projective Determinacy to analysis, or to the theory of
hereditarily countable sets give us as complete a picture of HC as PA does for V! = HF.
(See the discussion in Woodin, 2001.))

Martin identifies four components of the modern iterative concept of set.

(1) the concept of natural number
(2) concept of ‘set of x’s’
(3) concept of transfinite iteration
(4) concept of absolute infinity.

Corresponding to the informal axioms for Peano Arithmetic, we may then ask: which
informal axioms are implied by the concept of set?

(i) If a and b have the same members, then a = b. (Extensionality)
(ii) For any property P, there is a set whose members are those x’s that
have P (Informal Comprehension).

The Comprehension scheme is called informal since “property” is not specified in
generality. However any worries can be dispelled since it will be clear that the few
instances we shall use are clear cases of properties.

Martin seeks to further soothe any worries that we need to specify what objects sets
are in order to ‘fully understand’ the concept. He will ignore whatever structural con-
straints one may put on what sets actually are, other than the structural constraints of
(i) and (ii).

Theorem 2. (Essentially Zermelo) Informal Axioms (i) and (ii) are categorical: if
(V1,21), (V2,22) are two structures satisfying (1) and (2) with the same x’s, then
with each set of x’s b 21 V1 we associate a set of x’s ⇡(b) 22 V2.

Proof: Let P be the property of being an x such that x 21 b. By the Informal Compre-
hension Scheme there is a c 22 V2 such that

8x[x 22 c $ P(x)]

Q.E.D.

This is the basis of Zermelo’s proof that any two models of ZFC (without urelemente)
of the same ordinal height are isomorphic. Similarly for any two
V1 = (V1,21), V2 = (V2,22) obtained by iterating the V↵ function throughout all
the absolute infinity of ordinals, we have an isomorphism

⇡ : (V1,21) ⇠= (V2,22).
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Note for later that we see that ⇡ � OnV1 : OnV1 ⇠= OnV2 .

2.2 From set structures to set structures with classes

We shall want to extend the application of Martin’s analysis to a broader territory -
no doubt broader than he might like. The components of the modern iterative concept
of set (1)-(4) above lead, in our view inexorably, to classes associated to absolute in-
finities in the sense that Cantor recognised and spoke of. We continue our informal
development of the theory of sets, just as any mathematician would develop her theory
of some mathematical construct. The absolute infinity of On we regard as just that: it
is determinate what constitutes an ordinal (à la von Neumann: a transitive set well or-
dered by 2), and On is the class of such, and is an absolute infinity as Cantor realised,
and Burali-Forti showed (albeit half unknowingly it seems, see van Heijenoort, 1967).
The notion is not regarded as indefinitely extensible: if we posit beyond ZFC stronger
axioms of infinity, such as measurable cardinals, we enrich our view of V , but we do
not somehow ‘add more ordinals’.

V itself is, then, also one of many ‘absolutely infinite’ or ‘inconsistent multiplicities’
V,On,Card, . . ., the class of all singletons, . . . that Cantor recognised. Let us imagine
that C is the collection of all such. The nature of C is admittedly somewhat ineffable,
but we can agree with him that as absolute and final knowledge cannot be obtained by
V alone, neither can we find such for hV,2,C i. Just as Martin used the idea of ‘prop-
erty’ in Informal Comprehension, without specifying exactly what that constituted, as
he would only need to use this in a small number of uncontroversial cases, so we shall
think about C , and shall see that we only need to consider a small part of C . Later we
shall consider formalizations of this.

We may, if we wish, tell a mereological story about the whole mathematical universe:
we think of sets as the sole representatives of mathematical objects. The class of sets
thus forms the realm of, or the arena for, mathematical discourse. Thus strictly, the
class of sets is not a mathematical object. However absolute infinities are parts of the
whole realm of that discourse. (One may wish to add to this sets as well as parts of
the realm, but we shall just identify such parts with the sets themselves.) We take C
to be the collection of all absolute infinities (or non-set parts, or proper classes if you
will). C then, contains the possible parts of V .

The usual danger is that we may risk having to build super-classes, and more such
above those; in other words a hierarchy that looks too similar to the V↵ hierarchy.
However this is to extrapolate the use of mathematical methods of set formation -
principally power set and recursion along the ordinals. The power set axiom is a
mathematical operation and not a warrant for a power class operation, even if we
could form a definite domain of quantification. In our pre-formalised thinking, we
bite the Cantorian bullet and admit two types of objects to our notion of set-structure:
V together with its absolute infinities.

In Welch and Horsten, 2016 we discuss further the status of such classes. In particular
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the possible use of plural quantification as a means of establishing the ‘existence’ of
such classes. However we reject that view, principally for reasons to come: we need
actual entities of some kind in C not just something that is ultimately a linguistic
construct: “some sets such that . . .”

2.3 Isomorphism again

Theorem 3. If we have two structures of sets Vi = (Vi,2i) (i = 1,2) satisfying Mar-
tin’s (i) and (ii) above, let ⇡ : (V1,21) ! (V2,22) as above be an isomorphism. Now
assume we have collections of classes Ci. Then ⇡ extends to an isomorphism:

⇡ : (V1,21,C1) ⇠= (V2,22,C2).

Proof: Let (V1)↵ be the set of V1-sets of rank ↵ in the sense of V1 etc. It suffices
to show for every class X ✓ V1 (thus X 2 C1) there is a Y ✓ V2 with ⇡(X \ (V1)↵) =
Y \ (V2)� where ↵ 21 OnV1 and � 22 OnV2 with ⇡(↵) = �, and conversely - since
then we may define ⇡(X) =

S
↵ 21 OnV1 ⇡(X \ (V1)↵).

Q.E.D.

Here we are taking the ‘informal union’ of the sets of the form ⇡(X \(V1)↵). However
we are not declaring this union to be a ‘set’ or any such, so no formal axiom is needed.
This is unproblematic as it is simply taking a union (or fusion if you will) of the classes
⇡(X \ (V1)↵) and thus is a class of V2.

3 Reflection

We now very briefly survey some of the history of reflection principles, before dis-
cussing some more recent work.

3.1 Historical reflection

First order reflection is unproblematic: any one syntactic instant of it for a formula in
L2̇, the language of first order set theory alone, is provable in ZF :

(R0) : For any '(v0, . . . ,vn) 2 L2̇

ZF ` 8↵9� > ↵8~x 2V� ['(~x) $ '(~x)V� ].

Indeed by formalising a Sn-Satisfaction predicate we have (still in ZF , here “c.u.b.”
abbreviates “closed and unbounded”):
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For each n there is a term cn for a c.u.b. class of ordinals, so that
so that for any ' 2 FmlSn :

ZF ` 8� 2 cn8~x 2V� ['(~x) $ '(~x)V� ].

Informally we write for each n: 8� 2 cn : (V� ,2) �Sn (V,2). More formally we can
define first order satisfaction for Sn formulae as a two place predicate Satn(p'q,x) and
have that for � 2 cn+1 that

8p'q 2 Sn,8x 2V�(V� ,2) |= Satn(p'q,x) $ (V,2) |= Satn(p'q,x)).

We thus have reflection of (V,2,Satn) to (V� ,2,Satn) for such �. As is well known,
we can not do this for all n simultaneously.

Reaching back to ideas of P. Mahlo, using normal functions and their fixed points we
have:

(F) Any (definable) normal function F : On ! On has a regular fixed point.

Such fixed points are inaccessible cardinals (and indeed strong limits of limits of
such). A reflection principle is related to this. We let Inacc denote the class of strongly
inaccessible cardinals.

(R1) : For any '(v0, . . . ,vn) 2 L2̇

8↵9� > ↵(� 2 Inacc^8~x 2V� ['(~x) $ '(~x)V� ]).

Then it easy to see that (F) () (R1). One then may ask for (F) itself to reflect down
from normal functions definable over V to all normal functions
f :  �!  for  2 Inacc. Then, if (V,2) witnesses (F), in this extended sense
for all such functions f ,  is called a Mahlo cardinal. Being Mahlo is a second order
property; Bernays investigated such in more generality, and one may then end up with
indescribability properties that in general a P1

m sentence about second order param-
eters may reflect down to V. Here ' is a first order statement about the illustrated
upper case second order variables Fi and parameter P, and possible further parameters
~x 2V.

8F19F2 · · ·QFm('(~F ,~x,P)) $ (8F19F2 · · ·QFm('(~F ,~x,P\V))V .

One observation at this point is that first order satisfaction is second order, indeed P1
1-

definable, consequently if we have P1
1-reflection in the above sense, we may reflect

(V,2,Sat) down to arbitrarily large (V� ,2,Sat) (where Sat codes all of first order
satisfaction simultaneously). Reflection of first order satisfaction is not strong.
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The localisation of this idea to a cardinal � in place of V itself (just as a Mahlo cardinal
is the localised version of a concept considering class functions over V ) then yields
the notion of a P1

m-indescribable cardinal. We thus arrive at indescribable cardinals,
indeed not just second order, but of any n’th order: Pn�1

m -indescribable cardinals.

This can be extended to transfinite orders. There are difficulties with 3rd order param-
eters as Reinhardt observed. This again is tracing the lines of the following thought of
Gödel:

The Universe of sets cannot be uniquely characterized (i.e. distinguished
from all of its initial segments) by any internal structural property of the
membership relation in it, which is expressible in any logic of finite or
transfinite type, including infinitary logics of any cardinal number.

(Wang - 1996)

In a different direction Reinhardt studied Ackermann’s set theory, Ackermann, 1956
and his thesis Reinhardt, 1967 (published in Reinhardt, 1970) established its conser-
vativity over ZF.

From Ackermann, 1956 (p.337): “We must require from already defined sets that they
are determined and well-differentiated, thus the conditions of a collection [to be a set]
only turn on that it must be sufficiently sharply delimited what belongs to a collection
and what does not belong to it. However now the concept of set is thoroughly open.”
For Ackermann a well-defined and differentiated condition for an object to be a set
cannot include in its definition assertions of the form “such and such a set is in V ”
since the latter is not a sufficiently sharply determined concept. Thus the definition
of a set x cannot include clauses of the form ‘y 2V ’ although the latter is a bona fide
expression of the formal language.

Reinhardt interpreted this as realising in some form ideas about the projection of the
universe V into some virtual realm. The language for this theory includes a symbol V
to denote the ‘constructed’ sets, but objects such as {V},{{V}} etc. are permissible
(and such are classes for Ackermann). The Cantorian ordinals form W and V is VW,
but we imagine further set-like objects. We posit ZF for V and the axiom V = VW.
The following (S2) schema asserts that any first order sentence ✓ true in V of sets in
V , is true in the ‘projected universe’ and conversely.

(8x,y 2V )(✓V (x,y) $ ✓(x,y)) (S2)

This system was called “ZA". The extension of a formula ✓ in V is thus {x 2V | ✓(x)}
and is merely the restriction of that in the projected or virtual universe where it is of
course {x | ✓(x)}.

Reinhardt (1974b) also studied and formalised a view of Shoenfield (1967) that thought
of V as the actually existing sets, but that there is some ‘formal extension’ of the or-
dinals, and a class of ‘imaginable sets’ U . This came about by studying a thesis of
Shoenfield that had shades of Ackermann set theory (Reinhardt, 1974b p.6):
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If C is a collection of stages [ranks], and if we can imagine a situation in which all
stages in P have been completed, then there is to be a stage s after all the stages in
C.

After some further considerations Reinhardt formalises this as having “imaginable
sets” and at the same time real existing sets, with the latter elements of V . (Ackermann
would have called the imagined sets ‘classes’ and Shoenfield’s V is Ackermann’s class
of all sets.) V cannot be a real existing set, and the property P such that x 2V $ P(x)
cannot be said to exist either. However as a consequence one has the slogan:

If X ✓ Y and Y is imaginable, and suppose X is definable using only~x 2V as param-
eters then X 2V .
Reinhardt in Reinhardt, 1974a argued for a formally projectible realm V� for some
‘�>> On’ with a corresponding V�0 related to V� via an embedding j:

j : V� �!V�0 ; j(On) = On0,crit( j) = On .

We finish this subsection with just one more quote of Gödel that is often referred
to when discussing reflection in the set/class theoretic setting, and can be seen as
motivating reflection properties in general.

All the principles for setting up the axioms of set theory should be re-
ducible to Ackermann’s principle: The Absolute is unknowable. The
strength of this principle increases as we get stronger and stronger sys-
tems of set theory. The other principles are only heuristic principles.
Hence, the central principle is the reflection principle, which presum-
ably will be understood better as our experience increases. Meanwhile,
it helps to separate out more specific principles which either give some
additional information or are not yet seen clearly to be derivable from the
reflection principle as we understand it now." (Wang - 1996).

3.2 Strengthening reflection principles

Tait considered in Tait, 2005 some strengthened reflection principles that were of order
higher than two. As already alluded, Reinhardt had observed that third order with
third order parameters would be false. Tait considered how to use the higher order
languages with some syntactical restrictions. Koellner showed (Koellner, 2009) that
those that were consistent were all weaker than (!) (an !-Erdős cardinal). The latter
cardinal is of only modest size, and is also consistent with V being L.

We are thus left with the thesis that all syntactically based Reflection Principles to
date are all consistent with a view of the universe as being L the constructible one:
they are intra-constructible.

The moral that may be adduced is that if we need stronger reflection principles: those
that generalise Montague-Levy in terms of enlarging our set/class-theoretic language



Global reflection principles 95

are not up to the task of providing any justification for the large cardinals needed for
modern set theory.

Why ask for stronger reflection principles?

Theorem 4 (Woodin). Suppose there is a proper class of Woodin cardinals. Then
T h(L( )) is immune to change by set forcing.

This supposition is now ubiquitous in modern set theory. The above is just singled
out as a dramatic instance of how large cardinals affect the universe V . One might
have cited the equally dramatic results of Martin-Steel that infinitely many Woodin
cardinals implies determinacy for projectively defined sets of reals. If there is a proper
class of Woodin cardinals, then again Cohen’s set forcing techniques cannot change
that fact. Projective determinacy implies a host of results about the projective sets:
their Lebesge measurability, their having the perfect subset property, implying that
every uncountable such set has size the full continuum; that projectively defined sub-
sets of the plane ⇥ can be uniformized by a function with a projective graph;
the non-existence of a Banach-Tarskian paradoxical decomposition of the sphere into
projective pieces. The list can be extended, but the point is made: large cardinals at
the level of Woodin cardinals prove such results to hold. These are not relative con-
sistency proofs of one theory relative to another given by the forcing method, they
are facts about the universe of mathematical discourse, V , which must hold if those
requisite large cardinals exist.

In order to obtain such large cardinals, we need therefore a means of thinking about, or
justifying, or obtaining extra-constructible reflection principles. We therefore define
a Global Reflection Principle (GRP).

4 III Global Reflection Principles

Instead of ‘formally projecting V ’ à la Reinhardt let us turn it around and generalise to
obtain a strong reflection principle. Let us take a naive Cantorian (and non-Zermelian)
stance: we bite the bullet of the necessity of the seeming existence of two types of ob-
jects: the sets of mathematical discourse and the absolute infinities (or proper classes)
that Cantor, Burali-Forti, Russell and others early on saw the need for. We let C de-
note the informal collection of such absolute infinities, without worrying about a for-
mal definition delineating these objects. We shall see that we shall only be concerned
with principles that require C to contain a small number of such proper classes, where
a ‘small number’ only means set-many.

We then consider the constellation (V,2,C ) of the universe of sets V obtained in the
usual mathematical fashion of iterating the power set operation as above, and writing
membership 2 in the usual sense: x2 y and x,y2Y for a Y in C . As this indicates here,
we shall be considering the usual first order language for set theory L , but augmented
by second order variables X ,Y,Z, . . . ,Xn, . . . which appear atomically as statements of
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the “x 2 Y ”, “x /2 y”. Equality between classes X ,Y is given extensionally: X = Y $
8z(z 2 X $ z 2 Y ) etc. However there are no second order quantifiers. (In any case,
we have left the domain C of any such putative quantification vague.) But we shall
allow bounded quantifiers as 9x 2 Y (· · ·), 8x 2 Y (· · ·) into our D0 classified formulae
of our extended language L +.

Just as earlier reflection principles expressed the ineffability of V by asserting princi-
ples that reflect the whole realm to a small part of itself, we shall do the same, whilst
reflecting at the same time some satisfaction. One may note that the truth or otherwise
of '(x,X)(V,2,C ) for an X 2C and D0' is only dependent on a limited number of other
classes in C , depending on a few other class parameters derived from sub-formulae,
and rudimentary combinations of such. The pathway is thus open to consider reflec-
tion from the whole universe of (V,2,C ) with its classes to some smaller set-sized
domain. We shall want to reflect ordinary first order expression of L about objects x
which are members of the domain, but also some collection of, or possibly all, state-
ments from L + involving classes. Clearly ‘class many’ statements are not going to
be reflectable.

The domain, the “V ” of this small realm, should be set sized, and indeed we should
speak of a small number of “classes” for it, as possible interpretations for the variables
Xi . . .

So motivated by earlier reflection principles, we choose the small realm to be a ‘typical
normal domain’ V, and we seek some form of satisfaction preserving reflection of
(V,2,C ) together with some collection of its classes, to some (V,2,D) with D ✓
V+1, which we regard as a collection of classes D over V. We may obtain such
smaller structures by considering set-sized substructures of (V,2,C ), (V 0,2,C 0) �
(V,2,C ) with V 0 equal to some V and consider its isomorphic transitive image (V 0,2
,C 0) ⇠= (V,2,D) say. We shall want that D = V+1 but first we discuss the kind of
elementarity we are pursuing.

A class X ⇢ V, with X from D, is the reflection of something satisfied in the realm
(V,2,C ) by one of the parts, or classes, of the whole realm, some X̃ say. What should
X̃ be? If even truth of atomic statements of the form “y 2 X” are to be faithfully re-
flected then it should be a part of the whole (V ) that extends X , i.e. X̃ \V should
be the same as X . This then is no different from the reflection of second order pa-
rameters in the earlier principles. In order then to have simultaneous preservation of
D0 formulae of our language between (V,2,D) and (V,2,C ), we only need that C
contain extensions X̃ for every X 2 D. We are not yet requiring it (although we shall
do shortly), but to have full or ‘global’ downwards reflection, we ask that D = V+1.
The implicit posit here is that there is some choice of some  to fix a domain, and,
for every X in the given D, there is some choice of X̃ 2 C with X̃ \V = X . If these
choices can be made then we have a D0-reflection property between (V,2,C ) down
to (V,2,D). (Indeed making such choices is just another way of stating that we shall
take a substructure (V 0,2,C 0) � (V,2,C ) as above.) Some elementary observations
can be made: for example, as On 2 C we’d better have On\ =  in D, and thus
X̄ = On has to be our choice of extension for X = (On\) as ̃, if we are to have D0
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reflection.

Having sorted out this version of reflection for D0-Satisfaction we may naturally re-
quire that our choices of X̃ 2 C with X̃ \V = X , for X 2 D, can further sustain
reflection of satisfaction for the S1 formulae, the Sn formulae, or indeed the whole
language L +. These desiderata are fulfilled in the following definition.

Definition 5 (GRP). The Global Reflection Property holds if the universe (V,2,C)
admits of a set-sized L +-elementary substructure, (V 0,2,C 0) � (V,2,C ) with V 0 =
V for some  and which is isomorphic to a structure of exactly the same kind, namely
(V,2,V+1).

As discussed, by ‘elementary’ we mean first order elementary in the usual language of
set theory L2 but we allow the addition of second order predicate symbols P0,P1, . . . ,
Pn, . . ..

4.1 Reflection increased: A spectrum

We step back somewhat and consider properties in a spectrum of increasing strength
leading up to GRP.

Definition 6. [Partial Global Reflection] The Partial Global Reflection Property holds
if the universe (V,2,C ) admits of a set-sized L +-elementary substructure,
(V 0,2,C 0) � (V,2,C ) with V 0 = V for some  and (V 0,2,C 0) ⇠= (V,2,D) with
D ✓V+1.

We can immediately rewrite this in a way familiar to set theorists1.

Definition 7. Let (V 0,2,C 0),D,V satisfy the last definition. We define j to be the
inverse of the isomorphism (V 0,2,C 0) ⇠= (V,2,D) and write:

j : (V,2,D) �!L + (V,2,C ).

Then, to be specific, note that j � V is simply the identity function: j(x) = x for any
x 2V.

1Readers of Welch and Horsten, 2016 will note that the primary definition of Global Reflection (Axiom
3) there is based on Def. 6 (with D = V+1). Conversations with Sam Roberts incline us to the view, that,
although making no difference mathematically, for presentational purposes it is perhaps nicer to define the
range of j first (as in Def. 6) and then j�1 as its transitivisation collapse map. We warmly thank him
for these discussions. He has defined (Roberts, preprint, 2016) wide ranging principles extending GRP by
defining certain particular substructures of V with its classes, and certain satisfaction predicates.
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To spell it out further: j must preserve as follows for ' in L +, x 2 V, X ✓ V,X 2
D:

'(x,X)(V,2,D) $ '( j(x), j(X))(V,2,C )

but j(x) = x so $ '(x, j(X))(V,2,C ).

Note that we shall have (V,2) �L (V,2), but of course the latter is not a strong
property.

The strength of these reflection principles is entirely signified by the richness of D.
We may impose closure conditions on D. The intra-constructible reflection principles
such as those from indescribability, could be obtained from principles such as these,
that is when D ( P()L.

If D ◆ P()L then this will deliver to us 0]: define U on P()\L by

X 2U $ X 2 L^ 2 j(X).

By the S1 reflection property of j, standard arguments show that this is a normal
L-ultrafilter and we may form j̃ : (L,2) !e Ult(L,U) ⇠= (L,2) with j̃() > . The
existence of such an embedding from L to L contradicts V = L and is often referred to
as the ‘least’ large cardinal property, or strong axiom of infinity. We thus should have
our first extra-constructible principle.

Similarly for other definable inner models, M say in place of L, then requiring D ◆
P()M will reveal that there is a j : M !e M, and so forth.

The natural limit of the above is when we require D = V+1. There is a step difference
here: (V,2,V+1) we consider as a normal domain with all of its parts, and we assert
the property that anything satisfied in it by a set x 2 V and a class X ⇢ V, is the
reflection of something satisfied in the realm (V,2,C ) by x and by one of the parts
of V , X̃ 2 C with X̃ \V = X . We thus have that (V,2,V+1) is a simulacrum of
(V,2,C ). The j above then maps as follows:

j : (V,2,V+1) �!e (V,2,C )

with j fully L +-elementary.

If we assume the axiom of choice, AC, then (V,2,C ) will be a model of Global Choice
(since if R ✓ V 2

 is a well ordering of V then j(R) is a wellorder of V ). (It would be
entirely within keeping of other reflection principles if we were to ask that there be
unboundedly many such  in On for which there is such a j, but we don’t pursue that
here.) Just as above for L, define a field of classes U on P() by

X 2U $  2 j(X)

As P() ✓ V+1 ✓ dom( j) by S1-elementarity (in j), this is an ultrafilter on P().
Standard arguments show that U is a normal measure on , and thus  is a measurable
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cardinal. This again shows that V 6= L (by an old theorem of Scott, 1961).

But then:

8↵< hV,2i |= “9> ↵( a measurable cardinal)” =)
hV,2i |= “8↵9�> ↵(� a measurable cardinal)” =)
hV,2i |= “There are unboundedly many measurable cardinals”.

Known methods improve this to:

Theorem 8 (GRP). (V,2) |= 8↵9�> ↵(� a measurable Woodin cardinal).

Consequently by results of Martin-Steel, Woodin GRP this implies:

a) Projective Determinacy (PD) and (AD)L(R).

b) (Woodin) Th(L( )) is fixed: no set forcing notion can change Th(L( )),
and in particular the truth value of any sentence about reals in the lan-
guage of analysis, thereby including PD.

One may extend the above and reason that there is a proper class of Shelah cardinals.
Although it is easy to see that

Lemma 9. If Con(ZFC +9�(� a 1-extendible cardinal )) then Con(NBG+GRP)

originally GRP was thought of as obtained from a weakening of the notion of another
downward reflecting cardinal, a sub-compact cardinal:

Definition 10. µ is a subcompact cardinal iff
8A ✓ Hµ+9< µ9B ✓ H+ ,9 j 6= id, j � H = id, so that:

j : (H+ ,2,B) �!e (Hµ+ ,2,A).

This is a third order principle (over Hµ). By dropping the A,B component, we ar-
rive at the notion of µ = On being subcompact, or in other words, something like
(GRP).

5 Philosophical reflections

In Welch and Horsten, 2016 we discuss the possible interpretations in the light of
current philosophical positions regarding classes. We regard mathematics as taking
place within (V,2) - using sets as representations of mathematical conceptual ob-
jects. (‘Large’ categories indeed need some special consideration as definable classes.
However we might point out that for any theorem that depends on, or builds on such
large categories we may invoke the Montague-Levy Reflection theorem and bring the
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result down to one within ZF . (Even in one’s wildest moments, no set theorist se-
riously thought that Wiles’s theorem really required a proper class of Grothendieck
universes.)

It is the author’s view that fully second (or higher order) methods should be eschewed
as these require a domain of quantification: the class of all classes at the very least.
We do not wish to quantify over the collection C in any universal fashion (as we are
unconvinced of the coherence of such an act); although we do wish to say that certain
elements of C stand in certain relations to each other (and to a set-sized domain of
sets). We just want the ability to say that such and such is a sufficiently rich substruc-
ture of (V,2,C ). The richness is expressed in the form of elementarity in L +. Thus
we do not wish to collect the classes together to form a new level VOn+1, and then
regard them simply as some sets we forgot to add on to the top of V . We do not wish
to form {V}.

One might think of the members of the class C as pluralities. The plural reading
may allow us to talk of the such-and-such things without committing ourselves to the
existence of entities. We rejected that view as it ties the notion too closely to linguistic
concerns. We wish to have entities to go with V to be able to assert a substructure of
V together with (some of) those entities in C . Those entities must be in the range of
our j.

We can however use the language of mereology to talk about classes as the parts of
V . This is similar to David Lewis’s interpretation of sets (Lewis, 1991). For Lewis the
parts of sets are obtained from the singleton function and the process of mereological
fusion. Here classes have subclasses as their parts. A set-sized part of a class we
identify with the corresponding set. Indeed an instance of Comprehension can be
interpreted as declaring that part of set through a defining clause, is a set. Unlike
Lewis, we take the sets and so V as given, and use the part/whole relation to discuss
the absolute infinities and V ’s parts. An absolute infinity then becomes the fusion of
all of its parts.

There are thus either the set-sized parts which we identify with the sets themselves, or
the parts that are proper-class sized. (As noted GRP implies Global Choice and so for
any latter part there is a bijection with a proper class of ordinals.)

The reflection principle embodied in GRP is one involving quantification over sets,
our mathematical objects (although classes are allowed unquantified). It is possible to
have a strengthened GRP requiring the set-sized substructure of
(V 0,2,C 0) � (V,2,C ) to be S1

•-elementary in the full second order language L 2
2̇ .

This would indeed be taking quantification over classes and stepping out into higher
orders. In this case after taking an isomorphism to a set structure (V,2,V+1) we
shall have: There is  2 On, there is j 6= id, crit( j) =  with

j : (V,2,V+1) �!S1
•

(V,2,C ).

This we may call mereological reflection: we fully reflect on the parts of V by allowing
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now quantification over parts. By sticking to “mathematical reflection” we have a
principle consistent relative to ZFC with a 1-extendible cardinal.

We can go further and using Global Choice to define S1
n-Skolem Functions, define full

second order satisfaction, Sat. We might in turn add that to our language, call it L 2
Sat

and get a yet stronger principle, GRP+ say, with

(V 0,2,C 0,Sat 0) � (V,2,C ,Sat)

now required to be an L 2
Sat -elementary substructure.

Just as a sample of what one could obtain then, we see that V can be filtrated as an
On-length system of embeddings of GRP type:

Proposition 11 (GRP+). There is a commuting system h↵, j↵�i↵�2On of embed-
dings j↵� : (V↵ ,2,V↵+1) �!S0

1
(V� ,2,V�+1) with, each j↵� , ↵ < �, witnessing

the simple GRP at the ‘universe’ V� with its parts V�+1 . Thus each j↵ � ↵ = id � ↵,
and j(↵) = � . Moreover for ↵ 2 On, there are maps

j↵ : (V↵ ,2,V↵+1) �!S0
1
(V,2,C )

also witnessing GRP in the universe.

It is not hard to derive the consistency of such a system from a subcompact cardinal
(Welch, 2016).
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5 Logic revision: Some formal and
semi-formal techniques for logic
choice

EDWIN MARES *

Abstract. This paper sets out a probabilist theory of logic revision and discusses some
of its consequences and the philosophical challenges that if faces. The probability
theory is semantic. It is built upon a model for a very weak logic (the logic of bounded
lattices) but that has sub-models for a wide variety of other logical systems – modal
logics, relevant logics, linear logics, other substructural logics, fuzzy logic, and so
on. The probability theory used is itself non-classical, although in those regions of
the model in which classical logic holds probabilities act classically. Suggestions are
made as to the treatments of debate and negotiation about logical rules and about the
problems of logical omniscience and the apriority of logic.

Keywords: philosophy of probability, non-classical logic, non-classical probability,
logic choice.

1 Introduction

Here is a problem. People can sensibly debate which logical system is right. They
can take a purpose for logic, let’s say its use in the evaluation of arguments that are
presented as deductive, and argue which is the right logic for the job. These debates

*Philosophy Programme, Victoria University of Wellington, Wellington, New Zealand
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appear reasonable. We don’t know for certain which logic is the correct one for this
purpose. Thus, we need a theory that makes sense of these debates and, more gener-
ally, about our reasoning about logic. But it would seem that such a theory needs to
incorporate some sort of logic itself, because it needs to set rules of inference that can
be used in such debates. Moreover, in order to allow that someone might hold (what
turns out to be) the wrong logical views but be rational, it would seem that we want a
theory that is neutral between all substantive logical positions.

The purpose of this paper is to outline one such theory. The theory that I construct is a
form of probabilism. It uses a probabilistic mechanics. It treats ideal agents as having
their degrees of beliefs, including their beliefs about logic, conform to the principles
of a probability theory. This probability theory is formalised by a generalisation of the
standard Kolmogorov axioms to fit with a wide range of classical and non-classical
logics. The theory of belief revision presented employs a version of Jeffrey condition-
alisation.

I present this theory to demonstrate how we can construe logic choice as a rational
process. This is important, not only demonstrate that those who actually do choose
logics – largely philosophers and mathematicians – can be construed to be rational,
but also to show that the choice of such apparently foundational beliefs as those con-
cerning logic can be understood as rational and revisable. Moreover, although I think
that the probabilistic theory is defensible, the construction here also shows how other
theories of belief revision, such as AGM based theories and dynamic doxastic logics
can be used as bases for logic revision. In short, the probabilistic theory of logic revi-
sion is presented as a test case to show that many of our most fundamental beliefs can
be treated as rational and revisable.

The plan of this paper is as follows: First, I set out the requirements on models used
in the present theory and look at some logical systems for which there are semantics
that can be used to construct models that fit these requirements. Second, construct a
single background model that is used as a basis for the theory of belief revision. Third,
I set out the the probability theory that corresponds to this class of models and define
a Jeffrey update function. Fourth, I use a scorekeeping pragmatics as a framework for
interpreting debates and negotiation about logic. Fifth, I look at two issues that arise
from this theory of logic choice. One of these problems is the omniscience problem
and the other concerns the apriority of logic.

I do not include any proofs of theorems in this paper. For these, see (Mares, 2014).

2 Logics and models

In order to place the logical systems in a single framework, I formulate them in a
single language. This language has propositional variables p,q,r, ..., negation (¬),
conjunction (^), disjunction (_), and implication (!), as well as two propositional
constants > and t. I define equivalence using implication and conjunction, as usual:
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A $ B =d f (A ! B)^ (B ! A). Standard formation rules apply. The logics that I
can model using the techniques in this paper are ones that can be given an indexical
semantics (a semantics in which truth is relativised to worlds in a frame) and for which
propositions can be interpreted as sets of worlds in frames.

For each logic, L, there is a set of models, ML. A model is a structure,

M = (W,N, [[·]],Prop),

where W is a non-empty set (of points, worlds, situations, ...), N is a non-empty subset
of W , [[·]] is a function from formulas into √(W ), and Prop is a lattice of subsets of W
that includes N, W , and Ø.

I also stipulate that the conjunction of each logic behaves semantically as set-theoretic
intersection. I do not, however, assume that disjunction acts semantically as set-
theoretic union. Instead, I merely require that disjunction behave as a least upper
bound in the algebra of propositions. That is, in a model M, for any formulas A and
B, there is no proposition in M that is a proper superset of [[A]] and of [[B]] and also is
a proper subset of [[A_B]]. These requirements entail that the algebra of propositions
on any model constitute a lattice, but this lattice need not be a distributive lattice. The
avoidance of distributivity is because certain of the logics that I wish to model reject
the rule of distribution of conjunction over disjunction, in particular, linear logic and
orthologic.

A set of models ML is the set of models for a logic L if and only if

1. A is a theorem of L if and only if for every M 2 ML, NM ✓ [[A]]M;

2. for n � 1, A1, ...,An ` B is a derivable rule in L if and only if [[A1]]M \ ...\
[[An]]M ✓ [[B]]M for every M 2 ML.

The first condition corresponds to weak semantic completeness and the second condi-
tion corresponds to strong completeness. In the present context, strong completeness
does not entail weak completeness, so both need to be stated.

Here is a familiar example. The modal logic S4 (in which ! is taken to be strict im-
plication) has as its models triples, (W,R,V ), where W is a non-empty set (of possible
worlds), R is a reflexive and transitive binary relation, and V is an assignment from
formulas into subsets of W that accords with the standard truth conditions for Kripke
semantics. The truth condition for strict implication is

a 2V (A ! B) iff 8b(Rab =) (b 62V (A) _ b 2V (B))).

The model that I extract from this is a quadruple, M = (W,N, [[·]],Prop) such that for
all formulas A, [[A]] = V (A) and N = W .

The set N is the set of worlds in its model in which the theorems of the logic are
verified. For some logics, such as classical logic, classical modal logic, intuitionistic
logic, first-degree entailments (FDE), and strong Kleene (K3), this set of so-called
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normal worlds is just the whole set of worlds, W . For substructural logics such as
relevant logics and linear logic, N may not be the same as W .

What happens when I integrate a modal logic into the present framework is that the
modal accessibility relation is no longer part of the surface grammar of the model
theory. What is assumed is that there are mechanisms in the individual models that
determine the truth values of the formulas at each of the points in the model. In the
current framework, the model in the sense it is being used here is abstracted from the
model in the standard sense.

2.1 Some logics and their models

The model theory for different logics require different treatments to produce models
in the required sense. In what follows, I look at a few logics to illustrate in more depth
the method used. I start with lattice logic, which is the minimal logic that fits with
probability theory.

Lattice logic

The weakest logic that has a semantics of this sort is lattice logic (Paoli & Restall,
2005). Lattice logic is just the logic that has as its algebraic semantics the class of
lattices. Alasdair Urquhart’s representation theorem for lattices (Urquhart, 1978) can
be employed to show that lattice logic is complete over a set of models, which has an
interesting topological frame theory. But I am interested here in a more general and
more abstract characterisation of a set of models that characterises lattice logic.

A model for lattice logic is a (W,Prop, [[·]]) such that W is a non-empty set, Prop ✓
W 2, and [[·]] is a function from formulas into Prop such that

• [[A^B]] = [[A]]\ [[B]];

• [[A_B]] = [[A]]t [[B]].

where X tY is the least upper bound of X and Y in Prop. In models for lattice
logic, the least upper bound always exists. The treatments of implication and nega-
tion are arbitrary in models for lattice logic, since neither belongs to the language of
lattices.

It is easy to show that, given any lattice, such a model can be constructed. The worlds
in this model are the filters of the lattice. A member of Prop is a set of filters X such
that there is some point a in the lattice for which a 2 X . Let [a] be the set of filters X
such that a 2 X . It can be shown that [a_b] = [a]t [b] and [a^b] = [a]\ [b].

To construct a model in the sense used in this paper, we add a set N to the definition
of a model for lattice logic such that N = W .
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An easy way to formulate lattice logic is by means of sequent calculus in which the
sequents are of the form G ` D where G and D are sets. The axioms of the system are
all sequents of the form A ` A and its one structural rule is K:

G ` D
G0 ` D0

where G✓G0 and D✓D0. The other classical structural rules are obtained from the fact
that antecedents and succedents are sets. Lattice logic has the following connective
rules:

G ` A,D G ` B,D
G ` A^B,D

G ` A^B,D
G ` A(B),D

G ` A,D
G ` A_B(B_A),D

A ` D B ` D
A_B ` D

Apart from the requirement that the premises be singular on the left in the disjunction
on the left rule, these are standard classical meaning rules for the connectives.

One variant of lattice logic in which I am interested is the logic of bounded lattices.
To create this logic we add the following axioms:

G ` > ? ` D G ` t f ` D

where ? = ¬> and f = ¬t. I also add to the definition of a model for lattice logic the
following conditions:

[[>]] = W = N = [[t]] [[?]] = Ø = [[ f ]]

The choice of lattice logic has to do with the theory of probability given below. It is
the weakest logic that supports this theory of probability. It can be proven that any
model for lattice logic can have a probability function that satisfies the generalised
probability axioms imposed on it. And, as I argue, there is good reason for wanting
probability functions in this sense.

Fuzzy logic

There are various fuzzy logics, but I only discuss here a simple fuzzy logic defined by
a set of fuzzy models. A fuzzy model is a triple ([0,1],d,V ) such that [0,1] is the real
interval between 0 and 1, d is some distinguished member of [0,1], and V is a function
from the formulas into [0,1] such that the following clauses hold:

• V (A^B) = min{V (A),V (B)};

• V (A_B) = max{V (A),V (B)};

• V (¬A) = 1�V (A);

• V (A ! B) = max{1�V (A),V (B)}.
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A formula A is said to be true on V if and only if V (A) � d.

A worlds model for fuzzy logic is a quadruple (W,N,d,D,V) such that W is a non-
empty set of points, N is a non-empty subset of W , d is a distinguished point in [0,1],
D is a function that assigns to each world in W a real number in [0,1] such that for all
worlds a 2 N, D(a) = d, and V is a function that assigns to each world in W a fuzzy
valuation.

To turn a worlds model for fuzzy logic into a model in the sense required by this paper,
we define a new valuation function [[·]] such that for all formulas A,

[[A]] = {a 2W : V(a)(A) � D(a)}.

This says that the proposition assigned to A is the set of worlds in which A has a value
that is at least as great as the designated value of the world. The reason that I include
non-normal worlds in models is so that models will represent fuzzy consequence as it
is intended. That is, for each fuzzy model, M, as usual, I set

A1, ...,An |=M B iff [[A1]]M \ ...\ [[An]]M ✓ [[B]]M

where A |=M B if and only if, for all a 2 W , if a 2 [[A]] then a 2 [[B]]. Given the
variation of designated values on non-normal worlds, this definition characterises the
same consequence relation as one that is defined over a set of fuzzy valuations and
sets A |= B if and only if V (A) V (B) on every valuation in that set.

Supervaluations

The version of supervaluational frames that I present is a slightly simplified form of
that given by Kit Fine in (Fine, 1975). I begin with a set of points W , a distinguished
subset C of W , and a partial order  on W . The set C is the set of complete points in the
frame. We add the condition that if c 2C, then for any point a if c  a, a = c.

A valuation V on a supervaluational frame is a function from propositional variables
to sets of worlds closed upwards under . Thus, for example, if a  b and a 2V (p),
then b 2 V (p). Moreover, we constrain valuations such that if for any propositional
variable p and any point a, if all complete points c � a are such that c 2 V (p), then
a 2V (p).

Each valuation determines a satisfaction relation, |=, according to the following recur-
sive definition:

• a |= p iff a 2V (p);

• a |= A_B iff 8c 2C(a  c ) (c |= A _ c |= B));

• a |= A^B iff a |= A and a |= B;

• a |= ¬A iff 8c 2C(a  c ) c 6|= A);

• a |= A ! B iff 8c 2C(a  c ) (c 6|= A _ c |= B)).
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We can prove easily that a |= A if and only if, 8c 2C(a  c ) c |= A), for all a and all
formulas A. Truth and falsity at each of the complete points behaves in a completely
classical manner. It is is also easy to show that [[A_B]] is the least upper bound of
[[A]] and [[B]] in the set of propositions in a super valuational model, and hence these
models can be turned into models in the sense required by the present project.

Putting together models for supervaluations, fuzzy logic, and epistemic modal logics,
we can create a background model that can be used to represent reasoning about a
choice between approaches to vagueness. The way in which models for various logics
are to be combined to create background models is treated in the next section.

3 Background models

Given a set of models for the various different logics that one wishes to choose be-
tween, we can construct a single model to act as the basis for a belief revision structure.
Crudely put, the single model is a fusion (largely a union) of the models.

Let’s make this more precise. I assume that a set of models M has been selected.
The background model based on M is a quadruple (W,N,Prop, [[·]]) that is defined as
follows. The set of worlds is just the union of the sets of worlds of the models in M,
that is, W =

S
M2M WM and similarly the set of normal worlds is just the collection

of all the normal worlds in M, i.e. N =
S

M2M NM. The construction of Prop needs
a bit more care. For each formula, A, [[A]] =

S
M2M[[A]]M. Prop is just the set of [[A]]

for all formulas A.

For each logic L that is being considered, I also add two constants >L and tL. Let
ML be the set of all the models in M for the logic L. The interpretations of the new
constants are as follows:

[[>L]] =
[

M2ML

WM [[tL]] =
[

M2ML

NM

These two constants give us a means in the language to talk about the logic L. TL
represents all of the formulas and rules that are true or valid in every world in ev-
ery model for L and tL represents the theorems of the language and the rules under
which the theorems are closed. (The sets of worlds that these constants represent are
members of Prop.)

In the next section, I continue to examine the different ways in which we can under-
stand formulas and rules of inference.

3.1 Representing theorems and rules of inference

In accepting or rejecting a formula, we may accept or reject it as a simple truth or we
may accept or reject that it is a logical truth. To accept or reject a formula as a logical
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truth (as an axiom or theorem), what one accepts or rejects is not the proposition
expressed by the formula but rather the normal sets that verify that proposition as a
logical truth. In other words, a formula, taken as an axiom, is the union of the sets of
normal worlds that make true that formula. In formal notation:

[[A]]T h =
[

{NM : M 2 M ^ NM ✓ [[A]]}

I add to Prop, for each formula A in the language, the union of sets of sets of normal
worlds that verify A.

The treatment of rules is more complicated. There are various types of rules. Two
sorts of rules that are, in my opinion, most important are the ones that Dana Scott
calls “horizontal” and “vertical” rules of inference (Scott, 1971). A horizontal rule of
inference, can be represented as a single conclusion sequent of the form

A1, ...,An ` B

This is to be understood in the semantics as saying that if any world makes true all
of the premises, A1, ...,An, then it also makes true the conclusion B. A vertical rule
is a rule that sets a closure condition for the set of theorems of a logic. For example,
weaker relevant logics such as B and MC obey the following version of the rule of
modus ponens:

` A ! B

` A

` B

These logics, however, do not obey the horizontal version of this rule, i.e. A ! B,A `
B.

It also might be desirable to distinguish between types of vertical rule in order to
provide the correct semantic interpretations of them. Consider the rule of universal
generalisation for first order classical logic:

` A(a)

` 8xA(x)

where a is free for x. This rule is quite different from the modus ponens rule presented
above. There are models for classical first order logic in which the normal worlds,
either individually or as a set, do not satisfy this rule. Consider a one world model
of the natural numbers. The domain of quantification is the natural numbers and in it
the formula ¬0 = 1 is true. But the formula 8x¬x = 1 fails to be true. What is true,
however, is that where a is an individual constant, if A(a) is true in every world in
every model for classical first order logic then 8xA(x) is also true in every world. We
can represent a rule like this as the union of sets of normal worlds of all the logics that
are closed under this rule.

In a more involved version of the theory, we might add a ternary relation R to models
in order to represent intensional sequents. An intensional sequent is a sequent of the
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form G ` A where G is a structure of formulas and A is a formula. The set of structures
of formulas is the smallest set such that: if A is a formula, then A is a structure; if G
and D are structures then so is (G;D) (Restall, 2000, ch 2). The semi-colon is used
to express an intensional connection between premises, often formalised in the object
language of substructural logics by fusion (�). An intensional sequent A;B `C is valid
in a model M if and only if for all worlds a,b,c in M, if Rabc, a |= A, and b |= B, then
c |= C. This idea is extended to treat all intensional sequents using products of the
ternary relation with itself. The notation R2(ab)cd means that 9x(Rabx^Rxcd). And
we can have products of R any finite power. Thus, for example, we have (A;B);C ` D
valid in M if and only if for all a,b,c,d in M, if R2(ab)cd, a |= A, b |= B, and c |= C,
then d |= D. In models for substructural logics the ternary relation is also used to give
a truth condition for implication: a |= A ! B iff 8x8y((Raxy^x |= A) ) y |= B). This
connection between the representation of intensional sequents and implication yields
the following form of the deduction theorem:

G;A |= B iff G |= A ! B

In this paper, however, I do not make any use of this ternary relation except in this
digression.

4 Belief revision

Once a background model is constructed it can be used as the basis for a model of
a theory of belief revision. For instance, we can impose on it a system of spheres in
the sense of Grove’s semantics for the AGM theory of belief revision (Grove, 1988;
Gärdenfors, 1988). We could also place a binary preference relation on worlds and
construct a model for some form of dynamic epistemic logic or dynamic doxastic
logic (van Benthem, 2011; Segerberg, 1995). Instead of these, I use the background
model as a basis for a model of probability, and develop a probabilist theory of belief
revision.

4.1 Probability functions

In (Mares, 2014), the notion of a probability function is generalised to fit the range
of logics treated here. In this section, I briefly state the axioms of the resulting
class of functions and discuss some of their properties that are salient for the current
project.1

A probability function P on a model M = (W,N,V,Prop) is a function from the for-
mulas into [0,1] such that

1In (Mares, 2014), I do not have the axioms P(W ) = 1 and P(Ø) = 0, but rather slightly more compli-
cated axioms. The simpler axioms will do for my purposes here.
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1. P(W ) = 1 and P(Ø) = 0;

2. If X ✓ Y [Z, then P(X)  (P(Y )+P(Z))�P(Y \Z);

3. If Y [Z ✓ X , then (P(Y )+P(Z))�P(Y \Z)  P(X);

4. If X ✓ Y , then P(X)  P(Y ).

The complex forms of additivity expressed by postulates 2 and 3 are needed because
the standard form of additivity, viz. P(A[B) = (P(A)+ P(B))�P(A\B), assumes
that the probability of unions of members of Prop are always defined. This isn’t the
case in models for logics without distribution, such as linear logic, or in my back-
ground model.

I adopt the traditional definition of conditional probability:

P(Y/X) =
P(X \Y )

P(X)

It can be easily shown that if in a model the propositions are closed under union
and boolean complement, any probability function over this model also satisfies the
standard finite additivity axiom:

P(X [Y ) = (P(X)+P(Y ))�P(X \Y )

For all logics that have classical models (such as classical and modal logics), the
associated probability functions are all traditional Komolgorov functions. This is just
an example of how the probability functions adapt to be appropriate to the logics,
given both the base definition of a probability function (given above) and the models
for the logics. The logics incorporated into the present framework satisfy the following
“equation”:

Base Probability Theory + Logic L = Appropriate Probability Theory for L

The class of probability functions in which I am most interested in are those that
are defined over the background model. It is clear, however, that for each probability
function P defined over the background model and for each sub-model M the function
P � M is a probability function meeting the postulates given above.

Using this notion of probability, I define a version of Jeffrey conditionalisation as
the method of updating agents’ probability functions in response to new information.
Given a new piece of information PNew(X) = r, for any proposition Y ,

PNew(Y ) = [
P(X \Y )

P(X)
⇥PNew(X)] + [

P(Y )�P(X \Y )

1�P(X)
⇥ (1�PNew(X))].

This is just Jeffrey’s definition adapted to the present context. I replace the negations
in the original definition because not all of the logics considered here have negations
that express boolean complement on sets in their model theory. The problem with this
form of updating is that it does not treat cases in which an agent has given a proposition
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a prior probability of zero and then later discovered that it should be given a positive
value. To deal with this difficulty, I suggest that a move be made to a more complicated
structure in which a class of probability functions on a model are placed in a linear
order, using something like Wolfgang Spohn’s ranking theory (Spohn, 2012).

4.2 Beliefs and rejections

In thinking about logic, we both decide which principles to accept and which to reject.
Formulating rejection can be problematic. Some logics do not have a negation that
can be understood as representing rejection. Paraconsistent negations, for example,
allow one to accept both a proposition and its negation without commitment to every
proposition. These logics have non-trivial models and are used to represent, among
other things, inconsistent belief states. Thus I think of a cognitive state of an agents as
including both a set of beliefs and a set of propositions that he or she rejects. Rejection
is a primitive of the present theory (as in (Mares, 2002)). The implementation of the
probability theory here is to explain both how an individual organises his or her beliefs
and his or her rejections.

One’s beliefs and rejections do not just require internal organisation, they need to
bear certain relations to one another. Let’s call the pair (G,D) of an agent’s beliefs and
rejections, respectively, her content. This content is said to be pragmatically consistent
if and only if G does not entail D, that is,

\
G 6✓

G
D.

Where the generalised join operation used here is defined as:
G

D =
\

{X 2 Prop : 8Y (Y 2 D ) Y ✓ X)}

Note that whereas the infinite meets (intersections, in this case) and joins are definable,
an infinite join or meet of propositions need not belong to Prop itself.

This notion of pragmatic consistency can be modified to produce a probabilistic notion
in the same way as the notion of classical consistency is altered by classical Bayesians
to a notion of probabilistic consistency. On the classical notion, an agent’s beliefs
are probabilistically consistent if and only if the strength of her beliefs accord with
the probability calculus. Similarly, an agent’s content can be said to be probabilisti-
cally pragmatically consistent in a context if and only if the strength of beliefs and
rejections accord with the probability calculus and, in the context there is a thresh-
old of belief b and a threshold of rejection r that do not overlap. This requires some
explanation.

On the present theory, an ideal agent’s cognitive state in a context can be represented
by a triple (P,b,r) where P is a probability function over a background model and
b,r 2 [0,1] such that b� r > 0. Her content in that context is (G,D) where G is the
set of propositions X such that P(X) � b and D is the set of propositions Y where
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P(Y )  r. The requirement that b� r be strictly greater than 0 entails that G\D = Ø.
This gives us a very weak notion of consistency.

The notion of pragmatic consistency requires that the intersection of the believed
propositions is always non-empty. This, I argue below, is a reasonable constraint
for debates and negotiations concerning logic, but not a reasonable principle to gov-
ern an individual’s beliefs. The lottery paradox shows that there are cases in which
one should believe a collection of propositions but not believe in their conjunction.
A virtue of probabilism is that it allows one to hold pragmatically inconsistent be-
liefs, even about logic, and to have a very nuanced attitude towards logical princi-
ples.

5 Positions and scorekeeping

In this section, I use a version of score-keeping pragmatics to act as a foundation
for a social-epistemological version of the theory belief revision that I have outlined
above.

According to David Lewis’s score-keeping theory, in any well-run conversation there
is a running score. At each point in the conversation, the score represents various
parameters that are essential to understanding the conversation, such as, the degree
of vagueness that is acceptable, and what presuppositions are being made (D. Lewis,
1979). The element of a score that is of most interest in the present context is what
David Ripley and Greg Restall call the common position of the participants of the con-
versation. The position at a particular point in a conversation is the social counterpart
of what I call in the previous section an agent’s content, that is, a position is a pair
(G,D) such that G is the set of propositions that are accepted by all the participants
in the conversation and D is the set of propositions that are jointly denied by all of
them.

Ideally, positions should be pragmatically consistent. When our aim is to decide (by
debate, negotiation, or other means) which logic to apply, we need to accept a class
of models. In debates and negotiation, the aim to is to accept a set of rules as the
ones to apply. In one’s own content, one might hedge one’s acceptance of a particular
logic with less certain beliefs in other principles, perhaps in some cases with weak
rejections of related principles, and so on. But if the aim is to find one logic to accept,
these nuanced attitudes are to be avoided.

It is a necessary condition of the acceptance of a proposition by a participant in a
conversation that her degree of belief in that proposition be above the threshold that
she has set for belief. It cannot be a sufficient condition because of conflicts with
others in the conversation and because of the rejection of the sorts of nuances that I
have discussed above.

In thinking about debates concerning logic, I adopt some of the connections between
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probabilist reasoning and argumentation theory developed by researchers working in
Bayesian argumentation theory (Betz, 2012, 2013; Zenker, 2013), and combine these
with scorekeeping pragmatics. Probability theory can be used to analyse the strength
of evidence and arguments used in debates and to give norms for when participants
in the debate and members of the audience should accept or reject claims made in
the debate. At a particular time in a debate, the logic that is acceptable is given by
the region of the background model constructed from largest class of models that all
contain all the propositions that are accepted at that time by the participants of the
debate and fail to contain any of the propositions that are rejected at that time.

5.1 Circular justification

The key to understanding debate on this theory is that evidence is understood as sup-
porting a contrast between logical systems. This is particularly useful because evi-
dence for logical systems is often seen as circular. Paul Boghossian has us consider
a logical system with modus ponens as its only primitive rule. Then any rule of in-
ference that we use in its justification must either be modus ponens or derived from
modus ponens (Boghossian, 2001, p. 10).

Boghossian thinks of the epistemic justification of logical rules in terms of deduc-
tive arguments. Probabilists, on the other hand, generally treat epistemic justification
inductively or contrastively. Here is a Bayesian analysis of allegedly circular justifi-
cation by Tomoji Shogenji:

Here is a general procedure for avoiding epistemic circularity. Suppose
the suspicion of epistemic circularity arises because the evidence that we
hope to use for confirming the hypothesis is useful only if the truth of
the hypothesis is assumed. To avoid epistemic circularity, assume the
hypothesis only in the sense of envisioning its truth. ... Assume next the
negation of the hypothesis – again in the sense of envisioning its truth.
Then proceed to compare the degree of coherence between the evidence
and the hypothesis and the degree of coherence between the evidence and
the negation of the hypothesis, using the background assumptions when
necessary. (Shogenji, 2013, p. 180)

Shogenji’s analysis is available for justification of basic logical principles and rules,
such as modus ponens, in the present framework. The only principles and rules that
are excluded are those of lattice logic. The idea is that, given the position that the
participants occupy in a debate, they take a principle and contrast the probabilities we
give to the union of the class of models that accept the principle or rule with the union
of the class of models that do not accept it.
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Tonk

Let us consider Paul Boghossian’s example of a circular justification of a logic that
contains Prior’s tonk rules. Boghossian shows that if we allow circular justification,
then anyone who accepts the tonk rules can justify these very same rules (Boghossian,
2001). The probabilist solution to this problem is to look at the models for the tonk
logic. The tonk logic only has models that are trivial in the sense that every world is
in every proposition. Trivial models are excluded by the definition of ‘model’ that I
am using. Every model, on this definition, contains at least one world. In addition the
empty set is a proposition in every model. Hence in no model is there is a world is
in every proposition. There are good reasons from the theory of probability for these
structural constraints on models. If we have an empty model, then the probability of
the set of worlds will be the same as the probability of the empty set, but the former
is one and the latter zero. Thus, the background model cannot be a model for the
tonk logic, nor can any submodel of the background model be a model for the tonk
logic.

6 Negotiating logic

In actuality, the problem of alternative logics has been confined to conversations
amongst philosophers, computer scientists, and mathematicians. But what if it broke
out of these disciplines and became more widely discussed? In particular, what if in
wider society there were a debate about what sorts of rules of inference we could use
in political discussions and other social activities? C.I. Lewis posed this problem in
1921:

Now whoever enters a discussion, pragmatically assumes that the logi-
cal sense of those engaged is the same with his. The pursuit of common
enterprises, regarded as rational, rests at the bottom upon a similar as-
sumption. But in making this assumption – as we are frequently aware –
we take a certain risk. In the interest of our rational enterprise we must
take this risk. ... The ideal of a universal logical sense is one strongly
demanded by its importance to all social enterprises, and is more closely
approximated in fact than most of our ideals. But sticking to the facts,
in the spirit of the facts, we are obliged to admit that it does not com-
pletely exist and probably never will. It is easy to define “rationality” in
one’s own terms. But that can only lead to the familiar conclusion, “All
the world is strange save thee and me – and thee’s a little strange.” With
respect to our ideals, we all of us stand in the egocentric predicament; we
can only assert our own and hope for agreement. (C. Lewis, 1921, p. 379)

Lewis thinks that there is in fact widespread agreement about which rules of reasoning
should be used. I’m not sure that he is right about this, but even if there is agreement
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it is an important question to ask whether we could find rational support for the sort
of agreement we have.

Different social enterprises may require different methods of reaching agreement.
Consider, for example, engineers who wish to build a large and potentially dangerous
structure, who are in disagreement about the logic should underly the mathematics
that they use. Some wish to use calculus based on classical logic, others will accept
only intuitionist mathematics. In such cases what is appropriate is to determine what
the relative risks involved are in making one choice over the other. If the people in-
volved are rational in the sense of the present paper, then they will be able to construct
subjective assessments of the risks involved and then a discussion can begin between
them in a rational manner.

With regard to political discussions, the values that need to be satisfied include polit-
ical ideals such as fairness. In order to understand how to implement the theory in
dealing with disagreement about the logical structure of political discourse, we would
have to become clear about what is at stake for individuals with regard to different
choices of logic. If we can determine what the gains and costs are of allowing certain
rules of inference, we can then deal with the participants as Bayesian agents nego-
tiating to gain advantage. Although there has been some work on the oppression of
women and logic (Plumwood, 1993), there has been overall very little work on this,
but it is an interesting avenue of research.

7 Problems concerning logical omnicience

Surely one sort of logical evidence concerns what can be proven given a particular
logic. People do often compare logics in terms of their theorems and in terms of how
much mathematics we can do using them. This sort of evidence is easily dealt with
on the present theory. We compare two (or more) classes of models with one another,
and set our preference for one or the other in terms of the probabilities we assign to
the models.

A problem arises, however, when one discovers, against her prior beliefs, that a con-
tested formula is or is not a theorem of a given logic. For example, suppose that we
wish to model an agent who is trying to decide between two logics, L1 and L2. She
would like it if A were a theorem of the logic chosen, but does not know whether it is.
In fact, A is a theorem of L1 but not of L2. So, in a background model representing her
space of alternative logics, [[A]]th = [[tL1 ]]. So, P([[A]]th) = P([[tL1 ]]). But,

P([[tL1 ]]/[A]]th) =
P([[tL]]\ [[A]]th)

P([[A]]th)
.

Therefore,

P([[tL1 ]]/[A]]th) =
P([[tL1 ]])

P([[A]]th)
= 1.
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So, representing the fact that the agent doesn’t know that A is a theorem of L1 and not
of L2 seems impossible on the present theory as does treating the discovery that A is a
theorem of L1 but not of L2 in a non-trivial manner. This problem is a variant of the
familiar problem of logical omniscience that is faced by most epistemic and doxastic
logics.

In order to deal with this difficulty, I complicate the structure somewhat. I add a finite
set of agent states AS each of which can be thought to be considering a background
model with two logics, but logics that are perhaps slightly different from L1 and L1.
In some of these background models, the logic labelled ‘L1’ has A as a theorem and
in some it does not and in some the logic called ‘L2’ has A as a theorem and in some
it does not. This range of states represents the ambiguity produced by an agent’s
thinking about a logic but attributing to it the wrong theorems or failing to attribute to
it the right theorems.

I also add to each agent state a set of formulas that in that state the agent attributes as
theorems to L1 and a set of formulas that the agent in that state thinks are theorems
of L2 (the same can done with rules, of course). In addition, I assume a function
PAS : AS �! [0,1] such that Âa12AS a1 = 1. The PAS function represents the weighting
of the various states in terms of their approximation to the actual cognitive state of the
agent who is being modelled. I write [[A]]i to refer to the proposition expressed by A
in the background model assigned to ai. Now we can represent the probability P⇤ of a
formula as a statistical average of probabilities over the states in AS:

P⇤(A) = Â
ai2AS(a)

(PAS(ai)⇥Pai([[A]]i))

We can represent the probability of A’s being a theorem – P⇤(` A) – as an average of
Pai([[A]]thi )s, and similarly with regard to rules.

I am, of course, not presenting this solution as a general solution to the problem of
logical omniscience in the different ways it appears in a probabilist context. Rather, I
think as do others working in probabilist theories, that various modelling tasks require
different tweaks to the basic model. This is a central feature of the way in which
scientific modelling operates in practice.

8 Half-baked remarks: The apriority of logic

Anti-exceptionalism about logic is the doctrine that logics are to be thought of as
being on a par with scientific theories. On this view, logic is up for revision and
logical knowledge (or logical beliefs) are not a priori (Hjortland, forthcoming). What
I say in this paper is compatible with some form of anti-exceptionalism – it presents
a formal theory that can be taken to be an anti-exceptionalist methodology. The view
of this paper, however, is not committed to an anti-apriorism in the epistemology of
logic, nor of course is it committed to apriorism.
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C.I. Lewis held that all choice between logical systems is pragmatic (C. Lewis, 1932).
That is, we must appeal to theoretical virtues such as simplicity, intuitiveness, and
strength to justify the acceptance of one logical system over another. This sort of
justification is a priori in the sense that it does not appeal to empirical data about the
things that logic is about (i.e. everything) but it is also defeasible. We may come
across new evidence that another logical system, perhaps that we have not considered,
better exemplifies these virtues. In general, a priori justification need not be conclu-
sive.

What is perhaps more interesting is the problem of defining the notion of apriority in
the current theory. In (Mares, 2011) I claim that one cannot define the notion of a priori
outside a more general epistemological framework. A notion of absolute apriority can
be defined easily in any probabilisitic theory. The proposition that is just the total set
of worlds is absolutely a priori in an agent’s belief state and a sentence that expresses
the complete set of worlds in every belief state is absolutely a priori is a very strong
sense.

There is, however, room in the theory for weaker senses of ‘a priori’. For example, I
can adopt a notion of relative apriority. A formula A is a priori relative to a logic L if
and only if NL ✓ [[A]]. On this definition, all theorems of L are a priori relative to L. If
we strenghten this notion to say that [[A]] needs to be a superset of the theorems of L
on all models, then only theorems of L would be a priori relative to L, but the weaker
version is more interesting. It is an agent-relative notion of relative apriority.

Clearly, other definitions of ‘a priori’ are possible in this framework, but I will leave
this topic until after I have the opportunity to give it further thought.

9 Concluding remarks

In this paper I have set out a formal epistemology for logic choice. The theory in this
paper locates the choice between alternative logics within a widely accepted and well-
understood epistemological framework – probabilism. This seems right. Reasoning
about logic and debates concerning logic seem unremarkable in the sense that they
are commonplace and seem to be extensions of our standard belief-forming practices.
Whether probabilism or some other form of belief revision is correct is not the real
issue here. Rather, the fact that very little logic needs to be presupposed in order to
construct a theory of belief revision that can treat logic choice. This bodes well for
the creation of theories that will represent as rational reasoning about other apparently
fundamental beliefs and values.
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6 An introduction to logical nihilism

GILLIAN RUSSELL *

Abstract. The spectre of logical nihilism—the view that there is no logic—has arisen
recently in the literature on logical pluralism. Pluralists say that there is more than one
correct logic, monists that there is only one. But could there be none at all? This paper
presents an argument for the view that there is no logic, offering counterexamples even
to apparently secure principles like conjunction elimination and identity. It develops a
nihilist first order model theory, and which then reveals one problem with the argument
for logical nihilism—though not, it is argued, one which should comfort the anti-
nihilist

Keywords: logical pluralism, nihilism, generality in logic, model theory, context-
sensitivity, counterexamples, logical consequence, conjunction elimination, identity.

Logical nihilism is the view that there is no logic. It’s the limit on a spectrum which
contains logical monism—the traditional view that there is exactly one logic—and
logical pluralism—the view that there is more than one, popularised by (Beall & Re-
stall, 2006) as well as (Varzi, 2002), (Field, 2009), and (Shapiro, 2014).1 There are

*University of North Carolina, Chapel Hill
1As pluralists usually note, there are many ways to understand “logic” and on some senses it is quite

trivial that there are many logics. The dispute gets interesting when we reserve “logic” for specifications of
the entailment relation on a language and count specifications which agree on the extension of that relation
as agreeing on the logic. The pluralist is then committed to the existence of many entailment relations, and
(my kind of) nihilist to that relation having no relata. There is not much recent mainstream literature on
nihilism, but Aaron Cotnoir has kindly showed me a draft of his unpublished paper on this topic. Mortensen,
1989 argues for two relatives of logical nihilism, one based on the idea that nothing is necessary, the other
on the idea that nothing is true in all mathematical models. Mortensen, on my reading, is a nihilist about
logical truth, though I am unsure whether he would generalise this to logical consequence. Nihilism is
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a few ways to make the idea more precise, but on my favoured interpretation, logical
nihilism says that there are no laws of logic, i.e. no pairs of premise-sets and conclu-
sions such that the premises logically entail the conclusion, or equivalently, that the
extension of the logical entailment relation is the empty set. The nihilist says that no
mater what G and ' are,

G 2 '.

This might seem extreme. Many non-classical logicians reject particular laws of logic,
such as the law of excluded middle or explosion, but they are usually at pains to hang
on to the laws that remain; overly weak logics threaten to be neither interesting nor
useful. The nihilist gives up on all of these laws, including modus ponens and the
principle of non-contradiction (✏ ¬('^¬') as well as less controversial principles,
such as conjunction elimination ('^ ✏ ') and identity (' ✏ ').

In this short paper I am going to argue that the view is much more reasonable than
it might at first seem, present one argument for nihilism—including counterexam-
ples to supposedly “safe” laws like conjunction elimination and identity—and show
how to give a nihilist first-order model theory. This will reveal one limitation of the
argument for nihilism, but it is not one, I will argue, which should comfort the anti-
nihilist.

1 Nihilism, generality and self-defeat

Philosophers sometimes object to nihilism on the grounds that it is that it is self-
defeating. The idea is that any argument for nihilism must use logic, and so if the
conclusion is true, the argument for it must have used something to which it was not
entitled; the truth of the conclusion would undermine the argument’s force.

In response I wish to point out that even if there are no logical laws, it can still be the
case that particular instances of familiar forms are unproblematic. For example, this
instance of modus ponens

Snow is white ! grass is green.
Snow is white.
Grass is green

might be perfectly acceptable to the nihilist—in the sense that the truth of the premises
guarantees that of the conclusion—even if she believes that modus ponens is not a
law of logic, thanks to some recherché counterexamples involving the truth predicate.

also touched on in (Bueno & Shalkowski, 2009) and discussed in terms of models in a recent paper by
Estrada-González, 2012.
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To claim that modus ponens is logically valid is to make a claim of great general-
ity, whereas to claim that the argument above preserves truth is merely to claim that
some instance of modus ponens is good. The nihilist can accept many instances of
modus ponens, so long as they also think that there are some instances which are
mistaken.

An analogy with intuitionism or dialetheism can be useful here: intuitionists deny that
the law of excluded middle is a law of logic, but even they can reasonably appeal
to it when not concerned with statements about infinite collections. (Iemhoff, R.,
2013) And dialetheists reject explosion (',¬' ✏  ) as a law of logic—they might cite
counterexamples that substitute Liar sentences for '—and yet they may still think
that it is ok to use explosion when we are doing simple number theory, or working out
what to have for dinner. In a similar spirit, a nihilist can allow that all the moves in
an argument are just fine—they never take one from truth to falsehood—even while
they deny that they are instances of completely general, counterexample-free laws of
logic. In fact, the generality of logic can make nihilism more appealing. Who is to say
that further research might not give us good reason to think that there are sentences
which, when substituted for ' and  in some erstwhile law, give us true premises but
a non-true conclusion?2

2 An argument for logical nihilism

It is one thing to show that a view is not self-defeating, and another to give a positive
argument for it. Our argument for nihilism begins by noting that if we artificially limit
the substitution class of sentences, the result can be an artificially strong logic—one
which weakens as soon as we lift the restrictions. For example, suppose we were
only allowed to substitute true sentences for ' and  in the fallacious argument form
'!  , ✏ ' (affirming the consequent). Whatever we substituted for the conclusion
' would be true and the fallacious principle would appear valid.

To get a more accurate picture we need to lift any artificial restrictions on what we sub-
stitute for sentence variables. In this case, we need to be able to substitute sentences
which have the truth-value false, and this will allow us to substitute a true sentence for
 and a false one for ', obtaining a counterexample.

But have we have lifted the restrictions far enough? Consideration of sentences con-
taining empty names, or predicates with indeterminate extension, or even future con-

2One might be tempted to say that it is the fact that we have proved, say, the law of excluded middle that
rules out the possibility of later counterexamples, no matter how general the theorem is. But the usual model
theoretic proofs of, say, the law of excluded middle are not held to be proofs by intuitionists; (moreover
a certain kind of intuitionist thinks there are Kripke-style models which are counterexamples to the law
of excluded middle—these are simply not considered to be counterexamples by the classical logicians.)
Anyway, proofs of logical laws do not generally have the status required to settle the matter.
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tingents, leads some philosophers to think that some sentences are neither true nor
false, and so perhaps we should allow substitution of sentences which are neither. We
might adjust our logic by adopting the strong Kleene valuations for the connectives
and now it seems clear that if we substitute a neither sentence for ' in '_¬' we get
an instance of the law of excluded middle which is not true—and hence that principle
is not a logical truth after all.3 Indeed, this approach has the same consequences for
all laws in which there is nothing to the left of the turnstile including ✏ '! ' and
✏ ¬('^¬').

We still have the laws with something on the left, including modus ponens and disjunc-
tive syllogism. But the dialetheist thinks that we only have some of these because we
are still artificially restricting our substitution class. She thinks that once the language
gets rich enough—say, admitting of truth and other semantic predicates—it becomes
possible for sentences to be both true and false. (Priest, 1987/2006) Allowing such
substitutions gives us counterexamples to both disjunctive syllogism and modus po-
nens.4

Combining the Strong Kleene and LP valuations of the connectives, the result of al-
lowing sentences to be both and neither is the logic of First Degree Entailment (FDE).
FDE is closer to logical nihilism than either LP or K3, but it is not nihilism yet. Among
the laws FDE retains are:

'^ ✏  (^E)
', ✏ '^ (^I)
' ✏ '_ (_I)
' ✏ ' (ID)

Can the substitution class can be widened yet further to allow counterexamples to even
these? I plan to show that it can and I will focus my attention on (^E) and (ID), on the
grounds that these are sometimes take to be the safest and most secure laws of logic.
The thought will be that if we can given counterexamples to even these principles,
then we can give counterexamples to any logical laws.5

3I assume throughout this paper that the designated values are the ones that include truth e.g. true and
both.

4For both (DS) and (MP) we can let ' be both and  be false. Then all the premises come out true
(though some may be false as well) and the conclusions are false.

5Conjunction elimination is so sacrosanct—or perhaps just so uninteresting—that even the most radical
of logicians sometimes see it as secure: “I think it just false that all principles of inference fail in some
situation. For example, any situation in which a conjunction holds, the conjuncts hold, simply in virtue
of the meaning of ^." Priest, 2006, p. 202–3 Perhaps that it because it is analytic, or true in virtue of
the meaning of ‘and’. But claims of analyticity in the formal sciences have a bad track record. We’re
often less confident of our claims about meaning (and so claims about truth in virtue of meaning) claims
than we are of the basic principles of logic. “Attempts are made to fence off purely logical claims as in
some sense analytic, in a sense that would make them uncontroversial, whereas metaphysical claims are
correspondingly synthetic, and inherently liable to controversy. The history of logic tells against any such
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(^E) is sometimes taken to be definitional of ^. (Carnap, R., 1937, p. xv) (Gentzen,
G., 1964) And even if it isn’t, one might think that the reoccurrence of ' on the left
and the right of the turnstile, along with the standard truth-conditions for conjunction,
are sufficient for the correctness of (^E). If '^ is true, then the truth-conditions for
^ say that ' is true, giving us the truth of the right-hand side.

There are two ways a nihilist might try to resist here. The first is to dispute the defi-
nition and/or truth-clause for ^. There are logics where conjunction is given an alter-
native (non-equivalent) definition, and one might even think that one of these gives a
better account of the truth-conditions of the English word ‘and’. (Restall, 2002) Two
problems with with this response are, first, that it is vulnerable to the charge of ‘chang-
ing the subject’; the question was about (^E), not a different rule written with similar
looking symbols. (Quine, 1986) The second problem is that that the new logic will
have laws for ^ too—just different ones—and so this strategy would remove obstacles
to nihilism only to set up new ones.

A more promising approach is to allow the substitution of some odd kinds of ex-
pression, for example, to get a counterexample to conjunction elimination we might
consider sentences whose truth-value depended upon whether or not they were in
the scope of a conjunction. Imagine, for instance, that we had a predicate ‘con-
white’ which took the same extension as ‘white’ while embedded in a conjunction,
but the null-set when not so embedded. Then the following argument would have true
premises and a false conclusion:

Snow is con-white ^ grass is green.
Snow is con-white.

Using a similar strategy to get a counterexample to (ID), we might consider sentences
whose truth-value depends upon whether they function as a premise or as a conclusion
in an argument. Suppose we had a predicate prem-white, whose extension matches the
extension of white when the sentence appears in the premises to an argument, but is
the null set otherwise. Then the following argument would have a true premise but a
false conclusion:

Snow is prem-white.
Snow is prem-white.

We are quite used to considering context and how it effects the truth-value of sentences
and their logic, though usually the aspects of context we are interested in are agent-
identity and the time or place of the speech act—things which do not change across

contrast. All major logical principles have been rejected on metaphysical grounds."Williamson, 2013, p.
146
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the argument. (Kaplan, 1989) The proposal now is simply to look at expressions
whose extension varies with sentential context, which may.6 In the next section we
will look at a way to introduce predicates like this into the model theory for a standard
first-order logic.

3 Nihilist model theory

We will introduce the new models by making adjustments to the interpretation func-
tion of a classical, first-order Tarski model. We begin with a simple first-order lan-
guage, whose non-logical expressions are individual constants (a,b,c, ...etc.) and
predicates of arity n > 0 (P,Q,R,...etc). The logical expressions are the truth-functors
¬,^,_ and !, and the quantifier 8. We will also need individual variables, x,y,z,
etc. Models are pairs of a domain and an interpretation function, hD, Ii, with D a non-
empty set and I a function which assigns extensions to all the non-logical expressions
(elements of the domain to individual constants and elements of Dn to non-logical
predicates of arity n > 0.)

In classical models the truth-values of atoms are determined independently of their
position in any larger sentence. That is the natural result of the fact that interpretation
functions in classical models do not take sentence position, or anything that varies with
it, as an argument. We can change that. But first, some terminology: let a predicate’s
atom be the shortest formula of which it is a part. An atom is in the direct scope
of a truth-functor iff the smallest proper super-formula containing the atom has that
functor as its main connective.7 For example, in the formula Pa^Qb, P’s atom is Pa,
which is in the direct scope of the conjunction. In the formula Pa, P’s atom is Pa and
it is not in the direct scope of any truth-functor, and in ¬(Pa ! (Qb^Rc)), P’s atom
is Pa and this is in the direct scope of the conditional, but not in the direct scope of ¬
or ^.

For our first counterexample we need only three sentence position values: L, R, and S.
L is the position of a predicate whose atom is in the direct scope of some binary truth-
functor and whose atom appears to the left of that truth-functor. R is the position of
a predicate whose atom is in the direct scope of some binary truth-functor and whose
atom appears to the right of that truth-functor. And S is for a predicate whose atom is
not in the direct scope of any binary truth-functor.8 Now let I(↵,X) (the interpretation

6The idea of such sensitivity to sentential context can already be found in (Frege, 1985/1892); Frege
thinks that the extension of a sentence varies depending on whether or not it is embedded in a propositional
attitude ascription.

7The smallest superformula containing the atom is the atom itself, but that is not a proper superformula.
8For the purposes of these definitions we assume that our truth-functors are  2-place, and that binary

functors are written between their arguments. We would probably want numerical position-values if we
were dealing with languages which contained > 2-place truth-functors.
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function of the model) be a function which takes a non-logical expression, ↵, and a
sentence position, X , and yields an appropriate extension.

Now I could be a constant function of sentence position for some predicates. For
example, where the domain is the natural numbers, this is a possible interpretation for
a predicate P:

I(P,L) = {0,1,2}
I(P,R) = {0,1,2}
I(P,S) = {0,1,2}

Here the position of P’s sentence atom makes no difference to P’s extension. But
we can also have new kinds of predicates, such as LeftP, RightP, and SoloP, whose
extension varies with sentence position:

I(Le f tP,L) = {0,1,2} I(RightP,L) = Ø I(SoloP,L) = Ø
I(Le f tP,R) = Ø I(RightP,R) = {0,1,2} I(SoloP,R) = Ø
I(Le f tP,S) = Ø I(RightP,S) = Ø I(SoloP,S) = {0,1,2}

We extend I to a valuation function V with the following definition:

1. V (Pt1, ...tn) = 1 iff I(h[t1], ....[tn]i) 2 I(P,X), where P is an n-place predicate
and t1, ..., tn are terms.9

2. V (¬') = 1 iff V (') = 0

3. V ('^ ) = 1 iff V (') = 1 and V ( ) = 1

4. V ('!  ) = 1 iff V (') = 0 or V ( ) = 1

5. V ('_ ) = 1 iff V (') = 1 or V ( ) = 1 or both

6. V (8⇠') = 1 iff for all u 2 D, Vgu
⇠
(') = 110

With the exception of clause 1. which mentions the new style of interpretation func-
tion, these are the familiar classical truth clauses; no mention is made of the sentence
position variable. But since the extension of a predicate, and hence the truth-value
of an atomic sentence, can depend on sentence position, the truth-value of a complex
sentence can still be affected by sentence position. It’s conceivable, for example, that
Fa^Gb could be true, while Gb^Fa is false.11

9Atomic formulas do not officially have parentheses, but I will sometimes add them for readability.
10g is a variable assignment and gu

⇠ one just like g except that the element u2D is assigned to the variable
⇠. I will say more about variable assignments in the next section, but the details can be ignored until then.

11This would give us a counterexample to the commutativity of conjunction: Le f t(a) ^ Right(b) 2
Right(b)^ Le f t(a). It would model the invalidity of ‘This atom is on the left and this atom is on the
right. Therefore: This atom is on the right and this atom is on the left’.
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For the purposes of illustration, let’s assign an interpretation to the individual constants
a, b and c: suppose that whether X=R, L or S, I(a,X) = 0, I(b,X) = 1, and I(a,X) =
2.

Now consider V (Pa^RightP(a)). V (Pa) = 1 since [a] = I(a,L) = 0 and 02 I(P,L), so
the left-hand side of the conjunction is true. On our specified interpretation I(RightP,R) =
{0,1,2} and I(a,R) = 0. Since 0 2 I(Right,R), the right-hand side of the conjunction
is true as well. Applying the truth-clause for ^ we see that the entire conjunction is
true, i.e. V (Pa^RightP(a)) = 1

Next consider V (RightP(a)). On our specified interpretation I(RightP,S) = Ø, and
I(a,S) = 0. We note that 0 /2 Ø and use the truth-clause for atomic sentences to con-
clude that RightP(a) is false, i.e. V (RightP(a)) = 0. The interpretation I, and more
generally the model of which it is a part, is a counterexample to (^E). So (^E) fails
in at least one case, and hence is not a logical law.

The very same interpretation also provides counterexamples to (^I) and the commu-
tativity of conjunction, but in order to give a counterexample to (ID) we need to adapt
our interpretations slightly, and allow not just position in a supersentence to determine
truth-value, but also position in the argument. Suppose, for example, that we used the
sentence positions P and C (for ‘premises’ and ‘conclusion’) as position arguments
for I, and that our langauge contained predicates PremP and ConcP, whose exten-
sions would vary with that position in the argument. This would allow us to define
an interpretation, and a fortiori a model, on which PremP(a) ✏ PremP(a) had a true
premise but false conclusion, and give us a counterexample to (ID).

4 Sentences containing only logical expressions

The above models provide counterexamples to familiar logical principles by expand-
ing the available interpretations for the non-logical expressions in a language. If our
language is the simple one specified above, every sentence in it contains non-logical
predicates and so is amenable to truth-value change by this method. Still, there are
extensions of the language which contain sentences that lack a non-logical predicate
or constant. Suppose, first, that we add a logical identity predicate, =. We make
no change to the structure of the models, but extend the valuation function as fol-
lows:

V (t1 = t2) = 1 iff [t1] = [t2]

The new symbol permits us to form the sentence 8x(x = x). This, one might think, will
be a logical truth as usual. It doesn’t contain any non-logical constants and so messing
with the interpretation function will not affect its truth-value. Moreover, second, we
might add the 0-place truth-functor >, and the valuation clause:
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V (>) = 1

> is a sentence all on its own, and the valuation function ensures that it is true in all
models, and so a logical truth. Perhaps there are logical truths after all, if our language
is rich enough? Moreover, T allows us to say more: there are valid arguments with
premises on the left of the turnstile;

>^> ✏>

My responses to these two objections to strict nihilism will be different. To the first,
I follow (Williamson, 2013) in holding that our variable assignments should assign
the same kinds of objects to individual variables (and predicate-variables, if we are
working in a second order logic) as our interpretation function assigns to individual
constants (predicates). For this reason, when we add quantifiers and the corresponding
variable assignments used in their interpretation, variable assignments too should take
position in the sentence as an argument, in addition to the variable itself. Of course this
makes space for the variable on the left of the identity sign to be assigned a different
element from the variable on the right, and hence for the assignment to make x = x
false. 8x(x = x) would then fail too.

But this response does not cover > or >^> ✏>. Here I think the objector is correct:
this method of generating counterexamples to the usual logical principles does not
cover >, and so the argument has not taken us all the way to nihilism. I hold, however,
that this is little comfort. The reason nihilism is troubling, if it is, is that it threatens the
usefulness of logic. Nihilists will not be using their logic to do exciting metatheory,
specify deductive theories, develop ambitious logicist projects, or provide a systematic
approach to modal metaphysics. But if this is the problem with nihilism then it is
similarly a problem for a related view that I will call logical minimalism: logical
minimalism is the view that there are hardly any laws of logic. The view that the only
laws of logic are constructed from truth-functional logical connectives alone (with no
variables or non-logical expressions at all) is certainly such a view. Though it is not
total nihilism, it might as well be.
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7 Intensional logic before Leibniz

PAUL THOM *

Abstract. Following on work by Klaus Glashoff, Leibniz’s intensional reading of
categorical propositions is interpreted within a formal framework in which intensions
are related by inseparability and incompatibility, and some intensions are designated
as quiddities. This same framework is used to demonstrate some of the main claims
made in the modal logics of Avicenna and Robert Kilwardby. Those two logics are
differentiated from each other by the different truth-conditions they assign to modal
propositions, and by the different assumptions they make about quiddities. It is shown
that on Leibniz’s intensional reading, categorical propositions are equivalent to one of
the main types of modal proposition distinguished by the medievals.

Keywords: Intensional logic, Leibniz, Avicenna, Kilwardby, syllogistic.

1 Introduction

Leibniz knew that a predicate’s intension can be specified through the predicate’s ‘su-
perconcepts’, i.e. through the concepts that are inseparable from it as ‘animal’ is
inseparable from ‘man’.

Leibniz takes as his model of universal affirmative propositions a statement predicat-
ing a genus of its species. The genus is one factor in the definition of the species, the
differentia being the other factor:

*The University of Sydney
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Thus as the notion of the genus is the part, the notion of the species is the
whole, for it is composed from the genus and the differentia. (Glashoff,
2002, p.163. My translation.)

He thought that such propositions should be given an intensional reading:

The common manner of statement concerns individuals, whereas Aris-
totle’s refers rather to ideas or universals. For when I say Every man is
an animal I mean that all the men are included amongst all the animals;
but at the same time I mean that the idea of animal is included in the
idea of man. ‘Animal’ comprises more individuals than ‘man’ does, but
‘man’ comprises more ideas or more attributes: one has more instances,
the other more degrees of reality; one has the greater extension, the other
the greater intension. (Leibniz, 1875–1890, p.495. Lenzen translation.)

According to this reading the truth of a categorical proposition depends on a relation-
ship between the intension of the subject and that of the predicate. Klaus Glashoff
illustrates this relationship by reference to the a-proposition, which Leibniz analyses
as stating that everything ‘positively contained’ in the predicate is positively contained
in the subject, and everything ‘negatively contained’ in the predicate is negatively con-
tained in the subject. (Glashoff, 2010, p.267.)

Leibniz worked out a mathematical representation of these relationships. As Glashoff
puts it:

Leibniz’s basic idea was to assign to each ‘simple’ concept a prime num-
ber and to each ‘composed’ concept the product of prime numbers. This
idea leads directly to his definition of the U.A.-propositio – namely, that
Axy is true just in case y divides x. (Glashoff, 2002, p.172.)

The truth-condition of the particular negative is the negation of that for the universal
affirmative. But Leibniz had difficulties in formulating the truth-conditions for the
universal negative and particular affirmative propositions. He first tried supposing that
the particular affirmative Some A is B is true iff either All A is B or All B is A is true. In
his arithmetical representation, what this comes to is that the number associated with
A divides the number associated with B or vice versa. (Glashoff, 2002, p.173.) But he
rejected this thought on the ground that a species might fall under two different genera
neither of which was subalternate to the other.

Glashoff documents Leibniz’s attempts to surmount this difficulty. In his final account
of the truth-conditions for propositions with subject x and predicate y, Leibniz associ-
ated with each term an ordered pair of characteristic numbers, one marked as positive,
the other negative. For example, +s�� might be associated with x, and +p�⇡ with
y. As Glashoff explains it, the idea is that s is the product of prime numbers of el-
ementary properties contained in x, that is, of all elementary properties y such that
All x is y holds true. On the other hand, � is the product of all primes belonging to
those elementary properties z such that No x is z holds. Similarly for p and ⇡. s and
� are stipulated to be ‘apt’, i.e. they cannot have a common divisor; they must be rel-
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atively prime. Similarly for p and ⇡. Glashoff points out that these pairs correspond
to the rational numbers. (Glashoff, 2002, p.177.) Using apt pairs of numbers, Leibniz
gives the following truth-conditions for universal affirmative and particular affirmative
propositions:

Universal Affirmative. a((s,�),(p,⇡)) if and only if: p divides s and ⇡
divides �.
Particular Affirmative. i((s,�),(p,⇡)) if and only if: s and ⇡ as well as �
and p are relatively prime. (Glashoff, 2002, p.178.)

The i-proposition means that nothing positively contained in one term is negatively
contained in the other (Glashoff, 2010, p.267.) Glashoff explains the conditions under
which the truth-condition for the i-proposition follows from that for the a-proposition
(Glashoff, 2002, p.183.)

My interest in this paper is not with the mathematics but with the underlying philo-
sophical analysis in Leibniz’s theory: his appeal to ‘ideas’ or ‘concepts’ as the inten-
sions of predicates, his quantification over them (as in his phrase ‘everything positively
contained in the predicate’), and his claim that relations between these ‘ideas’ provide
the truth-conditions for categorical predications read intensionally (e.g. the claim that
the universal affirmative is true iff everything positively contained in the predicate is
positively contained in the subject and everything negatively contained in the predicate
is negatively contained in the subject).

2 A formal framework for a logic of intensions

With this is mind we need to devise a formal framework in which individual intensions
can be named and quantified over. The framework needs to contain predicate constants
which when attached to names of intensions are capable of producing truths. These
predicate constants need to include some which will be useful for generating formal
representations of (at least some) categorial propositions.

As a formal framework I shall suppose an extension of a predicate logic with identity,
containing predicates A,B,C, .... We augment this logic’s object language in three
ways. First, we add names corresponding to the predicates—↵ corresponding to A,
� to B,� to C, ...; these names are intended to name the intensions of their associ-
ated predicates; thus, ↵ names the intension of the predicate A, and so on. Second,
we add a one-place predicate Q which, when supplemented by the name of an in-
tension, forms a proposition. The intended reading of Q is ’_ is a quiddity’. In the
Aristotelian philosophical tradition a quiddity is whatever is an appropriate answer to
the philosophical question ‘What is it? (quid est). Third, we add two-place predi-
cates (, +, from which propositions are formed by the addition of an ordered pair of
names of intensions. The predicates are intended to express relations of inseparability
and incompatibility between intensions. These two-place predicates are subject to the
following postulates:
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P1. ( 
P2. (( �^�( µ) � ( µ
P3.  + �� � + 
P4. ( + �^�( µ) �  + µ.
P5. ( �� ¬ + �

P5 effectively restricts consideration to intensions that are self-consistent. The other
postulates reflect an intuitive understanding of inseparability and incompatibility among
intensions.

Quiddities may be thought to be related in ways that are more restricted than the
relations that govern intensions in general. For example, P6 may be thought to hold
for quiddities, though it is not true in general that all pairs of intensions have to be
related by either inseparability or incompatibility.

P6. (Q^Q�) � ( + �_( �_�( ).

Even more specific than the notion of a quiddity is the notion of a nature:

D1. N=de f Q^8�[ (Q�^( �) � �( ]

A nature is a most specific quiddity.

Using D1 and P6, we can prove the theorem:

T1. (N^Q�) � ( + �_�( )

Proof. Suppose  is a nature and � a quiddity. Since by D1 natures are quiddities,
we can apply P6 and infer that  stands to � in a relation of either inseparability or
incompatibility. But since  is a nature, by D1 if ( � then �( . So either  and
� are incompatible or � is inseparable from .

In order to test the satisfiability of a set S of propositions in the object language,
we make the following additions to the usual requirements for a model. There is a
domain D of intensions, and a subdomain E (E ⇢ D) of quiddities. To each name of
an intension in S is assigned a member of D. To each of the predicates A,B,C, ... in
S is assigned a subset of D. To each name of an intension  such that the proposition
‘Q’ is in S, is assigned a member of E, these being the only members of E. To ( is
assigned a set r1, to + a set r2, where r1 and r2 are sets of ordered pairs of members of
D.

Let us now look at two medieval logicians who, in different ways, appealed to inten-
sional considerations in their treatment of modal logic. The individual analyses of
modalised categorical propositions proposed by our medieval authors will be given a
formal representation in our extended predicate logic. Both of the medieval logicians
I will discuss proposed a distinctive way of theorising modalised categorical proposi-
tions, i.e. propositions of the following eight forms:

La: Every _ is necessarily ...
Le: No _ is possibly ...
Li: Some _ is necessarily ...
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Lo: Some _ is not possibly ...
Ma: Every _ is possibly ...
Me: No _ is necessarily ...
Mi: Some _ is possibly ...
Mo: Some _ is not necessarily ....

3 Avicenna (d. 1037)

In his late work Pointers and Reminders the great Persian logician Avicenna presents
the following threefold division of predicates:

Predicates may be essential, implicate accidental, and separable acciden-
tal. Let us begin by defining (ta\rif ) the essential. [Some] predicates
are . . . constitutive of their subjects. . . . by "constitutive" . . . [I mean] the
predicate which the subject needs for the realisation of its quiddity, and
which is intrinsic to its quiddity, a part of it. This is like being a figure
for a triangle, or corporeality for man. . . . conceiving body as body [and]
. . . triangle as triangle. (Street, forthcoming; Dunya, 1971, p.151.)

Though he refers to predicates ‘body’ and ’triangle’ here, it is clear that Avicenna is
talking about these predicates in respect of their intensions. This is clear from his
phrases ‘body as body and ‘triangle as triangle’. His idea is that one intension may be
essential to another, or it may be an implicate of the other without being essential to
it, or it may be separable from it.

He elaborates on the latter two cases:

As for the non-constitutive implicate (and it is singled out by the term
‘implicate’ (lazim), even though the constitutive is also an implicate), it
is that which is associated with (yas

˙
h
˙

abu) the quiddity while not being a
part of it, like [the sum of the angles of] a triangle being equal to the sum
of two right angles. (Street, forthcoming; Dunya, 1971, p.158.)

By an implicate of a given intension Avicenna appears to mean an intension that is
inseparable from it; implicates of a given intension are contrasted with intensions that
are not inseparable from it. He also uses a notion of a quiddity. I shall take his talk
of what is intrinsic to a quiddity, or a part of the quiddity, to mean what is inseparable
from the quiddity.

Avicenna divides propositions expressing a necessary connection between predicate
and subject into three classes: those where the necessity is absolute, those where
the necessity is relative to the essence of the subject, and those that are relative to a
description under which the subject is presented:

Necessity may be absolute (‘ala l-it
˙
laq), as in God exists. Or it may

be connected (mu‘allaqa) to a condition (šart
˙
). The condition is either



142 Intensional logic before Leibniz

perpetual [relative] to the existence of the substance [of the subject] (d
¯

at),
as in Man is necessarily a rational body . . . or the duration (dawam) of the
subject’s being described with what is set down with it, as in All mobile
things are changing. (Street, forthcoming; Dunya, 1971, p.265.)

He gives an example of a substantial necessity-proposition:

For example, some bodies by necessity are moving, that is, as long as
the substance of those some [bodies] exists. (Street, forthcoming; Dunya,
1971, p.292.)

He has in mind the heavenly bodies, part of whose essence is to be in motion.

Plausibly, we can capture Avicenna’s idea of propositions expressing descriptional
necessities in our extended predicate calculus by adopting the following formal rep-
resentations for universal necessity- and possibility-propositions with subject A and
predicate B, ‘All A is necessarily B’ (for example, ‘Everything walking is necessarily
moving’), ‘No A is possibly B’, ‘All A is possibly B’, ‘No A is necessarily B’:

La: �( ↵
Le: � + ↵
Ma: 8[↵( � ¬� + ]
Me: 8[↵( � ¬�( ] .

L stands for necessity, M for possibility. ↵ stands for the intension of ‘A’, � for the
intension of ‘B’. Thus, the La-proposition is true iff the intension of the predicate
is inseparable from the intension of the subject; the Me-proposition is true iff the
intension of the predicate is separable from every intension from which the intension
of the subject is inseparable. And so on for the others.

Particular L- and M-propositions can be accounted for as the contradictories of uni-
versal propositions of the dual modality.

Given these formal representations of descriptional necessity- and possibility-propositions,
we can show that the Le-proposition is convertible, as is the Li-proposition, and we
can demonstrate the validity or invalidity of syllogistic inferences constructed from
descriptional propositions. I take as an example the syllogism Barbara LML
(‘Every A is possibly B, every B is necessarily C, so every A is necessarily C’), which
is invalid.

T2. (i) Le-conversion is valid, (ii) Li-conversion is valid, (iii) Barbara LML is in-
valid – where all propositions are descriptional

What is required to be proved is that
(i) � + ↵ is deducible from ↵ + �;
(ii) 9[�( ^↵( ] is deducible from 9[↵( ^�( ] ;
(iii) {8[↵( � ¬� + ] ,�( �,¬�( ↵} is satisfiable.

Proof. (i) P3.
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(ii) This is trivial, because what is required to be proved is that 9[�( ^↵( ] is
deducible from 9[↵( ^�( ] .

(iii) Let D= {d1,d2, d3}, E= ?. Let r1 be {hd1,d1i,hd2,d2i, hd2,d3i, hd3,d2i, hd3,d3i}.
Let r2= ?.

Figure 1. Counter-example to Barbara LML with all propositions descriptional

In Figure 1 unfilled circles represent intensions, arrows represent relations of insepa-
rability. Since the only intension from which d1 is inseparable is d1 itself, and d2 is
compatible with d1 (since r2= ?), d2 is compatible with every intension from which
d1 is inseparable, so 8[↵(  � ¬� + ] is satisfied. Since hd3,d2i 2 r1, � ( �
is satisfied. Since hd3,d1i /2 r1, ¬� ( ↵ is satisfied. All the postulates are satisfied:
there are no incompatibilities, so P3, P4 and P5 are trivially satisfied; every intension
is inseparable from itself; transitivity of inseparability is not violated; there are no
quiddities, so P6 is trivially satisfied. This model is illustrated in Figure 1.

The model postulates three intensions, none of which is a quiddity. Each intension
is inseparable from itself. The second and third are mutually inseparable. Every in-
tension is compatible with itself and with the others. We could let the first intension
be ‘walking’, the second and third ‘humming’. Since ‘humming’ is compatible with
every intension from which ‘walking’ is inseparable (viz. from ‘walking’ itself), ‘Ev-
erything walking is possibly humming’ is true. Since ‘humming’ is inseparable from
‘humming’, ‘Everything humming is necessarily humming’ is true. But ‘Everything
walking is necessarily humming’ is not true, since ‘humming’ is not inseparable from
‘walking’.

Now we come to Avicenna’s substantial predications. What does Avicenna mean
by the predicate’s being ‘perpetual [relative] to the existence of the substance of
the subject’? I shall take this to mean (i) that the intension of the subject-term is
a quiddity, and (ii) that the intension of the predicate-term is inseparable from ev-
ery nature from which the intension of the subject-term is inseparable. Given this, we
represent the La-proposition ‘Every A is necessarily B’ by the formula
Q↵^8[N� (↵( � �( )] . Bearing in mind that La- and Mo-propositions are
contradictories, as are Le- and Mi-propositions, and that the La- and Le-propositions
must entail the Li- and Lo-propositions, we can adopt the following representations
for universal necessity- and possibility-propositions:

La: Q↵^8[N� (↵( � �( )]
Le: Q↵^Q�^8[N� (↵( � � + )]
Ma: Q↵^8[N� (↵( � ¬� + )]
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Me: Q↵� 8[N� (↵( � ¬�( )] .

Given these formal representations, we can prove:

T3. (i) Le-conversion is valid, (ii) Li-conversion is invalid, (iii) Barbara LML is
valid – where all propositions are substantial.

What needs to be proved is that
(i) Q�^Q↵^8[N� (�( � ↵ + )] is deducible from
Q↵^Q�^8[N� (↵( � � + )] ;
(ii) {Q↵ ^ 9[N ^ ↵ (  ^ � ( ] , ¬Q� _ ¬9[N ^ � (  ^ ↵ ( ]} is
satisfiable,
(iii) Q↵^8[N� (↵( � �( )] is deducible from
Q↵^8[N� (↵( � ¬� + )] and Q�^8[N� (�( � �( )] .

Proof. (i) Suppose Q↵ ^ Q� and 8[N � (↵ (  � � + )] . Then
8[N� (¬� + �¬↵( )] . So, by P5, 8[N� (�( �¬↵( )] . So, by T1,
8[N� (�( � ↵ + )] . Hence, Q�^Q↵^8[N� (�( � ↵ + )] .
(ii) Let D={d1,d2}, E={d1}, where d1 is assigned to ↵ and d2 is assigned to �. Since
d1 is the only member of E, N= {d1}. Let r1 be {hd1,d1i, hd2,d1i,hd2,d2i}. Let r2=?.
Since d12 E and d12 N and both hd1,d1i and hd2,d1i are in r1,
Q↵^9[N^↵( ^�( ] is satisfied. Since
d2 /2 E, ¬Q� _¬9[N^ � ( ^↵( ] is satisfied. P1 is satisfied: r1 contains
both hd1,d1i and hd2,d2i. So is P2: whenever hdi,dji and hdj,dki are in r1 so is hdi,dki.
P3-P5 are satisfied: r2 is null. P6 is satisfied: d1 is the only member of E, and hd1,d1i
is in r1.

A could be ‘human’, B ‘capable of laughter’. The model then postulates that ‘human’
is an essential predicate from whose intension the intension of ‘capable of laughter’
is inseparable. ‘Some human is necessarily capable of laughter’ is true because the
intension of ‘human’ is a quiddity and there is a nature (namely that quiddity) from
which the intensions of both ‘human’ and ‘capable of laughter’ are inseparable. But
‘Something capable of laughter is necessarily human’ is not true, because the intension
of ‘capable of laughter’ is not a quiddity.

(iii) Suppose Q↵^8[N� (↵( � ¬� + )] and
Q�^8[N� (�( � �( )] . Then by T1, Q↵^8[N� (↵( � �( )] .
So by P2, Q↵^8[N� (↵( � �( )] .

T3 agrees with Avicenna’s results. He accepts the conversion of the Le-proposition
(Dunya, 1971, p.344). But he rejects Li-conversion, arguing that ‘Something laughing
is necessarily human’ is true, since ‘Everything laughing is necessarily human’ is true,
but ‘Something human is necessarily laughing’ is not true (Dunya, 1971, p.335). And
he regards Barbara LML as valid where the propositions are substantial. In a context
of considering first-figure syllogisms with a possibility minor premise, he says:
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And if All Bs are As necessarily [sc. the major premise], then the truth
is that the conclusion is necessary. (Street, forthcoming; Dunya, 1971,
p.393.)

T4. In the absence of P6, Barbara LML is invalid for substantial propositions.

What is required to be proved is that in the absence of P6
{Q↵^8[N� (↵( � ¬� + )] , Q�^8[N� (�( � �( )] ,
¬Q↵_¬8[N� (↵( � �( )]} is satisfiable.

Proof. Let D=E={d1,d2,d3}. Let r1 be {hd1,d1i, hd2,d2i, hd2,d3i, hd3,d2i, hd3,d3i}.
Let r2 be ?.

Figure 2. Counter-example to Barbara LML for substantial propositions, in the ab-
sence of P6

The model is illustrated in Figure 2, where filled circles represent quiddities, and
arrows represent relations of inseparability.

Since d12 E, and every intension from which it is inseparable (namely d1 itself) is
inseparable from it, by D1 d12 N. Since d22 E and d32 E and every intension from
which d2 is inseparable (namely d2 and d3) is inseparable from it, d22 N. Similarly,
d32 N. So N=E. Q↵^8[N� (↵( � ¬� + )] is satisfied, because d12 E and
d2 is compatible with every nature from which d1 is inseparable (since r2 is null).
Q�^8[N� (�( � �( )] is satisfied, because d22 E and the only members
of N from which d2 is inseparable are d2 and d3, and d3 is inseparable from both d2
and d3. ¬Q↵_9[N^↵( ^¬�( ] is satisfied, because there is a nature from
which d1 is inseparable but from which d3 is separable (viz. d1).

Now for the postulates. P1 and P2 are satisfied, since the reflexivity and transitivity of
inseparability are not violated. P3–P5 are satisfied trivially, since there are no incom-
patibilities. But P6 is not satisfied: there is a pair of quiddities which are not related
by either inseparability or incompatibility, namely d1 and d2 (also d1 and d3).

Since Avicenna accepts Barbara LML, our analysis provides support for the view that
he accepted P6.

Historians of Arabic logic have suggested that we should understand Avicenna’s La-
proposition to have an ampliated subject (e.g., Street, 2002, pp.129-160, 134). That
is to say, the intension of the stated subject-term A should be understood to be ‘com-
patible with A’. It turns out that our formalisation has the effect of ampliating the
subject of the La-proposition in this fashion. Let us call a proposition with an ampli-
ated subject-term an L'a -proposition; and let us represent such propositions formally
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as follows.

L'a: Q↵^8[N� (¬↵ + � �( )] .

We can then prove that the L'a-proposition is equivalent to the La-proposition. That
the L'a-proposition entails the La-proposition is evident from P5. It remains to prove
that the La-proposition implies the L'a.

T5. Q↵^8[N� (¬↵ + � �( )] is deducible from
Q↵^8[N� (↵( � �( )] .

Proof.

1. Q↵^8[N� (↵( � �( )] [Assumption
2. Q↵ [1.
3. 8[N� (↵( � �( )] [1.
4. 8[N� (¬↵ + � �( )] [2., 3., T1, D1
5. Q↵^8[N� (¬↵ + � �( )] [2., 4.

4 Robert Kilwardby (d. 1279)

As a second example of a medieval logician for whom modal syllogistic is based on in-
tensional considerations, I briefly mention the English Dominican Robert Kilwardby.
In his commentary on Aristotle’s Prior Analytics (Thom & Scott, 2016) Kilwardby
distinguishes two types of necessity-proposition. One type requires merely that the
predicate (or, what it signifies) be inseparable from the subject; the other makes a
stronger claim, namely that there is a per se relationship between predicate and sub-
ject:

. . . propositions like this, which have the name of an accident as subject
are not necessity-propositions per se but only incidentally. For a per se
necessity-proposition requires the subject per se to be something under
the predicate. But when it is said ‘Every grammarian of necessity is a
man’, the subject is not per se something under the predicate. But it is
granted to be necessary because ‘grammarian’ is not separated from that
which is something under ‘man’. (Thom & Scott, 2016, p.130.)

When Kilwardby speaks of what is ‘under’ the subject, he means not individual ob-
jects, but intensions. This is evident from the fact that he adopts what has been called
the heterodox reading of the dici de omni principle (Malink, 2013, p.64). This is
to say that he takes the statement ‘All A is B’ to be true only if for every common
term C: if all C is A then all C is B (Thom & Scott, 2016, p.xxvii) Given this, some-
thing’s being ‘under’ the subject-term involves a relation of inseparability between
intensions.

We see from the quoted passage that according to Kilwardby the subject of a per se
necessity-proposition cannot be an accidental term like ‘grammarian’. He contrasts
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accidental with substantial terms:

For every term is either substantial or accidental . . . . And I call those
terms substantial which signify in the manner of an underlying subject,
those accidental that do so in the manner of an accident belonging to
something else. (Thom & Scott, 2016, p.418.)

A term’s substantiality or accidentality is a matter of its signification, i.e. of its inten-
sion. A substantial term, unlike an accidental term, has a quiddity as its intension.
Thus, we can represent what he calls ‘incidental’ universal affirmative necessity-
propositions simply as statements to the effect that the intension of the predicate is
inseparable from the intension of the subject (like Avicenna’s descriptional necessi-
ties).

Per se necessity-propositions, on the other hand, reduce to what Aristotle calls per se
predications:

For necessary propositions reduce to some mode of per se inherence, fol-
lowing Aristotle’s statement in Posterior Analytics I that ‘Only per se
inherences are necessary. (Thom & Scott, 2016, p.160.)

The reference is to Aristotle’s Posterior Analytics I.6 74b12. According to the doc-
trine expounded in the early chapters of the Posterior Analytics, not only the sub-
ject but also the predicate of a per se predication belongs in the underlying sub-
ject’s essence, being either a genus or a differentia of that subject. So Kilwardby is
committed to requiring that both terms of an La-propositions have quiddities
as their intensions. Given this, the La-proposition can be represented as
Q↵^Q�^8[N� (↵( � �( )] .

Among per se necessity-propositions, Kilwardby makes a semantic distinction be-
tween universal affirmatives and universal negatives:

A universal affirmative necessity affirms the predicate only of those things
that are actually under the subject, not of those for which it’s contingent
to be under the subject. . . . . But it is otherwise with a negative necessity-
proposition . . . . the predicate in that proposition is also actually denied,
under a modality of necessity, of all things that are under the subject, and
of all things for which it’s contingent to be under the subject. (Thom &
Scott, 2016, pp.514, 520.)

By ‘being contingently under the subject’ Kilwardby means ‘being possibly under the
subject’. He says that ‘the possible and the contingent are convertible in all things’
(Thom & Scott, 2016, p.100), meaning that there is a generic sense of ‘contingent’
which is equivalent to ‘possible’:

. . . the possible is not stated in the division of the contingent as a specific
member of the contingent, but in order to designate a mode of the contin-
gent, namely a mode of taking it in general as a genus. (Thom & Scott,
2016, p.146.)
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I take him to be referring to those intensions that are compatible with
the subject’s intension. Thus the Le-proposition can be represented as
8[N� (¬↵ + � � + )] .
In order to devise suitable formal representations of the Ma- and Me-propositions,
we have to take into account Kilwardby’s claim that in the case of per se necessity-
propositions an Li-proposition ‘Some A is necessarily B’ implies the disjunction of
the La- propositions ‘Every A is necessarily B’ and ‘Every B is necessarily A’:

For among necessities, to state that the particular is true is the same
as stating the universal, on account of the necessary relationship of the
terms. (Thom & Scott, 2016, p.160.)

In order for this claim to be correct, the Li-proposition would have to entail that
both of its terms have quiddities as their intension. For, if the Li-proposition had
that entailment, then Kilwardby’s claim about Li-proposition’s entailing one or other
of the corresponding La-propositions would be correct, provided we can assume P6.
Suppose that the Li-proposition is true. Then Q↵ ^ Q�. But then, by P6,
↵ + �_↵( �_�(↵. The first disjunct can be excluded, because the Li-proposition
must at least entail 9[↵ (  ^ � ( ] ; and if ↵ + � and � (  then by
P4 ↵ + , which by P5 entails ¬↵( . So we have ↵( �_�( ↵, which by P2 im-
plies 8[N� (↵( � �( )] _8[N� (�( �↵( )] , i.e. (since Q↵^Q�)
one or other of the La-propositions corresponding to our initial Li-proposition is
true.

Notice, however, that we can arrive at the same conclusion even without P6. We could,
for example, make the weaker assumption P7.

P7. (N^Q�^Qµ^�( ^µ ( ) � (�( µ_µ ( �).

P6 states that one of a pair of quiddities must be inseparable from the other if the
two are compatible. P7 states that one must be inseparable from the other if both are
inseparable from a common nature. P1–P5 provide no reason to prevent two quiddities
being compatible even if there is no nature from which both are inseparable. Thus P7
is weaker than P6.

Suppose, then, that the Li-proposition is true. Then Q↵ ^ Q�. But then,
by P7, (N^↵( ^� ( ) � (↵( � _� ( ↵). The Li-proposition must entail
9[N ^ ↵ (  ^ � ( ]. So, ↵ ( � _ � ( ↵, which by P2 implies
8[N � (↵(  � � ( )] _8[N � (� (  � ↵( )] , i.e. (since Q↵^Q�)
one or other of the La-propositions corresponding to our initial Li-proposition is
true.

Accordingly, I propose a minimal interpretation of Kilwardby in which
P6 is dropped in favour of P7, and the Li-proposition is represented as
Q↵^Q�^9[N^↵( ^�( ] . The Me-propositions must then be represented
as ¬Q↵_¬Q�_¬9[N^↵( ^�( ] .

The Lo-propositions needs to follow from the Le-proposition. This will be the case



Intensional logic before Leibniz 149

if we represent it as 9[N^¬↵ + ^� + ] provided that we can assume 9N.
Accordingly I propose that Kilwardby requires an extra postulate:

P8. 9N.

Given this representation of the Lo-proposition, the Ma-proposition must be repre-
sented as 8[N� (¬↵ + � ¬� + )] .

La: Q↵^Q�^8[N� (↵( � �( )]
Le: 8[N� (¬↵ + � � + )]
Ma: 8[N� (¬↵ + � ¬� + )]
Me: ¬Q↵_¬Q�_¬9[N^↵( ^�( ] .

Given these formalisations, and assuming that all necessity-propositions are per se,
we can prove the following theorem:

T6. (ii) Le-conversion is valid, (iii) Li-conversion is valid, (vi) Barbara LML is
invalid.

What is required to be proved is:
(i) 8[N� (¬� + � ↵ + )] is deducible from 8[N� (¬↵ + � � + )] ;
(ii) Q�^Q↵^9[N^�( ^↵( ] is deducible from
Q↵^Q�^9[N^↵( ^�( ] ;
(iii) {8[N� (¬↵ + � ¬� + )] ,Q�^Q�^8[N� (�( � �( )],
¬Q↵_¬Q�_¬8[N� (↵( � �( )]} is satisfiable.

Proof.

(i) Trivial.
(ii) Trivial.
(iii) We can re-use the model that was used in T4. See Figure 2. Let
D=E= {d1, d2, d3}. Let r1 be {hd1, d1i,hd2, d2i, hd2, d3i, hd3, d2i, hd3,
d3i}. Let r2= ?. By D1, N= {d1, d2, d3}.

This model satisfies 8[N � (¬↵ +  � ¬� + )] , because every nature
is compatible with d1 and with d2, since r2 is null. The model satisfies
Q� ^Q� ^8[N � (� (  � � ( )], because d22E and d32E and d3 is insep-
arable from every nature from which d2 is inseparable (namely, d2 and d3). And the
model satisfies ¬Q↵_¬Q�_¬8[N� (↵( � �( )] , because there is a nature
(d1) from which d1 is inseparable and d3 is separable (since hd3, d1i is not a member
of r1).

T6 agrees with Kilwardby’s results. He accepts Le-conversion and Li-conversion:

First [Aristotle] describes the conversion of necessity-propositions, say-
ing that they convert just like assertorics. For the universal negative con-
verts in its terms without qualification; but the universal affirmative and
the particular affirmative convert to a particular affirmative. (Thom &
Scott, 2016, p.122.)
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(He thinks Aristotle is right.) And here he is on the invalidity of Barbara LML:

Now, the reason why the necessity, or even the assertoric, doesn’t fol-
low is this. A universal affirmative necessity affirms the predicate only of
those things that are actually under the subject, not of those for which it’s
contingent to be under the subject. For the proposition ‘Every man of ne-
cessity is an animal’ doesn’t say that whatever can be a man is an animal,
but whatever is a man is an animal. And accordingly when a proposition
of this type is stated as major premise and the minor is a contingency, an
actual affirmation of those things which are taken contingently under the
middle does not follow. And accordingly neither an affirmative necessity
nor an affirmative assertoric follows, because in both cases the predicate
is actually affirmed of the subject. (Thom & Scott, 2016, p.520.)

5 Leibniz

Returning now to Leibniz, we prove:

T7. The Leibniz-Glashoff analysis of (non-modal) a- and e-predications is equiv-
alent to our analysis of Avicenna’s descriptional necessity-propositions and Kil-
wardby’s incidental necessity-propositions.

Proof. The Leibniz-Glashoff analysis of ‘Every A is B’ is ‘Everything positively con-
tained in the predicate is positively contained in the subject, and everything negatively
contained in the predicate is negatively contained in the subject’. The analysis of ‘No
A is B’ is ‘Something positively contained in one term is negatively contained in the
other’. Taking positive containment as the converse of inseparability, and negative
containment as incompatibility, the Leibniz-Glashoff truth-condition for All A is B
becomes:

LA. 8[( � � ( ↵] ^8[ + � �  + ↵] .
By P1, LA implies �( ↵.
By P2, � ( ↵ implies 8[( � � ( ↵] ; and by P4, � ( ↵ implies
8[ + � �  + ↵] .

The Leibniz-Glashoff truth-condition for No A is B is

LE. 9[( ↵^ + �] _9[( �^ + ↵]
By P3 and P4, LE implies ↵ + �.
By P1, ↵ + � implies LE.

In this light we can say that the analysis Leibniz gives of categorical propositions (ac-
cording to Glashoff) is equivalent to the meaning Avicenna assigned to descriptional
necessity-propositions and Kilwardby to incidental necessity-propositions. But the
more sophisticated analyses developed by the medievals—the substantial necessity-
propositions of Avicenna and the per se necessity-propositions of Kilwardby—find



Intensional logic before Leibniz 151

no parallel in Leibniz. At the same time, Leibniz’s mathematical representation of
categorical propositions, to the best of my knowledge, has no precedent in the me-
dieval logicians.1

1I thank Tony Street for his generous help with the Avicenna material.
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8 On some French probabilists of the
twentieth century: Fréchet, Borel, Lévy

MARIA CARLA GALAVOTTI *

Abstract. In the first half of the Twentieth century a number of authors active in
distant parts of Europe and in different areas of scientific research shared a prob-
abilistic approach to science and knowledge in general, albeit embracing different
interpretations of probability. My “Probabilistic Epistemology: a European Tradi-
tion”1 focussed on the work of Polish logician Janina Hosiasson, British mathemati-
cian Frank Plumpton Ramsey and geophysicist Harold Jeffreys, Italian statistician
Bruno de Finetti, and German philosopher of science Hans Reichenbach, arguing that
one can speak of a European tradition in probabilistic epistemology.

To clarify the matter, by probabilistic epistemology I mean the view that probabil-
ity is an essential ingredient of knowledge, and that induction is a fundamental compo-
nent of the scientific method. Such a view is grounded in the conviction that certainty
of knowledge and completeness of information are unachievable, and as Patrick Sup-
pes clearly stated, “it is the responsibility of a thoroughly-worked-out empiricism to
include an appropriate concept of uncertainty at the most fundamental level of theo-
retical and methodological analysis. Probabilistic methods provide a natural way of
doing so” (Suppes, 1984, p. 99).

The purpose of this paper is to expand on my earlier work by adding to the pic-
ture the French mathematicians Maurice Fréchet, Émile Borel and Paul Lévy, all of
whom advocated a probabilistic approach to epistemology, bringing new evidence that
probabilistic epistemology was widespread throughout Europe in the first half of the

*Department of Philosophy and Communication, University of Bologna, Italy
Via Zamboni 38 40126 Bologna, Italy
Email: mariacarla.galavotti@unibo.it

1See Galavotti (2014).
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Twentieth century. Apart from that, the philosophy of probability embraced by such
outstanding mathematicians seems worthy of attention in itself. Given the scant liter-
ature on the topic, confined to its technical aspects, the present analysis will broaden
the picture of the debate on the foundations of probability.

Keywords: probability, epistemology, frequentism, subjectivism.

1 European probabilism in the first half of the
twentieth century

Before addressing the philosophy of probability of the French authors, I will briefly
sketch the main traits of the position embraced by Richard von Mises, Hans Reichen-
bach, and Bruno de Finetti to give some substance to criticism moved against these
authors by the French probabilists examined in the second part of the paper.

1.1 Richard von Mises’ frequentism

Richard von Mises (1883-1953) gave great impulse to the debate on the foundations
of probability in the first decades of the last century. Evidence of this is the fact that
right at the beginning of the opening lecture (conference d’introduction) delivered at
the “Colloque consacré a la théorie des probabilités” held in 1937 in Geneva, Mau-
rice Fréchet credits von Mises with “having awakened interest in questions previously
addressed in a fragmentary way” (Fréchet, 1938b, p. 19).

Von Mises is deemed the main representative of the frequency theory of probabil-
ity. According to this view, probability is a characteristic of phenomena that can be
empirically analysed by means of observed frequencies. It is defined as the limit of
the relative frequency of a given attribute observed in the initial part (sample) of an
indefinitely long sequence of repeatable events. A key tenet of this interpretation is
that probability values are in general unknown, but can be approached by means of
frequencies, as the number of observed elements increases.

The core of von Mises’ theory is the notion of collective defined as follows: “A collec-
tive is a mass phenomenon or a repetitive event, or, simply, a long sequence of obser-
vations for which there are sufficient reasons to believe that the relative frequency of
the observed attribute would tend to a fixed limit if the observations were indefinitely
continued. This limit will be called the probability of the attribute considered within
the given collective” (von Mises, 1951/1957, p. 15). In order to qualify as a collec-
tive, a sequence has to: (1) be indefinitely long, (2) exhibit frequencies that tend to a
limit, and (3) be random. Randomness rests on the method of “place selection”, which
consists in extracting sub-sequences from the original sequence by considering only
the place that each member occupies in the sequence, while ignoring their distinctive
properties. Each place selection is defined by a rule that states for any element of the
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sequence whether it ought to be included in the sub-sequence or not. For instance, the
sub-sequence obtained by picking all members whose place number in the sequence
is a prime number would satisfy the place selection method. Von Mises defines ran-
domness as insensitivity to place selection, which obtains when “the limiting values
of the relative frequencies in a collective must be independent of all possible place
selections” (von Mises, 1951/1957, p. 25).

Having defined collectives along these lines, von Mises proceeds to formulate the
principles of probability theory in terms of collectives by means of the operations of
selection, mixing, partition and combination. Adoption of this conceptual machinery
is intended to secure probability a foundation that is both empirical and objective.
The author maintains that probability applies only to collectives, as suggested by the
title of one section of the first chapter of Probability, Statistics and Truth: “First the
collective - then the probability” (von Mises, 1951/1957, p. 18). A major drawback of
von Mises’ position is that it makes no sense to apply probability to single events. He
openly admitted this, deeming single-case probability simply meaningless.

A remarkable feature of von Mises’ perspective is that it embodies a probabilistic
epistemology open to indeterminism. The idea is that the developments brought into
physics by quantum mechanics have imposed the need to ground the whole edifice of
science on a statistical conception of nature, granting indeterminism the same plau-
sibility traditionally attached to determinism. Deeply convinced that probability and
statistics offer the most powerful heuristic tool for investigating reality, von Mises
heralds a probabilistic approach to the building of scientific knowledge.2 Such a con-
viction inspires the closing passage of Probability, Statistics and Truth, where the
author writes that “starting from a logically clear concept of probability, based on ex-
perience, using arguments which are usually called statistical, we can discover truth
in wide domains of human interest” (von Mises, 1951/1957, p. 220).

Much of the debate on von Mises’ work has focussed on the notion of randomness.
After criticism advanced by a number of authors including Alonzo Church, Abraham
Wald, Jean Ville, Arthur Copeland and others, von Mises’ unrestricted notion of ran-
domness was abandoned in favour of a weaker notion entailing a restricted domain
of place selections. Another problematic aspect of von Mises’ version of frequen-
tism is the impossibility of applying probability to single events, for it is undeniable
that in many areas, including everyday life and the social sciences, the need to speak
of single-case probabilities is widely felt. The same holds for Quantum Mechanics,
where one speaks of single atoms, particles, and so on; it was precisely in order to
solve this problem that in the 50s of the last century Karl Popper put forward the
so-called propensity interpretation of probability.3

2See von Mises (1951/1968) for more on von Mises’ probabilistic epistemology.
3See Galavotti (2005) for more on the propensity theory, as well as on the authors dealt with in the first

part of this paper.
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1.2 Hans Reichenbach’s frequentism

Hans Reichenbach (1891-1953) worked out a version of frequentism that strays in
various ways from von Mises’. In particular, Reichenbach sets himself the task of
developing a flexible theory suitable for wide applicability, in which it makes sense to
talk of single-case probabilities. In addition, Reichenbach adopts a notion of random-
ness limited to a restricted domain of selections, together with a notion of “practical
limit” relative to “sequences that, in dimensions accessible to human observation, con-
verge sufficiently and remain within the interval of convergence”(Reichenbach, 1949/
1971, p. 347). He also develops a theory of induction, together with an argument for
its justification.

Reichenbach shares von Mises’ conviction that it is probability, not truth, that should
be put at the core of a sound reconstruction of scientific knowledge, because “the ideal
of an absolute truth is an unrealizable phantom” (Reichenbach, 1937, p. 90). Stress on
action, prediction, and practice confers a pragmatist flavour to Reichenbach’s view of
knowledge: he explicitly acknowledges his debt towards Charles Sanders Peirce and
William James in connection with the theory of meaning, which revolves around the
tenet that “there is as much meaning in a proposition as can be utilized for action”
(Reichenbach, 1938, p. 80).

Reichenbach names Rule of induction the canon by which probability is obtained as
the limit of observed frequency, and emphasizes that any probability attribution is
a posit, namely “a statement with which we deal as true, although the truth value is
unknown” (Reichenbach, 1949/1971, p. 373). Posits differ depending on whether they
occur within primitive or advanced knowledge. Reichenbach calls primitive the state
of knowledge in which no prior knowledge of probabilities is available, and advanced
the state of knowledge in which prior probabilities are available. In the first case, the
Rule of induction yields prior probabilities, and posits are called blind; in the second,
the probability calculus can be used to combine prior probabilities, and the posits
so obtained are called appraised. The interplay between blind and appraised posits
generates the method of concatenated inductions, which is intrinsically self-corrective,
because the Rule of induction guarantees convergence of probability estimates made
by its means.

The self-corrective character of the method of concatenated inductions lies at the core
of Reichenbach’s pragmatic justification of induction: inductive inference, and more
precisely the Rule of induction, is justified because it provides the best possible guide
to the future. As Reichenbach wrote: “it is a method of which we know that if it
is possible to make statements about the future we shall find them by means of this
method” (Reichenbach, 1949/1971, p. 475).

A major point of divergence with von Mises is the fact that Reichenbach does not
consider single-case probabilities meaningless, and he attempts to accommodate them
within the frequentist outlook. The idea is that posits regarding single events receive
a weight from the probabilities attached to the reference class to which the event in
question has been assigned. The crucial issue here is the choice of the reference class,
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which must obey a requirement of homogeneity. A reference class is homogeneous if
it includes all the properties that are taken to be relevant to the event under study. This
is obviously a very strong requirement, hardly ever met in practice because - apart
from cases falling directly under the scope of scientific theories - one can never be
sure that all relevant information has been taken into account. As a matter of fact, this
requirement clashes with Reichenbach’s intent to develop a version of frequentism
suited to a wide range of applications both in science and everyday life.4

1.3 Bruno de Finetti’s subjectivism

Starting from the late 1920s, Bruno de Finetti (1906-1985) developed a radical form of
probabilism that can be described as a blend of pragmatism and the kind of empiricism
that is today called anti-realism. It moves from a rejection of the notions of truth,
determinism and “immutable and necessary” laws, to reaffirm a conception of science
as a product of human activity, deeply imbued with probability. De Finetti identifies
the aim of science with prediction, and regards (subjective) probability as the best
possible tool for making good forecasts.

According to the subjective interpretation, probability is a quantitative expression of
the degree of belief in the occurrence of an event, entertained by a person in a state
of uncertainty. It is taken as a primitive notion having a psychological foundation,
which requires an operative definition in order to be measured and used in practice.
A well-known method for measuring degrees of belief is the betting scheme, accord-
ing to which probability expresses the conditions under which someone is ready to
bet on the occurrence of an event. This method, which is endowed with a long tra-
dition dating back to the Seventeenth century, is deemed by Frank Plumpton Ramsey
- the other “father” of the subjective interpretation - “fundamentally sound” although
“insufficiently general” and “necessarily inexact”,5 because it suffers from problems
such as the diminishing marginal utility of money, and the personal (greater or less)
disposition to gambling. In view of this, both Ramsey and de Finetti stressed that
subjective probability can be given an operational definition also by means of other
methods: Ramsey adopted a system of preferences, and de Finetti turned to penalty
methods like Brier’s rule.6 The cornerstone of the subjective theory is the notion of
coherence, for as Ramsey and de Finetti showed, coherent degrees of belief obey the
rules of additive probabilities. Put otherwise: the laws of probability can be derived
from the assumption of coherence.

All coherent probability functions are admissible for upholders of the subjective the-
ory. This means that once coherence is guaranteed disagreement is admitted. In other

4For more on Reichenbach’s position see Galavotti (2011a).
5See Ramsey’s “Truth and Probability” in Ramsey (1931), reprinted in Ramsey (1990).
6See de Finetti (1970/1975).
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words, for subjectivists probability evaluations are not univocally determined by evi-
dence, and the estimation of probability also depends on subjective elements such as
experience and personal abilities, in addition to empirical evidence. With increasing
evidence, though, the opinions of different people will converge. The result, known
as “de Finetti’s representation theorem” (although the author always refused to call
it a “theorem”), proves that convergence between subjective probability and observed
frequencies is assured by the adoption of exchangeability in connection with Bayes’
rule.

Having said that, it must be added that for de Finetti it does not make sense to regard
the Bayesian method - or the inductive method, which for him amounts to the same
thing - as self-corrective. Bayesian reasoning entails updating probability evaluations
in the light of new evidence, but updating should not be construed as approximation
to true probabilities. De Finetti entrusted this conviction to the statement “Probability
does not exist”, printed in capital letters in the Preface of the English edition of Theory
of Probability. Such a statement, often mentioned and just as often misunderstood, has
been taken to imply that all coherent probability evaluations are on a par. This is not
so: albeit rejecting as metaphysical the idea that probability is an objective property of
phenomena, de Finetti took very seriously the problem of the objectivity of probability
evaluations, namely the problem of devising methods that enable successful predic-
tions to be made. In this spirit, he maintained that both “(1) the objective component,
consisting of the evidence of known data and facts; and (2) the subjective component,
consisting of the opinion concerning unknown facts based on known evidence” (de
Finetti, 1974, p. 7) are essential ingredients of probability evaluations.

2 The French milieu

This section of the paper tackles the philosophy of probability of the French math-
ematicians Fréchet, Borel and Lévy, all of whom gave important contributions to
various branches of mathematics and the theory of probability.7 In addition, they
were actively involved in the lively debate on the foundations of probability car-
ried on in a number of publications and congresses in the first half of the twentieth
century. Particularly important in that connection was the International Congress of
Mathematicians that took place in Geneva in 1937. The meeting hosted a Colloque
consacré a la théorie des probabilités that brought together a number of renowned
mathematicians, statisticians and scientists, including among others Bruno de Finetti,
William Feller, Maurice Fréchet, Richard von Mises, Werner Heisenberg, Eberhard
Hopf, Jerzy Neyman, George Polya, J.F. Steffensen, Francesco Cantelli and Abraham
Wald. Another important gathering was the XVIII Congrès international de philoso-
phie des sciences held in Paris in 1949, which included one session entitled Calculus

7See von Plato (1994) for the contribution given by Borel, Fréchet and Lévy to the theory of probability.
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of probabilities, where some of the most outstanding probabilists of the time, includ-
ing Maurice Fréchet, Émile Borel, Bruno de Finetti, Jerzy Neyman, Jean Ville and
Paul Lévy, delivered papers devoted to technical as well as philosophical aspects of
the notion of probability. The proceedings of both of these conferences were pub-
lished in the periodical Actualités scientifiques et industrielles. Also worth mention-
ing is a monographic issue of the journal Dialectica published in 1949 under the title
The probable knowledge, collecting, among others, papers by Émile Borel, Bruno
de Finetti, George Polya, Corrado Gini, Paul Lévy, Padrot Nolfi, M.S. Bartlett, and
Subrahmanyan Chandrasekhar.

2.1 Maurice Fréchet’s “modernized axiomatic theory”

Professor of general mathematics and the calculus of probabilities at the Sorbonne
University in Paris, Maurice Fréchet (1978-1973) is considered the founder of the the-
ory of abstract spaces, and gave outstanding contributions to topology and functional
analysis. He organized a series of lectures at the École Normale Superieure and at
the Institut Poincaré, where in 1935 Bruno de Finetti was invited to deliver the lecture
course later published under the title “La prévision: ses lois logiques, ses sources sub-
jectives”. Although he did not share de Finetti’s subjective approach, Fréchet thought
highly of him, and the two entertained a correspondence in the course of which, among
other things, Fréchet called de Finetti’s attention to the work of Ramsey, pointing out
the similarity between their views on probability.8 Moreover, it was Fréchet who in
1939 suggested de Finetti adopt the term “exchangeability” instead of “equivalence”,
which he had used until then.9

Fréchet is deeply convinced that the notion of probability should be addressed from the
standpoint of its applications. To accomplish that task the mathematics of probability
cannot do the whole job, and must be backed up by philosophy. The idea is that prob-
ability should provide a guide to action and decision, and hence must be applicable
to the problems encountered in all sorts of practical situations. Moreover, probability
should be amenable to “verification” by observing the success of predictions made by
its means. Fréchet endorses Augustin Cournot’s tenet that the application of proba-
bility to real phenomena requires going beyond mathematics, and quoting a passage
pointed out to him by Paul Lévy states that “in order to go from the idea of an abstract
relationship to that of a law that can be useful in the realm of phenomena, mathemat-
ical reasoning [...] is obviously insufficient. One needs to appeal to other notions, to
other principles of knowledge; in a word: one needs philosophical criticism” (Fréchet,
1938a, p. 43). According to Fréchet, a similar attitude was shared by Henri Poincaré

8See Box 6 of Bruno de Finetti Collection; Archives of Scientific Philosophy, Hillman Library of the
University of Pittsburgh.

9This is mentioned by de Finetti in his “farewell lecture” at the University of Rome, see de Finetti (1976,
p. 283).
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and Francesco Cantelli. Emphasis is on the need to build a bridge between the ab-
stract, mathematical theory of probability and its applications, or between a schema
representing reality and the corresponding elements of reality.

Fréchet does not regard the problem as peculiar to probability theory, but shared by
all the empirical sciences. In this spirit, he thinks that the evaluation of probability
is similar to the measurement of a physical magnitude, and such an analogy plays a
crucial role in his conception of probability, labelled a modernized axiomatic theory.
His theory revolves around the tenet that probability is to be construed “as a physical
magnitude attached to an event and a category of trials, of which the frequencies of
the event in a great number of trials are approximated measures” (Fréchet, 1951, p. 5).
When dealing with probability one proceeds “exactly as in the experimental sciences
where measures are generally approximate values of physical magnitudes” (Fréchet,
1939-1940, p. 12), the difference being that in probability, as opposed to other disci-
plines, the precision of measurement increases as the number of observations grows.
This process results from a combination of empirical and axiomatic considerations, in
which a fundamental role is played by what Fréchet calls inductive synthesis. In order
to accomplish an inductive synthesis one proceeds as follows: “The axiomatic theory
aims at - and allows - certain unknown probabilities p to be derived from other known
probabilities p’. The interpretation of probability allows each p’ to be calculated ap-
proximately on the basis of the observation of certain frequencies f ’ and to put each p
approximately equal to a frequency f. In the end, one will succeed in calculating some
frequencies, whose direct observation could be impossible or difficult, starting from
other frequencies f ’ which are easily observed” (Fréchet, 1946, p. 150).

The peculiarity of the procedure Fréchet describes is that the application of the axioms
should be preceded by the act of verifying whether in practical situations the axioms
apply to the particular class of events under study. In that sense, the measurement of
probability requires a synthesis between the axiomatic theory and practical situations.
According to Fréchet, “In this synthesis intuition and contact with reality are the main
directions to follow and therefore rigour is not supreme. Applied to probability, this
leads us to conclude from the practical statistical processes that any frequency is to be
considered an approximate measure of one physical constant attached to an event E
and to a category C of trials” (Fréchet, 1939-1940, p. 11). The inductive synthesis so
described is the cornerstone of the interpretation of probability heralded by Fréchet,
and is meant to represent the element of novelty implicit in the author’s expression
“modernised axiomatic theory”. As repeatedly emphasized in his writings, Fréchet’s
interpretation has a practical import, and falls outside the axiomatic theory to which
it is linked by means of inductive synthesis.

Obviously, the crucial step in such a synthesis is the choice of the proper “category
of trials”. In this regard, Fréchet faces a reference class problem similar to that beset-
ting Reichenbach’s attempt to apply the frequency theory to single case evaluations.
Fréchet admits that such a choice depends on subjective elements. However, wanting
to retain an objective notion of probability, he emphasizes that the subjective elements
neither concern nor affect the probability itself, but rather the way a certain problem
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is formulated in a given context. It is at that stage that the choice of the reference
class is made, depending on the information available and the purpose being pursued.
Fréchet observes that such a choice “cannot go beyond our knowledge, but it could
use only part of it; an act of volition [...] decides the choice of the category of trials”
(Fréchet, 1938a, p. 50). It is the purpose for which probability is being evaluated that
guides the choice of the reference class, after deciding which of all the known features
of a given phenomenon are deemed relevant and picked as characterizing the category
of trials. Fréchet emphasizes that the choice of the reference class has nothing to do
with probability, which “comes into play after the event and the category of trials have
been chosen, at which point it is entirely determined and its value is independent of
the person who made the choice” (Fréchet, 1938a, p. 50).

Fréchet’s answer to the question whether probability is objective or subjective is that
“what is subjective is not the value of probability, it is the problem that is being posed,
namely the choice that is made of the category of trials in connection to which one
calculates the probability of an event” (Fréchet, 1938a, p. 50). To the subjective inter-
pretation of probability Fréchet opposes the view that “all of my information comes
into play with the choice of the category of trials, namely in connection with the spec-
ification of the problem, not with its solution” (Fréchet, 1946, p. 146). The probability
of an event must be kept separate from someone’s degree of belief in its occurrence in
the same way as “a distinction is to be made between the correct solution to a problem
and the solution given by some student, which can vary from one student to another”
(Fréchet, 1946, p. 143).

In that regard, Fréchet claims agreement with Harold Jeffreys’ tenet that probability
values are univocally determined by evidence and that one must distinguish between
“objective probability and subjective degrees of belief, which are but personal esti-
mates of the same” ((Fréchet, 1946, p. 146), footnote 2).10 Fréchet emphasizes that in
order to approach the value of probability of an event, subjective estimates “must be
corrected”, and this can only be done by recourse to observed frequencies. Therefore
“those probabilists who by assimilating probabilities with degrees of belief thought
that they could avoid appealing to frequencies, will be forced to turn to them when
asked to justify the success of their interpretation” (Fréchet, 1946, p. 145). This, and
other assertions, such as the claim that subjectivists “are just happy with grading a
state of mind” (Fréchet, 1951, p. 17) suggest that Fréchet fell into the misunderstand-
ing pointed out in Section 2.3, by which upholders of the subjective interpretation fix
probability values without taking frequencies into account. As already observed, this
is the result of a misrepresentation of the subjective approach. An additional criti-
cism against subjectivism concerns the notion of coherence, to which Fréchet objects
that most people do not behave coherently. Instead of “rational” coherent degrees of
belief, most of the time they retain “irrational probabilities” that do not satisfy co-
herence. Therefore, to Fréchet’s eyes the subjective interpretation of Savage and de

10See Galavotti (2003) for more on Jeffreys’ views on probability and probabilistic epistemology.
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Finetti refers to a fictitious agent, not to the way in which real agents behave in practice
(see Fréchet, 1954).

Albeit sharing his objective approach to probability, Fréchet is also critical of Re-
ichenbach. The crucial difference between their perspectives is that Fréchet does not
impose a homogeneity requirement on the choice of the reference class, leaving it to
the context. Fréchet stresses that any problem can be tackled from different angles,
and therefore there is no one single reference class to be taken as suitable in a given
situation. Borrowing an example from Borel, he discusses the probability of death
of an individual, observing that it has a different meaning for his doctor and for his
insurance company, so that the first will choose the population of “people of the same
age, same weight, same blood pressure, same lung capacity, etc.” while the insurance
company will consider the population of insured having the same age. “The values of
the corresponding probabilities can differ without ceasing to be compatible. [...] the
probabilities evaluated by the doctor and the insurance company can be assimilated
to two distinct physical magnitudes. Their approximate measure will be obtained by
means of statistics properly made but obtained from different populations” (Fréchet,
1938a, pp. 50–51).

Fréchet also raises a more general objection to the frequency interpretation of von
Mises and Reichenbach, observing that “those who advocate the ‘proceed to the limit’
definition think that they have in this way made the theory nearer practice. In fact,
they have made it more remote.” (Fréchet, 1939-1940, p. 17). To substantiate this
claim, Fréchet borrows an example from Bruno de Finetti: take an unlimited sequence
of trials where the frequency of Tails observed in n trials tends to 1/2 when n increases,
but in which one has obtained Tails 10,000 times. This could be a collective, in which
the probability of Tails is 1/2, however such a probability would not be 1/2 for what-
ever experimenter (see Fréchet, 1939-1940, pp. 17–18). Although frequencies are
the essential ingredient for estimating probabilities, for Fréchet estimates are not to
be obtained by proceeding to the limit as the number of observed cases increases.
Frequency is not part of the definition of probability, it is rather the tool that allows
probability values to be approximated in practice. Fréchet repeatedly emphasizes that
his position is a practical interpretation according to which frequency is an “empiri-
cal measure of probability” (Fréchet, 1951, p. 12). Unlike von Mises’ interpretation
which includes “a measure of probability in the axiomatic theory” (Fréchet, 1951,
p. 12) and embodies a constructive definition of probability, Fréchet’s viewpoint is
meant as a descriptive account falling outside the axiomatic theory.

To conclude, Fréchet’s major concern is that probability must provide a guide to action
and decision. To accomplish that task it must be applicable to problems encountered
in science as well as in practical situations occurring in everyday life. Such a con-
cern imbues both Fréchet’s concept of probability and the criticism he moves against
frequentism and subjectivism.
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2.2 Émile Borel’s moderate subjectivism

A leading mathematician, Émile Borel (1871-1956) gave substantial contributions to
analysis and group theory, did seminal work in probability theory, and developed an
original philosophy of probability. Between 1925 and 1939 he published a series of
monographs under the collective title Traité du calcul des probabilités et ses applica-
tions, ending with the essay Valeur pratique et philosophie de la probabilité, where
his views on the nature of probability are spelled out with great clarity.

Borel takes a probabilistic attitude towards science and knowledge in general: “prob-
ability lies at the core of scientific knowledge” since “the value of all scientific results
can be assessed only by means of a probability coefficient” (Borel, 1939/1952, p. 10).
The theory of probability is of paramount importance because “not only does it pos-
sess the same practical and philosophical value of all other scientific theories, but it
is the basis of all our knowledge” (Borel, 1939/1952, p. 11). Borel was not only a
successful scientist but also a politician and a social reformer - among other things
he was for twelve years a member of the Chamber of Deputies and in 1925 served as
minister of the Navy.

Convinced that probability is also of great value for life and that “the practical value
of probability can surpass that of the rest of human knowledge” (Borel, 1939/1952,
p. 42), Borel was actively engaged in pedagogical reforms aimed at educating peo-
ple on probability from their youth, because in this way “one will reduce the persis-
tence of many prejudices” (Borel, 1939/1952, p. 10). He struggled to counteract the
widespread resistance to thinking in probabilistic terms, and in an effort to convince
people that “there are only statistical truths” (Borel, 1907/2014, p. 1083) argued that
“the mathematical answer to be given to many practical questions is a coefficient of
probability. Such an answer will not seem satisfactory to many minds, who expect
certainty from mathematics. This is a very bad inclination; it is utterly regrettable that
the education of the public is, in this respect, so little advanced; this may be due to the
fact that the mathematics of probability remains a subject of near universal ignorance,
even though every day it intrudes a bit more into everyone’s life (various insurance
policies, mutual aid societies, retirement pensions, etc.). A coefficient of probability
constitutes a perfectly clear answer, corresponding to an absolutely tangible reality.
Some minds will maintain that they ‘prefer’ certainty; they might as well ‘prefer’ that
2 plus 2 were 5” (Borel, 1907/2014, p. 1087). This long passage has been reported
here as evidence of Borel’s deep concern for the theoretical and practical value of
probability in science and life too.

To start with, Borel calls attention to the fact that the theory of probability differs from
other sciences, and from other branches of mathematics as well. For one thing, other
magnitudes - including numbers belonging to arithmetic - are measured by means of
a measurement unit that can vary, and according to the chosen unit they can be said
to be large or small. This is not so for probability where the unit of measurement
is unique, and by convention probability 1 equals certainty. Therefore “we have an
absolute scale for measuring the degree of smallness of probabilities” (Borel, 1939/
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1952, p. 6). In addition, the theory of probability differs from the other sciences
because of the nature of its object, given that “by its very nature” probability “cannot
claim to give us certainties” (Borel, 1939/1952, p. 4). While from an abstract or
axiomatic point of view, once some principles have been postulated, probability values
are well defined, when one moves from theory to practice the import of such values is
uncertainty “precisely because the very object of deductions and calculations is simply
a probability, not a number, a length, a time, as in Arithmetic, Geometry, Astronomy”
(Borel, 1939/1952, p. 5).

For Borel, probability is endowed with a different value depending on the body of in-
formation available within a given context. Typically, probability has a more objective
meaning in science, where its assessment is grounded on a strong body of information
shared by the community of scientists. By contrast, probabilities attached to individ-
ual judgments can have “different values for different individuals” (Borel, 1924/1964,
p. 50). In a review of Keynes’ Treatise on Probability originally published in 1924
Borel criticizes Keynes for concentrating only on the probability of judgments, over-
looking the application of probability to science. Incidentally, he attributes such an
attitude to English rather than continental authors who are deemed more attentive to
the progress of science, especially physics. As Borel emphasizes: “the probability that
an atom of radium will explode tomorrow is, for the physicist, a constant of the same
kind as the density of copper or the atomic weight of gold. Albeit these constants are
always at the mercy of the progress of physical-chemical theory, they are constants in
the present state of science” (Borel, 1924/1964, p. 50).

Borel does not share Keynes’ tenet that there are probabilities which cannot be eval-
uated numerically. In that connection he rather agrees with subjectivists, with whom
he also shares the conviction that “the method of betting permits us in the majority of
cases a numerical evaluation of probabilities that has exactly the same characteristics
as the evaluation of prices by the method of exchange” (Borel, 1924/1964, p. 57). The
betting method provides the operative tool by which one can build a bridge between
probability and action, as it “can be applied to all verifiable judgments; it allows for
a numerical evaluation of probabilities with a precision quite comparable to that with
which one evaluates prices” (Borel, 1924/1964, p. 57).

Borel endorses Reichenbach’s adhesion to the pragmatist principle that the meaning
of a proposition lies with its practical consequences. In Borel’s words: “a proposition
has practical interest for men only insofar as it can influence their actions” (Borel,
1939/1952, p. 89). At the same time, he moves a number of objections against the
frequency theory. In particular, he objects to Reichenbach’s solution to the single
case problem that the homogeneity requirement would lead us to consider “classes
that contain so few elements that the concept of frequency no longer applies” (Borel,
1939/1952, p. 87). The more detailed the description of a single case is, the more
evident the differences with other cases of the same kind, so that “one will find that
probability is defined in a way that is less and less precise the better the case at hand is
known” (Borel, 1939/1952, p. 88). Albeit agreeing with Reichenbach that single case
probability evaluations are of vital importance for the sake of practical applications,
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Borel deems that frequencies are useful, but other elements also come into play. He
makes the example of a doctor asked to predict the probability of survival of a patient
that had contracted a certain disease. Surely the doctor will consider the frequency
of deaths among people with the same illness in a given period of time, but he will
likewise take into account additional information considered relevant in the light of his
own experience. Borel’s conclusion is that single case probability attributions result
from the concurrence of empirical information, especially frequencies, plus personal
experience and common sense.

Given that subjective ingredients are part of probability evaluations, the possibility
that based on the same body of empirical information two people can come up with
different assignments is admitted, precisely as it was by subjectivists. When it comes
to measuring the probability of single events, Borel holds that “the probability of a
single case is defined subjectively by the conditions under which an agent is ready
to bet on the occurrence or non-occurrence of an event” (Borel, 1939/1952, p. 105).
It is noteworthy in that connection that he addresses the reader to de Finetti’s “La
prévision, ses lois logiques, ses sources subjectives”.11

Having so accounted for the probability of single events Borel feels the need to address
the issue of defining an objective notion of probability. Objective probabilities, he
claims, “can be defined as probabilities whose value is the same for a certain number
of individuals who are well informed on the conditions of the aleatory event” (Borel,
1939/1952, p. 105). It should not pass unnoticed that Borel’s concept of objective
probability strongly resembles that put forward by Frank Ramsey, who defines the
probabilities occurring in physics as being objective in the sense “that everyone agrees
about them, as opposed e.g. to odds on horses” (Ramsey, 1990, p. 106). The idea is
that the assessment of probability occurring in physics is constrained by theories that
have gained the assent of the scientific community after a good deal of evidence in
their favour has been collected. Late in his life, de Finetti also admitted that in some
areas of science, like physics, probability assignments stand on “more solid grounds”
than those belonging to everyday life, but he did not develop that idea (de Finetti,
1995/2008, p. 63). Apart from that remark, de Finetti did not pay much attention to the
notion of objective probability, convinced that subjective probability can do the whole
job. As a matter of fact, Bruno de Finetti praises Borel for holding that probability
must be referred to the single case and can be measured sufficiently well by means
of the betting method. At the same time, de Finetti criticizes Borel’s eclectic attitude
according to which probability can take an objective as well as subjective value (see
de Finetti, 1939).

It is noteworthy that after defining objective probability as recalled above Borel adds
that “should an event, like the throw of a die, be repeatable a great number of times
under the same conditions, the theory of repeated trials tells us that the limiting value
of the frequency equals the probability; this will give us a verification, not a definition”

11See de Finetti (1937/1964).
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(italics added, Borel, 1939/1952, p. 105). This claim suggests a parallel with the dis-
tinction drawn by de Finetti between the definition and the evaluation of probability,
stating that while probability is by definition the expression of subjective degree of be-
lief, its evaluation is a complex procedure which results from “the conjunction of both
objective and subjective elements at our disposal” (de Finetti, 1973, p. 366). Like de
Finetti, Borel stresses that what makes the difference among probability evaluations is
the amount and kind of evidence backing them, but he refuses to conflate the meaning
of probability with the objective elements - be it frequencies and/or symmetries - that
are part of that evidence.

To sum up, Borel can be deemed a subjectivist whose conception of probability has
much in common with de Finetti’s, but his position is more moderate due to his ad-
mission that probability assessments made in the context of sciences like physics have
an objective character. However, Borel does not attach a realistic meaning to objective
probability, taking instead an attitude closer to the pragmatist idea of objectivity as
agreement among members of the scientific community.

2.3 Paul Lévy’s “rationalistic theory”

Paul Lévy (1886-1971), professor of analysis at the École Polytechnique in Paris, gave
important contributions to various branches of mathematics, including functional anal-
ysis and probability theory. In Calcul des probabilités 1925 Lévy addresses the foun-
dations of probability, putting forward the viewpoint he calls “rationalistic theory”
(théorie rationaliste), later summarized in a short article entitled “Les fondements du
calcul des probabilités”, appearing in 1949 in the already mentioned issue of the jour-
nal Dialectica dealing with “probable knowledge”. Like Fréchet and Borel, Lévy is
concerned with the practical meaning of probability, taking for granted that its math-
ematical aspects are beyond dispute. Clarifying the relationships between the mathe-
matical principles (axioms) and their practical applications is precisely the task Lévy
attaches to the debate on the foundations of probability, which must be of interest to
both philosophers and mathematicians.

Lévy takes a sympathetic attitude towards the notion that probability has a subjective
component, and rejects von Mises’ frequency theory, called empirical. In his words:
“probability, essentially subjective, traces a clear-cut distinction between what one
knows and what one does not know but can be modified by some information that
was previously unavailable” (Lévy, 1925, p. 14). The proper tool for such updating
is Bayes’ rule, to which Lévy devotes one section of the first chapter of Calcul des
probabilités.

The meaning of probability varies according to the problem addressed: one thing is
to talk about the probability of obtaining a double six when two dice are thrown, and
another thing is to talk about the probability of contracting a certain disease in a given
situation. While the second problem “is of interest to statisticians and doctors [...]
mathematicians and philosophers should primarily concern themselves with games of
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chance, where the concept of probability can be seen in its purity” (Lévy, 1949, p. 57).
The meaning of probability in the realm of chance games is “the expectation of a fre-
quency”: we expect that after a considerably long series of throws each side of a die
will come up with a frequency close to 1/6, unless we have reason to believe otherwise,
namely assuming that the die is unbiased. What we expect is not that the die comes up
exactly 1/6th of the times it has been thrown, but that this result obtains approximately.
More precisely, we expect that the deviation between the observed and the expected
frequency is not too large. If not, we must revise our expectations. Conversely, if
the deviation between the observed frequency and our expectation is small, our ini-
tial expectation is confirmed, together with the assumption backing it. Fréchet calls
attention to the analogy between this way of proceeding and what is commonly done
in geometry where all reasoning is based on perfect solids which are not to be found
in reality, but good approximations are considered satisfactory. This inspires Lévy’s
claim that “only subjective probability is liable to offer a schematization of probability
which is as useful to the probabilist as the consideration of perfect solids is to the ge-
ometrician. One can discuss the intuitive character of subjective probability [. . . ] But
I think that everyone must acknowledge the interest of subjective probability” (Lévy,
1949, pp. 58–59).

Against the pretence of frequentists of grounding the evaluation of probability on fre-
quencies alone Lévy calls attention to the importance of intuition and individual judg-
ment, on which rests the task of applying the laws of probability to practice. To the
upholders of the frequency theory like von Mises, whom he labels “empiricists”, Lévy
objects that we only experience individual cases, and when a series of repeated trials
is available “if in the result of such experiences we discover a characteristic which
does not look random, but [...] predictable, this must be so by virtue of individual
experience. It must be discovered. The empiricist denies it. Therefore I can only
reckon empiricism as the refusal of a progress that rationalism has made without ef-
fort” (Lévy, 1949, p. 62). The fundamental mistake made by those who embrace the
frequency theory is that of putting at the core of the definition of probability the rela-
tionship between probability and frequency, which is thereof assumed a priori, when
it should be a matter for demonstration. In Lévy’s words: “the empiricist cannot hope
to demonstrate Bernoulli’s theorem, because he starts with assuming the property that
should be proved” (Lévy, 1949, p. 63).

To admit that subjective elements enter into the evaluation of probability is for Lévy
simply a matter of taking a rationalistic attitude towards the issue of the interpreta-
tion of probability, which boils down to the problem of linking theory and practice.
In Lévy’s words, “There is no doubt that the rationalist has his own difficulties when
it comes to dealing with empirical results. But he has never concealed such diffi-
culties; to solve them he will employ all his good sense, he will not merely use a
ready-made formula” (Lévy, 1949, p. 64). The rationalist’s decisive advantage over
the empiricist is that of having understood that the properties of a series must be ex-
plicated in terms of the properties of its elements. Lévy considers it crucial progress,
and deems the empiricist’s refusal to acknowledge it a “fundamental mistake” (Lévy,
1949, p. 64).
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3 Closing remarks

As claimed at the outset, the work of the French mathematicians Fréchet, Borel and
Lévy is best seen in the frame of a larger picture that includes a number of authors
active in different fields and in different places, such as Frank Ramsey and Harold
Jeffreys in Great Britain, Bruno de Finetti in Italy, Richard von Mises and Hans Re-
ichenbach in Germany, and Janina Hosiasson in Poland, all of whom heralded a gen-
uinely probabilistic view of knowledge. The same conviction was actually shared by
many others, including authors like John Maynard Keynes and Ernest Nagel, thereby
extending the picture considerably.

A first consideration suggested by the work of such authors is that the debate on the
foundations of scientific knowledge is broader than the received view centred on the
Vienna Circle that has long been dominant.

A further consideration that can be drawn from their writings is that the upholders of
probabilistic epistemology share by and large a body of tenets ingrained in the pragma-
tist tradition, such as the stress on prediction as the main task of science, the idea that
success is the canon for the justification of induction, the centrality of action in con-
nection with the theory of meaning and the value of probability, and the attention paid
to the practical applications of probability. This is evidence of the influence exercised
by pragmatism on European epistemology. Reichenbach, Ramsey, Hosiasson and de
Finetti all explicitly acknowledge the influence on their thought of pragmatist thinkers
such as Peirce, James and the Italian Giovanni Vailati.12 By contrast, the French prob-
abilists do not refer to such authors, but their writings abound with references to Henri
Poincaré. There is no doubt that Poincaré was a formidable source of inspiration for
French mathematicians,13 and exercised an influence that went far beyond technical
aspects, deeply affecting their philosophy of probability whose pragmatist flavour is
likely to descend from his work.

12See Galavotti (2011b) and Galavotti (to appear) for more on the influence of pragmatism on the debate
on the foundations of probability in the last century.

13See for instance von Plato (1994), where Borel is regarded as Poincaré’s successor not only academi-
cally, but also “in an intellectual sense” (p. 36).
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Introduction

As a brief introduction, let me remind the reader of two facts. First a quotation from
Patrick Suppes, quite meaningful in the context of our Congress of logic, methodology
and philosophy of science : “I count probability as perhaps the single most important
concept in the philosophy of science” (Suppes, 2002, p.14); hence the title of this
presentation. Second, as our President Elliott Sober said in his inaugural welcome
talk, P. Suppes was President of DLMPS from 1975 to 1979; and he had been very
active and contributive in the preparation of the first DLMPS congress, that took place
in 1960 on the Stanford campus. He really was one of us. The present paper attempts
to summarize : (1) Suppes’ background and career, (2) his style as a philosopher of
science, (3) his probabilistic metaphysics.

1 Suppes’ background and career

Patrick C. Suppes was born in Tulsa, Oklahoma, on March 17, 1922. His mother died
when he was four years old. He was raised by his stepmother, who encouraged his
intellectual curiosity, while his father would see him follow his own trail in the oil
business. He graduated from Tulsa High School in 1939. Later on he liked to say that
his public school education had been very influential, due to his being admitted in a
six years experiment of accelerated education for able students.

Suppes began college in 1929 at the University of Oklahoma, found it boring, went to
Chicago, and back in Tulsa. At the time his interests were mostly in physics. In 1942
he was recruited to serve in the Army Reserves, returned to the University of Chicago
and graduated in a “special meteorology program”. Then during WW2 he served as a
meteorologist in the US Army from 1943 to 1946, first on the Solomon Islands, then
in Guam. In a ‘Self-profile’ that he wrote in 19791 he mentions having read Aristotle
on the Solomon Islands. Note that the importance in Suppes’ philosophy of the notion
of habit is clearly reminiscent of Aristotle.

After the war Patrick Suppes earned a PhD (1947-50) in Philosophy from the Univer-
sity of Columbia, New York. His director of studies was Ernest Nagel. The topic of
the dissertation was action at a distance, according to Descartes, Newton, Boscovich,
and Kant. Such a topic points to an interest for the history of philosophical problems,
in so far as it helps looking for better solutions or approaches. Such was typically
Suppes’ attitude towards the history of philosophy: “We can learn from the past, but
we can also improve upon it” (Suppes, 1996, p.110).

Suppes’ career was simple, straight and extraordinarily productive. From the fall of
1950 on, he spent 64 years at Stanford University, living on campus, building his re-

1‘A Self-profile’, p. 3-56, in: Raju J. Bogdan, 1979, Patrick Suppes. Hereafter quoted as ‘Self-profile’.
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search facilities, accompanying the university’s evolution from the initial ‘farm’ to a
vast and busy industrial city. As a professor he would teach in the Philosophy De-
partment, and had links with the Departments of Mathematics, Statistics, Psychology,
Education. As a researcher he created the Stanford Institute for Mathematical Stud-
ies in the Social Sciences (IMSSS, initially ‘Ventura Hall’), of which he was director
from 1959 to 1992. Interested, long before the personal computer existed, in the pos-
sibility of using computers to teach mathematics or language and facilitate classroom
learning, he launched with IBM a system of computer-assisted instruction (CAI) in
East-Palo-Alto that low-achieving students in an elementary school could use exper-
imentally from 1966 on. He also founded a Stanford Education Program for Gifted
Youth, which he managed from 1992 to 2010.

In his lifetime P. Suppes was gratified with many honors and distinctions. He was
elected a member of the National Academy of Education (1965), of the National
Academy of Sciences (1978), of the IIP (International Institute of Philosophy), etc.
Those however were not his raison de vivre. When he was offered an opportunity to
become President of Stanford University he refused, arguing that he liked “research
better than bureaucracy” (‘Selfprofile’, p. 52).

He was strongly dedicated to international relations between philosophers, was often
invited abroad, travelled easily, co-edited a number of collective volumes. As an ex-
ample, he was in Paris in November 1979 at the invitation of Jules Vuillemin, and gave
a series of four lectures at the College de France. Those were translated into French
and published (Suppes, 1981a). He was at the College de France again in 2005 at
the invitation of the author of the present paper. He then gave a well-attended public
lecture on “Neuropsychological Foundations of Philosophy”, and participated in two
seminars, having exciting exchanges with neuroscientists and neurosurgeons2.

Formal talks were not his only, nor his favorite mode of communication. Planning to
be in Paris in March, 2002, he welcomed the perspective of having an informal talk
and discussion with philosophy students at the College de France. He suggested that
we could take “Rationality and Freedom” as a theme. He sent us a series of papers he
had written, some still unpublished. As our students had a hard time reading some of
those papers, which were loaded with technicalities, Suppes sent an email:

Very pleased to have the papers looked at prior to our meeting. Then
we can have a real discussion rather than a lecture, which I would like
very much. My use of ergodic theory in some of these papers is a bit
heavy going for philosophers [. . . ]. But don’t be put off by the technical
framework. The basic message is easy to communicate in discussion.
And I do have something to say about free will. Perhaps the single best
one-sentence formulation is this: Free will is a scientific problem, not
a philosophical one. And the answer is positive, with no need to worry

2See: Lettre du College de France, February 2006, 16:8.
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about compatibility with determinism or indeterminism. Look forward to
seeing you. Pat3

A letter followed, with detailed instructions on what to read exactly, and how the dis-
cussion could be carried. A copy of the letter may remind the reader of his handwriting
(Figure 1.).

2 Suppes’ style as a philosopher of science

To the question as to what kind of philosopher of science was Patrick Suppes, there
may be two answers. Suppes was a kind of Janus bifrons. Having regard to his
conducting theoretical vs. empirical research, he was two different philosophers of
science. Whether the one completed the other, or whether he evolved from one to the
other, is not that clear. Let us opt for the second hypothesis.

“In my younger and more formalistic days...” (see: Bogdan, 1979, p.208). The young
Suppes, Nagel’s student, was an analytic philosopher, interested in the logic and lan-
guage of science, talking about primitive notions, axioms, theorems, proofs, formal
methods... He dreamed of doing for physics what Whitehead and Russell (1910–1913)
did for mathematics:

If time and energy permitted, I would like best to write a kind of Bourbaki
of physics showing how set-theoretical methods can be used to organize
all parts of theoretical physics and bring to all branches of theoretical
physics a uniform language and conceptual approach. (Suppes, 1969,
p.191).

The more mature Suppes proved a real talent and inclination for laboratory inves-
tigations. “I found that I had a natural taste for elaborate analysis of experimental
data.” (‘Self-profile’, p. 28). He would then appear as a pragmatic philosopher,
empiricist, associationist, neobehaviorist (however, anti-reductionist)—occasionally
trusting his intuitions—mostly interested in experimental psychology, and admirer of
William James, whom he easily quoted (James, 1890/1950). Here is how he sees
himself:

I think of myself primarily as a philosopher of science, but to a degree
that I think is unusual among professional philosophers I have had over
the period of my career strong scientific interests. Much of this scientific
activity could not in fact be justified as being of any direct philosophical
interest. But I think the influence of this scientific work on my philos-
ophy has been of immeasurable value. I sometimes like to describe this

3Copy of an email sent: Sun, 24 Feb 2002, by <psuppes@mail-csli.stanford.edu> (personal communi-
cation)
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Figure 1.
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influence in a self-praising way by claiming that I am the only genuinely
empirical philosopher I know (‘Self-profile’, p. 45).

Continuity is claimed by Suppes, from the logic course taught at Stanford in the
1950es (Suppes, 1957/1967) to the monumental summa (Suppes, 2002) reflecting 40
years of research and published when he reached eighty years:

Course notes materials were developed . . . that conceptually followed the
final chapter on the set-theoretical foundations of the axiomatic method of
my Introduction to Logic, first published in 1957. (Suppes, 2002, p.xii).

The objective remained of achieving the unity of science through the progressive “re-
duction of one part of science to another” (Suppes, 2002, p.467). The task, however,
appears difficult: “one of the puritanical themes of this book is that scientific reduction
is hard work. To finish it off with details and explicit representation theorems is even
harder. [...] The problem was too difficult for me.”(Suppes, 2002, p.467-8). In other
words, Suppes acknowledges that he never succeeded reducing completely a piece of
science to another.

While the objective of working towards the unity of science through achieving the
program of reduction is neither abandoned, nor disavowed, another program opens up,
that may be named Suppes’ Aristotelian program. It aims at searching and analysing
information about the world, even though the pieces of knowledge that are collected
may resist the constraints of logic and mathematics. At this point, philosophy of
science admits of a mixture of formal and informal methods:

It is difficult to predict the general future of axiomatic methods in the
empirical sciences. [...] The use of such methods permits us to bring to
the philosophy of science the standards of rigor and clarity that are an
accepted part of the mathematical sciences. A conservative prediction
is that they will continue to be applied in foundational work throughout
this century, even surrounded by a context of informal philosophical or
scientific analysis. Such a mixture of the formal and informal [...] is both
desirable and necessary, in the sense that many significant ideas in the
philosophy of science are not expressed in a way that makes them suitable
to formulate in terms of systematic axioms. Experimental and statistical
practices in all parts of science are the source of the largest numbers of
such examples. (Suppes, 2002, p.49).

Admittedly, as a philosopher of science, Suppes himself is a mixture: the diversity of
his interests goes far beyond logical analysis. In the (already cited) Self-profile that he
gave of himself in 1979, he enumerates seven research areas, where he thinks he has
contributed something of value:

I have grouped the discussion of my research under seven headings: foun-
dations of physics; theory of measurement; decision theory; foundations
of probability, and causality; foundations of psychology; philosophy of



Patrick Suppes: From logic to probabilistic metaphysics 181

language; education and computers; and philosophy of science (‘Self-
profile’, p. 9).

Let us take the example of the theory of measurement. Suppes contributed to build a
set of methods of measurement for psychology (see: Suppes and Zinnes, 1963). He
was especially happy with the initial theoretical paper he published with Dana Scott in
1958 (Scott and Suppes, 1958, Journal of Symbolic Logic, 23: 113-128): “A formal
definition of a theory of measurement as a particular kind of class of relational systems
is given and the general problem of axiomatizing a particular theory of measurement
is studied.” Measurement scales followed. He is now working on another subject, but
he maintains that philosophy students should learn about measurement: “I continue
to proselytise for the theory of measurement as an excellent source of precise but
elementary methodology to introduce students to systematic philosophy of science”
(‘Self-profile’, p. 16).

“My own empirical bent in philosophy is nowhere more clearly reflected than in my
attitude toward the philosophy of language”, Suppes wrote in 1979 (‘Self-profile’, p
40). Let us see how he attempted to elucidate the process of learning: learning how
to speak and read, how to compute or conceptualize, as well as how to mount horses
or bicycles.

In 1956 my oldest child, Patricia, entered kindergarten and my interests
in applications were once again stimulated, in this case to thinking about
the initial learning of mathematical concepts by children. [...] In recent
years the interest in mathematical concept formation has melded into my
work on computer-assisted instruction (‘Self-profile’, p. 29-30).

While developing computer-aided learning experimental programs, he also looked
into the history of philosophy:

The concept of meaning has a much longer history in philosophy and
logic than it does in psychology or in linguistics. It is possible to begin the
philosophical story with Aristotle, but Frege and Tarski will do... (‘Self-
profile’, p. 33).

He sees the meaning of a word, or phrase, as being context sensitive, and resting
on a sort of sedimentation of numbers of associations in a multiplicity of linguistic
environments. He certainly does not admit of the meaning of a word to be conceived
as a stable unit, possibly a supernatural entity, a ‘true’ idea serving as an absolute
reference for the variety of usages of the word.

I have come to be skeptical of the long philosophical tradition of looking
for various kinds of bedrocks of certainty, whether in epistemology, logic,
or physics. Just as the natural notion of a person is not grounded in any
hard and definite realization, and certainly not a physical one because
of the continual fluctuation of the molecules that compose the body of a
person, so it is with the meaning of expressions. (‘Self-profile’, p. 38).
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Parenthetically, Suppes expected the use of computers in education to help the stu-
dents think by themselves, and to free them from the tentative coercion of prestigious
professors delivering an authoritative message from the pulpit.

My vision for the teaching of philosophy is that we should use the new
technology of computers to return to the standard of dialogue and intimate
discourse that has such a long and honored tradition in philosophy. Using
the technology appropriately for prior preparation, students should come
to seminars ready to talk and argue. (‘Self-profile’, p. 44).

He certainly did not underestimate the difficulty of the programming. But he was
optimistic about the future of the computer-teacher. Not all of his predictions have
been confirmed.

There are many good teachers and many bad ones. We understand some
of the features that distinguish these two groups but we scarcely have a
detailed constructive theory as to how to model the best and how to elim-
inate those features characteristic of the worst. [. . . ] The computers that
are used for instruction 20 years from now will, almost without question,
no longer be silent but fully talking - and talking with a great deal of in-
structional sophistication. The silent computers that dominate the present
scene will definitely be a thing of the past by the end of the century.
(Suppes, 1981b, p. xxviii).

Rational decision and action is another topic that Suppes tackled with the tools of both
mathematics and psychology. As a formal tool, he liked best the Bayesian model, the
implicit assumption of which is that you should always choose so as to maximize
your expected utility. He also praised the Aristotelian model, where it is assumed that
you should always act “for good reasons”. He insisted on not dissociating rational
decision from rational action, and explained that a wise decision maker should take
into account both whatever information he may gather on the actual state of affairs,
and a clear notion of what he wants promoted:

Both beliefs and values are essential ingredients of the expected utility
model. A person with beliefs but no values does not know what to choose,
and a person with values or feelings but no beliefs can easily choose fool-
ishly. (Suppes, 1984, p.207).

But the standard models of the decision making process analyze decision making as
a mathematical computation. That is a simplifying fiction. Explicit expected utility
computations are rare. William James knew better than our economists. “The actual
computations we do are fragmentary, occasional, contextual, driven by associations
internal and external.”4 In other words:

4P. Suppes, ‘Rationality and Freedom’, manuscript, Paris, Collège de France, March 2, 2002. The
manuscript is mentioned in Suppes’ letter (Figure 1).
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A theory of rationality that is posited on some exemplary style of rational
deliberation, conscious, measured and complete, is utterly mistaken as a
psychological account of how any of us go about making decisions about
practical problems or solving theoretical ones. (Suppes, 2005, II, 3).

But wouldn’t a psychological account of our decisions end up with the certified report
that what we call rationality reduces to psychological determinism? Not so, Sup-
pes answers: “the Brownian movement has killed and buried determinism”5. Kant
was mistaken. His 3rd antinomy6 suggested that determinism is certain, free will is
conjectural. As a matter of fact, free will is certain, while the question of determin-
ism/indeterminism remains fuzzy:

The Kantian thesis has been properly stood on its head. Free will, as
exemplified in voluntary motion, is the hard empirical fact. Determin-
ism (or, if you prefer, indeterminism) is the transcendental metaphysical
assumption out of reach of detailed confirmation [...] I have taken a bio-
logical line of argument that makes free will a natural concept exhibited
in the behavior of other species. This is clearly a scientific line of attack.
(Suppes, 1994, pp.462, 466).

(Remember: “Free will is a scientific problem, not a philosophical one”—end of part
1). At that point, Suppes’ message is that while Kant’s program is clearly dead, an
empirical approach of the notions of ‘truth’ or ‘belief’ can be seen as a modern version
of Aristotle’s program.

3 Suppes’ probabilistic metaphysics

“Randomness is in nature, and not simply in our ignorance of true causes” (Suppes,
1984, p.23). When did Suppes start giving randomness a real, ontological dimension?
At least as soon as 1974, when he gave a series of invited lectures in Sweden:

In 1974, I gave the Hägerström lectures in Uppsala, Sweden, entitled
‘Probabilistic Metaphysics’. In those lectures I took as my starting point
Kant’s criticism of the old theology; my purpose was to criticize various
basic tenets of what I termed the new theology (‘Self-profile’, p. 47).

Following a suggestion from Amartya Sen, Suppes reworked his lectures. The book
came out ten years later. In that book the attack on the “new theology” is straight and
forceful. According to the author, the new theology, initiated by Immanuel Kant, and
tacitly assumed by virtually all philosophers of science after Kant, asserts that:

5“Le mouvement brownien a sonné le glas du déterminisme”, in: Suppes, 1981a, p.57.
6 Kant, Critique of pure reason (transcendental dialectic, 3rd antinomy).
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1. the future is determined by the past,
2. every event has a sufficient determinant cause,
3. knowledge must be grounded in certainty,
4. scientific knowledge can in principle be made complete,
5. scientific knowledge and method can in principle be unified (Suppes,
1984, p.2).

All five tenets will be found disputable. “We should be able to construct a general
metaphysics or epistemology on other grounds” (Suppes, 1984).

For the construction of the new metaphysics, two elements are preserved from the old
metaphysics. From Aristotle’s Metaphysics, the analysis of ‘being’ is retained. Let
us note that Suppes gives a remarkable account of the aristotelian notions of matter,
form, and substance:

Matter qua matter is purely potential and without attributes (Metaphysics,
1029a19). A substance has both form and matter. The nature of a sub-
stance is complex. It is neither simply the form nor the matter (Physics,
191a10; Metaphysics, 1043a15). There is no principle of individuation
for matter qua matter...The principle of individuation for substances does
not require sameness of matter for sameness of substance. For example,
an animal is both intaking and excreting substance, but we still speak of
the identity of that animal through time. (Suppes, 1984, p.5; see also
Suppes’ paper in Synthese, (Suppes, 1974)).

From Immanuel Kant the project of a critical philosophy is retained as a method.
Unfortunately Kant had rejected the use of probability. Therefore his possible contri-
bution to the contents of the new philosophy of science is nil.

Building a general philosophy of science is a huge enterprise. In the Introduction
of his Probabilistic Metaphysics, Suppes gives a list of eight basic “metaphysical
propositions”. Four of these will be minutely argued, each in a whole chapter. These
are:

1. “The fundamental laws of natural phenomena are essentially probabilistic rather
than deterministic in character.” (Suppes, 1984, chap. 2, p.34).

2. “In general, causality is probabilistic, not deterministic in character, and conse-
quently no inconsistency exists between randomness in nature and the existence
of valid causal laws.” (Suppes, 1984, chap. 3, p.70).

3. “Certainty of knowledge—either in the sense of psychological immediacy, in
the sense of logical truth, or in the sense of complete precision of measure-
ment—is unachievable.” (Suppes, 1984, chap. 4, p.99).

4. “There is no bounded fixed scientific theory toward which we are in general
converging.” (Suppes, 1984, chap. 5, p.117).

Assuming the “ontological character of randomness” (Suppes, 1984, p.208) entails
that: 1) unified science, as cherished in the old days, was a dream; 2) learning is
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merely building habits; 3) there are limits to the rationality of our ‘rational’ strategies
of action. Let us briefly comment on those three points.

1. The idea of unified science was promoted in the early 20th century by Neurath and
others (Neurath, Carnap, & Morris, 1938, vol.1, part 1) with the ambition that psychol-
ogy and other social sciences might be reduced to biology, biology could be reduced to
physics and chemistry, so all sciences would converge, using the same (mathematical)
language and methods. But science is plural and will remain plural. Suppes sketches
a program adapted to “the plurality of science” (Suppes, 1984, chap.6):

the rallying cry of unity followed by three cheers for reductionism should
now be replaced by a patient examination of the many ways in which dif-
ferent sciences differ in language, subject matter, and method... (Suppes,
1984, p.125)

Plurality in science reflects the diversity in the world. Suppes’ anti-reductionism is
ontologically based, and not only an affair of methodology:

the important central features of meaning and correctness of a program
are in a strong sense irrelevant to the particular physical realization in
which the program is embodied (Suppes, 1984, p.130).

You cannot reduce the mental conception and design of a program to its realization
in a brain or a computer. Suppes wants psychology to be a science of the mind, as
serious and dignified as physics.

2. How do we learn? How do we know that Rome is not the capital of France?
“three processes—talking, listening, and reading—are the main methods by which
information is transmitted and intellectual skills are learned.” (Hintikka, Suppes, &
Moravcsik, 1973, Preface). Don’t we have to learn logic? How do our intellectual
skills develop?

It is misleading to say that we are making a deduction to arrive at the con-
clusion that ‘Rome is the capital of France’ is false .. [...] The approach to
computation about such things and processes, characteristic of our minds,
was well recognized by Hume, the godfather of the central mechanism of
association, and already foreshadowed by Aristotle. What I shall insist
on here is the universal role of association as the main method of compu-
tation in the brain (and in the mind, if you will) in dealing with ordinary
experience. (Suppes, 2005, II, 3).

What about our being able to correct errors of judgement or of calculation, like mis-
takenly applying a probabilistic causal law to individual cases? “Certainly it would
be ludicrous to think that there is a logically valid inference from the mean data to the
individual data. But [...] ordinarily much of what I know about individuals is based
upon generic causal relations.” (Suppes, 1984, p.61).

3. Rational behavior cannot be entirely disconnected from its factual context (in-
ternal: moods, hormones; or external: weather, needs of our children, unexpected
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situation, etc.). “Intentions and actions are afloat on a sea of random happenings.”
(Suppes, 1984, p.208). Most of the time we don’t explicitly rationalize before doing.
We decide without much thinking, because we trust our habits. For complex tasks we
may use recipes or “justified procedures”, as do the “rational cooks and carpenters”. In
important circumstances we will effectively compute, using for example the Bayesian
model - note that the Bayesian theory provides a rational for changing beliefs, given
the acquisition of new information; but an analysis of the process of information se-
lection is missing, leaving the subject free to pay or not pay attention to possibly
relevant information. Finally, trained subjects may have rational intuitions. “Intuitive
judgment is a skill like jogging, playing tennis, or finding mathematical proofs. Even
simpler and more universal examples are walking and talking.” Suppes ambitioned to
develop “a proper educational psychology for teaching those skills.” (Suppes, 1984,
p.218). Let him conclude:

What we teach our students or ourselves about practical decision mak-
ing cannot be wholly reduced to algorithms or even to implicit axioms,
but we can, on the other hand, improve on Aristotle just because we can
apply axioms and procedures as appropriate. The use of modern quantita-
tive methods of decision making is necessarily limited but powerful when
properly applied. The role of judgment and practical wisdom in apply-
ing such methods will continue to be of central importance. The tension
between calculation, qualitatively justified procedures, and judgment will
not disappear. Nor will its philosophical analysis. (Suppes, 1984, p.221).
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10 Logical empiricist reconstructions
of theoretical knowledge

WILLIAM DEMOPOULOS *

Abstract. I argue that the logical empiricist account of theoretical knowledge exhibits
a fundamental misconception about the character of the claims theories express. This
is the idea that the application of truth to theoretical claims—whether they involve
unobservable entities or the structure of space and time—rests on considerations that
show them to possess an arbitrariness that does not attach to non-theoretical, empirical
statements. This idea was completely explicit in the case of logical empiricism’s con-
ventionalist account of theoretical claims about the geometry of space and time, but
it emerges as an unintended consequence of its partial interpretation account of the-
ories about entities which transcend observation. The misconception stems from an
incorrect assessment of the epistemic warrant theoretical claims enjoy and an incorrect
assessment of the basis for our confidence in existence claims involving unobservable
entities. The view I advocate allows that the value of a physical theory is often instru-
mental and independent of whether the theory is even approximately true. But this
concession to instrumentalism is compatible with the idea that a theory’s instrumental
value can consist in facilitating the discovery of salient truths about reality, even a part
of reality that is entirely hidden from observation. The argument to this conclusion
rests on an analysis of the methodology of theory-mediated measurement and the role
this methodology plays in securing fundamental existence claims of the kind we asso-
ciate with Jean Perrin in the case of molecular reality and J. J. Thomson in connection
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with the constitution of cathode rays. The larger study from which the present paper
is drawn is an extended presentation of that argument, while the following discussion
focuses on some of the main considerations that motivated its development.

Keywords: structuralist thesis, partial interpretation, logical empiricism,
model-theoretic argument.

1 Introduction

The logical empiricists articulated what is arguably the first systematic development
of a theory of theories. Their approach derived from the perspective afforded by mod-
ern logic and Hilbert’s work on the axiomatic method. It was designed to address
two key developments, the first concerned with abstract principles, the second with
existence claims. In the case of abstract principles, Einstein’s theories of relativity
demonstrated the need to revise our conception of the epistemological status of the
geometry of space and the chronometry of time; to understand the nature and episte-
mological significance of such a revision was pressing. As for existence claims, the
early twentieth-century experimental success of atomism established the appeal to un-
observable entities as a permanent feature of physical theory and raised the question
of the nature of the support that attaches to claims which purport to be about entities
that transcend observation.

The logical empiricist reconstruction of relativity was a corrective to the pretensions
of the rationalist adherence to the synthetic a priori and the naiveté of an earlier em-
piricism; it was distinguished by its conventionalist interpretation of geometry and
chronometry. The search for an account of theoretical claims which appeal to unob-
servable entities culminated in the partial interpretation view of theories, one of whose
principal goals was to address the prima facie challenge to empiricism that such claims
represent by clarifying their empirical status.

My focus is the partial interpretation reconstruction of theories and its elaboration by
Carnap using the notion of the Ramsey-sentence of a theory. I will touch on work of
David Lewis which is often seen as a contribution to this tradition, and I will articulate
a central difficulty for the partial interpretation reconstruction that is suggested by one
of Hilary Putnam’s “model-theoretic arguments.” The difficulty consists in the failure
on the part of the partial interpretation and related reconstructions to provide an ade-
quate account of our epistemic access to theoretical domains. To address this issue it is
necessary to delve more deeply into the methodology by which such access has in fact
been secured. My goal here is to motivate the importance of the problem of epistemic
access. The larger study from which this paper is drawn is an extended discussion of
this issue and the role theory-mediated measurement plays in its resolution.
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2 The partial interpretation account of theories

The partial interpretation account of theories holds that the vocabulary of a theory
consists of an observational and a theoretical component, where the application of the
observation-theory distinction is based on whether a vocabulary item is held to apply
to entities in the intended domain of the theory which are observable—in which case
the item belongs to the observation vocabulary—or unobservable, in which case it
belongs to the theoretical vocabulary. In the classical formulation of Carnap (1956,
pp. 41–42 and pp. 46–48), this distinction partitions vocabulary items into just these
two classes. (The possibility of a third class of terms—mixed vocabulary items that are
understood to apply to both observable and unobservable entities—will be addressed
later.)

Given the foregoing distinction in vocabulary, the sentences of the language of a the-
ory are divided into three classes: one consisting of sentences which are generated
from just the observation vocabulary, another of sentences generated from just the
theoretical vocabulary, and a third consisting of sentences generated from the com-
bined observation and theoretical vocabularies. These are, respectively, the observa-
tion sentences, theoretical sentences, and correspondence rules of the language. A
theory is the conjunction of a selection of theoretical sentences and correspondence
rules. There are no special restrictions on the logic of a theory, and it may be either
first-order or higher-order; the notion of a theory may also be generalized in various
ways that are irrelevant to the conceptual issues on which I intend to focus.

Historically, the partial interpretation account of theoretical knowledge derives from
the idea that theoretical terms are introduced by sentences which, taken by themselves,
are indistinguishable in their epistemic status from the statements of a pure mathemat-
ical theory. Theoretical statements share with the statements of a mathematical theory
the property that their interpretation is responsible only to the logical category of their
constituent nonlogical constants. This view of theoretical statements is a consequence
of the fact that the partial interpretation account is a continuation and extension to the
theories of physics of the axiomatic tradition that Hilbert initiated in pure mathemat-
ics. Especially influential was Hilbert’s contention that the primitives of a mathemat-
ical theory are whatever satisfies its axioms. This contention—that the postulates of
a theory “implicitly define” its primitive notions—swept away the subjective associa-
tions that characterized an older tradition’s understanding of a mathematical theory’s
primitives, even in the case of geometry, where they were thought to have a famil-
iar “intuitive” content. The partial interpretation account sought to extend Hilbert’s
analysis of mathematical theories to physics by providing an account of the empirical
content of the theoretical statements of physics that is based on the connections be-
tween theoretical terms and observation terms that are expressed by correspondence
rules.

One can see in this brief sketch the two characteristic theses of the partial interpre-
tation view: the first, its claim that only the observation vocabulary is completely
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understood; and the second, the correlative claim that the interpretation of the theo-
retical vocabulary is limited by constraints which depend only on the logical category
of the theoretical terms and whatever restrictions the true observation sentences im-
pose on the domain of unobservable entities over which the theoretical sentences and
correspondence rules are evaluated. I will refer to this second claim as the structural-
ist thesis. We have yet to explain how the partial interpretation view conceives the
relation between interpretations, true interpretations, and truth.

3 Carnap on Ramsey sentences and the explicit defini-
tion of theoretical terms

Carnap’s mature reconstruction of the language of science1 builds on and extends the
partial interpretation view of theories. The central notion of this account is the Ram-
sey sentence of a theory: the sentence formed by replacing theoretical terms by (new)
variables of the appropriate logical category, then closing the resulting formula by
adding an existential quantifier for each of the new variables. It is a very short step
from the two characteristic theses of the partial interpretation account of theories to
the notion that a partially interpreted theory’s Ramsey sentence captures its “factual
content”: the Ramsey sentence is observationally equivalent to the theory in the sense
that any argument from the partially interpreted theory to a sentence of the observa-
tion language can be recovered using the Ramsey sentence instead.2 Notice that the
Ramsey sentence’s use of variables in place of uninterpreted theoretical terms simply
makes explicit the commitment of the partial interpretation account to the structuralist
thesis. As Ramsey expressed it:

So far . . . as reasoning is concerned, that the [transforms of the theoretical
sentences and correspondence rules which constitute the matrix3 of the
Ramsey sentence of the theory] are not complete propositions makes no
difference, provided we interpret all logical combinations as taking place
within the scope of a [single existential] prefix. . . . For we can reason
about the characters in a story just as well as if they were really identified,

1This is the reconstruction expounded in (Carnap, 1963) and extended in various ways to be described
below in (Carnap, 1961). The publication date of (Carnap, 1963) is a poor guide to the work’s date of
composition since the publication of the volume in which it appeared was delayed for many years.

2The Ramsey sentence of a theory, like one of its Craig transcriptions, eliminates theoretical vocabulary,
but unlike a Craig transcription, it retains the connections between observable properties and relations which
are mediated by their association with theoretical properties and relations. This is why the difficulties which
Hempel (1965, pp. 214–216) shows to be a necessary feature of the elimination of theoretical vocabulary for
reconstructions based on the notion of a Craig transcription are not difficulties for Ramsey-sentence-based
reconstructions. For further discussion see Demopoulos (2013, Chapter 7.2) and Putnam (2012).

3By the matrix of a Ramsey sentence I mean the formula which results when the “new” existential
quantifiers are deleted.
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provided we don’t take part of what we say as about one story, part about
another. (Ramsey, 1929, p. 232)

Carnap’s mature reconstruction refines the doctrine of partial interpretation in two
principal respects. As we have already noted, Carnap explicates the factual content
of a partially interpreted theory in terms of its Ramsey sentence. But Carnap took
things a step further by combining his account of the factual content of a theory with
an explication of theoretical analyticity—analyticity relative to a theory—in terms of
what has come to be known as the Carnap sentence of a theory: the conditional whose
antecedent is the theory’s Ramsey sentence and whose consequent is the partially in-
terpreted theory. Before Carnap the distinction between the factual and analytic (and
hence, non-factual) components of a theory followed the distinction between postu-
lates and definitions. But since this distinction is inherently arbitrary, its utility for a
dichotomy that is supposed to reveal our factual commitments may be doubted.

The Carnap sentence is justifiably regarded as analytic because it is a kind of “implicit
definition” of the theoretical vocabulary, one that is provably non-factual in the sense
that the only observation sentences it logically implies are logical truths. And as John
Winnie (Winnie, 1970) later showed, the Carnap sentence, like a proper definition,
satisfies a special noncreativity condition that is similar to the noncreativity condition
that is customary for proper explicit definitions.4

Carnap advanced the Ramsey sentence not just as a clarification of the partial inter-
pretation view of theories, but as a correct representation of how scientists understand
their theoretical claims. They intend, Carnap held, an “indeterminate” claim, one that
may have many interpretations under which it comes out true. As scientists understand
them, theoretical claims are indeterminate as to the interpretation of their theoretical
vocabulary and any representative class or relation which makes true the Ramsey sen-
tence of the theory to which the claim belongs is as acceptable as any other. To narrow
down the interpretation any further than is demanded by the truth of the Ramsey sen-
tence would, for Carnap, violate the intentions of the scientist who constructed the
theoretical system.

In (Carnap, 1961), which is one of his last papers on theoretical terms, Carnap converts
the implicit definition of theoretical terms by the Carnap-sentence into a sequence of
explicit definitions of them. But these explicit definitions do not eliminate—and were
not intended by Carnap to eliminate—the indeterminateness of his earlier account. In-
deed, Carnap formulates his explicit definitions in what he calls a “logically indetermi-
nate” language. The language L" which he employs is a standard first- or higher-order
language enriched with Hilbert’s "-operator and the extensional axioms which govern
its use. There are two such axioms governing the use of Hilbert’s "-operator. Given a
formula Fx in one free variable, the first axiom tells us that if there is something sat-
isfying Fx, then there is an “"-representative” of F , denoted ‘"x(Fx)’, that is selected

4For an exposition of these matters, see (Demopoulos, 2007) and (Gupta, 2009).
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by the choice function which interprets the "-operator. The second axiom tells us that
if the formulas Fx and Gx are extensionally equivalent, their "-representatives are the
same. That it should be possible to apply Hilbert’s "-operator to the Ramsey-sentence
reconstruction of theories is a consequence of Carnap’s observation that the Carnap
sentence of a theory can be derived from a sentence that is in the same form as the first
of the axioms for the "-operator.

For Carnap the principal virtue of this proposal is that it incorporates the convenience
of having the use of a theoretical vocabulary while retaining the characteristic inde-
terminateness of that vocabulary that is the hallmark of the partial interpretation view
and of his mature reconstruction in terms of Ramsey and Carnap sentences. Thus he
writes that the theoretical postulates and correspondence rules “are intended by the
scientist who constructs the system to specify the meaning of [a theoretical term] to
just this extent: if there is an entity satisfying the postulates, then [the term] is to be
understood as denoting one such entity. Therefore the definition [of a theoretical term
by means of Hilbert’s "-operator] gives to the indeterminate [theoretical term] just the
intended meaning with just the intended degree of indeterminacy” (Carnap, 1961, p.
163, emphasis added).

4 A proposal of David Lewis and two theorems of John
Winnie

David Lewis’s (1970) is sometimes credited with having refined Carnap’s and Ram-
sey’s reconstructions and to have improved on Carnap’s approach to the explicit def-
inition of theoretical terms by showing how it might be possible to avoid multiple
interpretations of the theoretical vocabulary under which the theory comes out true.
Lewis maintained that allowing for what he calls “multiple realizations” concedes too
much to instrumentalism. Lewis does not say why multiple realizablity is a conces-
sion to instrumentalism, but let us for the moment grant the point and consider how he
makes the case that there are many theories which, if realizable, are uniquely realized.
Lewis is clear that he must provide an independent defense of this contention, since
the possibility of there being just one realization appears to be excluded by two the-
orems of Winnie (1967). Modulo the conceptually unimportant technical restriction
that not all theoretical properties and not all theoretical relations are universal, Winnie
shows that on the partial interpretation view of theories, if a theory has one realiza-
tion, there is always another; and if a theory is realizable at all, it is arithmetically
realizable.

Lewis’s response to Winnie rests on two features of his conception of the language
in which theories are formulated. First of all, Lewis follows the partial interpretation
account by dividing the vocabulary of a theory into two parts, which he calls the “O-
vocabulary” and the “T-vocabulary” of the theory. However, Lewis’s “O-T distinction”
is not the distinction between observation and theoretical vocabulary of the partial
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interpretation account. Lewis’s distinction concerns old vocabulary, vocabulary which
is understood prior to the formulation of the vocabulary-introducing theory; and the
contrast Lewis’s distinction draws between old and T- or new vocabulary has nothing
to do with observation or observability. In principle, Lewis’s O-T distinction could
be completely orthogonal to the observational-theoretical distinction of Carnap and
the doctrine of partial interpretation. A second, related, difference involves Lewis’s
notion of an “O-mixed term.” This is a notion that does real work for Lewis, but before
explaining it, some further background regarding the partial interpretation view and
its relation to Lewis’s O-T distinction is necessary.

In his exposition of the partial interpretation reconstruction, Winnie includes in addi-
tion to the observation and theoretical predicates a separate category of mixed predi-
cates, predicates that apply to both observable and unobservable entities. Lewis has
the notion of a mixed term, and of special importance are those he calls “O-mixed”
terms. These are terms which, like Winnie’s mixed predicates, can apply to both
observable and unobservable entities. But their characterization—unlike Winnie’s
characterization of observation and theoretical predicates—has nothing to do with ob-
servability. And while Winnie’s mixed predicates are distinguished from observation
predicates, Lewis’s O-mixed terms count as O-terms, and as such, are assumed to be
fully understood whether they apply to observable or unobservable entities; therefore
the interpretation of O-terms—whether they are unmixed and refer only to observable
entities, or are mixed and refer also to unobservable entities—must be preserved as
we pass from one realization of a theory to another.

The situation is altogether different for Winnie and for the standard view. As we will
soon see in greater detail, when Winnie establishes the existence of alternative real-
izations by means of a permutation map, it is only the entities in the observable part of
the domain that cannot be permuted, and it is only the interpretation of the observation
predicates—predicates which apply only to observable entities—that must be the same
in any realization of a partially interpreted theory. No such requirement applies to the
interpretation of theoretical predicates; nor does it apply to mixed predicates.

Since Winnie’s permutation map is defined as the identity on observable entities, it is
trivially true that observable relations are isomorphic to their images under his map-
ping. But although it is trivially true that Winnie’s map is an isomorphism between
observable relations, it is not part of Winnie’s argument that every one-one map from
the observable part of the domain onto itself can be extended to an isomorphism on
the properties and relations which interpret the observation predicates of the theory.
However the situation is different for one-one maps from the unobservable part of
the domain onto itself and the relations which interpret the theory’s theoretical predi-
cates.

To establish that a partially interpreted theory has many models if it has one model,
Winnie uses a construction based on a mapping from and onto the domain of a model
of the theory that permutes at least one pair of unobservable entities so that it changes
the image, under the mapping, of the interpretation of at least one theoretical predicate.
By the structuralist thesis—and this is the observation Winnie’s proof rests on—the
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theoretical predicates and relations can always be understood so that the relations
which interpret them are defined by their images under an arbitrary one–one mapping
from and onto the unobservable part of the domain. As for the properties and relations
which interpret mixed predicates, their images are unchanged only by the action of the
mapping from and onto the observable part of the domain. Such a construction defines
the theoretical and mixed properties and relations of a new structure as the images of
the properties and relations of a structure we know to be a model of the theory. Since
the new properties and relations are by construction isomorphic to the properties and
relations of a model of the theory, the structure which they define must also be a model
of the theory.

To see why Winnie’s argument does not affect Lewis’s claims about uniqueness of re-
alization, let us suppose that electrons and protons are unobservable entities, that elec-
trons are (strictly) smaller than protons, and that ‘smaller than’ is a term of Lewis’s
O-mixed vocabulary; any realization must therefore preserve the interpretation of
‘smaller than.’ It follows that the construction of a realization which, like Winnie’s,
interchanges an electron and a proton, is ruled out. In fact, the only case in which
Lewis’s and Winnie’s notions of realization coincide is the case in which Lewis’s O-
terms and T-terms have (respectively) only observable and only unobservable entities
in their extensions, and where therefore there are no mixed terms. In such a case,
even on Lewis’s account, a theory must have more than one realization if it has any
realization at all. We might put this by saying that Lewis’s approach to theories and
the definition of theoretical terms is at best only “accidentally” affected by Winnie’s
results.

To sum up our discussion of Winnie and Lewis, Winnie’s mixed predicates form a spe-
cial category distinct from observation predicates, and only the observable entities in
the interpretation of mixed and observation predicates are unaffected by his permuta-
tion map. But for Lewis mixed terms can be classified as O-mixed terms, and in order
to avoid Winnie’s permutation argument, it suffices that there should be a suitably rich
collection of O-mixed terms. In fact it may suffice that there should be one term that
stands for a relation which is such that all the various types of theoretical entity are
comparable in terms of this relation. In our example of electrons and protons, it is
sufficient that the particles of one kind are (strictly) smaller along some dimension
than those of the other—assuming, of course, that smaller than along this dimension
is picked out by an O-mixed term. It is therefore not at all implausible that for Lewis
a realizable theory can always be extended by the introduction of O-mixed terms and
appropriate postulates involving them to a theory that is uniquely realizable.

Lewis’s deployment of the Ramsey sentence and a modified form of the Carnap sen-
tence shares a strong formal affinity with Carnap’s reconstructions: Lewis’s adoption
of the Ramsey sentence suggests a commitment to the idea that a model of our under-
standing of new or T-terms—including the case in which the new terms are associated
with the introduction of a new class of entities—is adequate if it captures the inferen-
tial connections of the statements containing the new terms with the sentences in the
O-vocabulary. But although Lewis’s old vocabulary may well include “observation”



Logical empiricist reconstructions of theoretical knowledge 197

terms, the connections between T-terms and O-terms which Lewis’s mixed statements
express is not explicitly proposed as a connection with observation vocabulary, but
merely as a connection with vocabulary that is understood. And for Lewis, by con-
trast with the partial interpretation or Ramsey-sentence reconstructions of the logical
empiricists, so far as our understanding of old vocabulary is concerned, it might be
based entirely on our grasp of the inferential connections into which its items en-
ter—independently of whether or not these include inferential connections with ob-
servation sentences.5 It is clear therefore that despite their formal affinity, the absence
of an epistemological motivation underlying Lewis’s reconstruction of theories makes
his account very different from both the partial interpretation reconstruction and from
Carnap’s various refinements of it.

Carnap and the advocates of partial interpretation take it as a desideratum of an ad-
equate reconstruction of theoretical knowledge that it should address the empirical
basis of theoretical claims. On the partial interpretation reconstruction, this problem
is addressed by the provision of an explanation of our understanding of theoretical
claims in terms of the connection correspondence rules establish between theoreti-
cal and observation vocabulary. Carnap’s Ramsey-sentence reconstruction dissolves
the problem of how we come to understand the meanings of terms which apply to
unobservable entities by eliminating theoretical terms in favor of variables. But this
dissolution of the problem is merely an emendation—not a rejection—of the partial
interpretation view, an emendation that preserves the structuralist thesis. Indeed, Car-
nap’s transition to the Ramsey sentence reconstruction rests on the recognition that
the partial interpretation view subscribes to this thesis. For if, in addition to what-
ever restrictions the true observation sentences impose on the domain of a model of
a partially interpreted theory, the constraints on the interpretation of theoretical vo-
cabulary appeal only to the logical categoryof the theoretical terms, then there can
be no objection to their replacement by variables, and the problem of accounting for
how theoretical terms are understood then simply disappears. As for the empirical
basis for theoretical claims—as opposed to our understanding of theoretical vocab-
ulary—and the explanation of their difference from the claims of pure mathematics,
modulo the elimination of theoretical vocabulary, these issues are addressed by Car-
nap’s Ramsey-sentence reconstruction much as they are by the partial interpretation
reconstruction. Instead of appealing to the association of theoretical claims with ob-
servation sentences by the mediation of correspondence rules, the empirical basis of
such claims is accounted for by the association of the Ramsey-sentence transforms of
theoretical claims with observation sentences that is effected by the Ramsey-sentence
transforms of correspondence rules.

The centrality of the problem of the empirical basis of theoretical claims to the log-
ical empiricists’ reconstruction of theories serves not only to distinguish their ap-

5See (Gupta, 2013, especially section 11) for a critical perspective on “inferential-role” models of mean-
ing.
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proach from Lewis’s. It also shows why it is so misleading to characterize their
account—whether partial interpretation, Ramsey-sentence, or one of Carnap’s later
reconstructions—to have incorporated a “syntactic view” of theories. For the logical
empiricists, theories are indeed linguistic objects. But to call the logical empiricist
account “syntactic” misses the fact that it is first and foremost a reconstruction of the-
oretical knowledge that purports to illuminate how observation bears on the empirical
character and evidential support of theoretical claims. Evidently, neither goal can be
successfully addressed without going beyond syntax—as indeed the principal logi-
cal empiricist reconstructions do when they assume that the observation language is
interpreted.

This contrasts with the situation in mathematical logic where a theory is defined as
a set of sentences in a language about which we assume only that its syntax and un-
derlying logic are completely explicit. The logical tradition is also motivated by an
epistemological problem which is no less fundamental to its notion of a theory than
the epistemological motivation underlying logical empiricism is to its conception of
a theory. The logical tradition sought to show that a finitary notion of proof suffices
for the reconstruction of all mathematical reasoning—even reasoning within theories
whose intended interpretation is over an infinite domain of arbitrarily large cardinality.
But here the restriction to syntax in the characterization of a theory is entirely natural,
since it is essential to the successful positive solution of the problem which motivates
the logical tradition that a theory should be represented as a purely syntactic object.
Although the logical empiricist approach to theories was profoundly influenced by the
logical tradition, its goals were different: it sought to build a platform for the repre-
sentation of the theoretical claims of physics that would be capable of illuminating
their content and the basis on which they are understood and evaluated. In particu-
lar, it sought to show how observation must be a central component of an adequate
empiricist solution to this problem. The nature of the questions the logical empiricist
approach sought to address demanded—and were recognized by its proponents as de-
manding—a notion of theory that includes more than the purely syntactic conception
of the logical tradition.

5 Hilary Putnam’s model-theoretic argument

We have seen how, by contrast with Lewis, Carnap was prepared to accept multiple re-
alizability as a point in favor of partial interpretation and Ramsey-sentence reconstruc-
tions. In his “Reply to Hempel” in the Schilpp volume devoted to his work Carnap
even went so far as to endorse an arithmetical interpretation of the Ramsey sentence
of a theory as the correct understanding of what, on his reconstruction, the sentence
asserts. As Carnap put it,

I agree with Hempel that the Ramsey sentence does indeed refer to theo-
retical entities . . . . However, it should be noted that these entities are not
unobservable physical objects like atoms, electrons, etc., but rather (at
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least in the form of the theoretical language which I have chosen in [(Car-
nap, 1956, Section VII)] purely logico-mathematical entities, e.g. natural
numbers, classes of such, classes of classes, etc. (Carnap, 1963, p. 963).

Carnap might well be understood therefore to have also anticipated and embraced the
content of the second of Winnie’s two theorems as an acceptable consequence of his
view of the factual content of theories.

In light of these considerations, let us for the moment set to one side the issues con-
nected with arithmetical interpretations and multiple realizablity and turn our attention
to a closer examination of the question, ‘How do theories, whose characteristic feature
is that their theoretical claims transcend observation, acquire their empirical status?’
This brings us to Hilary Putnam’s model-theoretic argument, by which I mean his first
such argument, the one developed in (Putnam, 1977). I should emphasize that my
primary interest is the actual argument, rather than Putnam’s uses of it; these are all
more various than the application I will isolate. As I understand its significance, the
argument shows that the answer to our question given by the doctrine of partial inter-
pretation and its close descendants is incompatible with the thesis that when theories
which transcend observation are true, they express salient truths about unobservable
entities. The fault with all these views stems from their failure to satisfactorily address
the basis for our epistemic access to theoretical domains.

The model-theoretic argument consists of a simple technical argument and an obser-
vation. The technical argument establishes that any model of a theory’s observational
consequences can be extended to a model of the theory’s theoretical sentences and
correspondence rules, where the domain of this extension is the standard domain of
observable and unobservable entities. The argument which establishes this conclusion
also supports an observation, namely, that on the partial interpretation reconstruction
of theories, as well as Carnap’s various refinements of it, the conditions under which
a partially interpreted theory can be shown to be satisfiable suffice to show that the
theory is true.

The simple technical argument exploits a construction like Winnie’s. The conclusion
of the argument follows from a well-known folklore result that assures us that any
model of a theory’s observational consequences can be extended to a model of the
theory.6 This is true, in particular, when the model of the theory’s observational con-
sequences is defined over the standard domain of observable entities. But so far as

6The result is reported in (van Benthem, 1978) as
Lemma 3.2 For any Lo–structure M, if M is a model of the Lo–consequences of T , then there exists an
Lo [Lt -structure N such that N is a model of T and the reduction of N to Lo is an elementary extension of
M.
Here Lo and Lt , are first-order languages with equality all of whose vocabulary is, respectively, observational
and theoretical. (Lo [Lt is the language generated by the observational and theoretical vocabulary of Lo
and Lt.) The lemma assumes that the vocabulary of the theory consists only of theoretical and observational
terms.
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the folklore result is concerned, the “theoretical” or “unobservable” part of the exten-
sion might well be “abstract”—even number-theoretic. Nevertheless, if we are given
such a “partially abstract” model, we can use a construction based on a one-one onto
mapping which is the identity on the observable part of the domain of this model and
is arbitrary from its theoretical part onto the theoretical domain of non-abstract unob-
servable entities. To do so we require the additional and contingent assumption that
the cardinalities of the theoretical domains of the two models are the same. Relative
to this assumption, Putnam’s argument proceeds by defining the theoretical properties
and relations over the standard domain of observable and unobservable entities as the
images of the properties and relations of the abstract model under a mapping that is
the identity map on the observable part of the domain of the partially abstract model,
and is arbitrary from its theoretical part onto the theoretical part of the domain of non-
abstract theoretical entities. But since the defined properties and relations meet all the
conditions that the partial interpretation account is capable of imposing on theoretical
properties and relations, the argument shows not merely that the theory is satisfiable,
but that, on the partial interpretation account, it is true.

The arguments of Winnie and Putnam both exploit the same technical idea in their
respective definitions of the theoretical relations which interpret the theoretical pred-
icates of a partially interpreted theory. But their arguments support what are concep-
tually very different difficulties for the view. Putnam’s argument is not directed at the
existence of multiple realizations; nor does it concern the existence of an arithmetical
model of a partially interpreted theory. Rather, Putnam’s argument takes us from a
cardinality assumption, and the existence of what might well be an arithmetical model
of the kind explored by Winnie, to the conclusion that, on the partial interpretation
view, the fact that a theory is satisfiable over the intended domain of observable and
theoretical entities suffices to show that it is true.

The significance of the model-theoretic argument has been the subject of an extensive
discussion. But whatever the resolution of the many controversies the argument has
generated involving “metaphysical realism”, “intended” reference, or the “indetermi-
nacy” of reference, it seems clear that the notion that the truth of what is asserted
about unobservable entities might depend only on their number runs counter to one
of the simplest and least contentious convictions of “realism” and, indeed, of com-
mon sense. This is the conviction that if a theory is true, this is because its theoretical
claims have captured a salient aspect of the reality they seek to describe, an aspect that
goes beyond any mere question of cardinality.

The partial interpretation account of theories claims to reconstruct the empirical sta-
tus of a theory’s theoretical statements using only the theory’s logico-mathematical
framework and the apparatus of correspondence rules. But when we are restricted to
just these resources, the truth of theoretical claims reduces to their satisfiability in any
sufficiently large model of the true observation sentences. And this shows that the
reconstruction has failed to correctly represent the nature of the epistemological status
of a theory’s theoretical claims. It has failed because the epistemic basis for such an
assertion of satisfiability is entirely different from what is required by an assertion of
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truth. The idea that the claim that a theory is true should depend only on a cardinality
constraint and a logical argument fails to adequately separate the epistemic basis for
the truth of the theoretical assertions of an empirical theory from the epistemic basis
for the mere satisfiability of the “abstract” assertions of a purely mathematical theory
over a given domain.

The conclusion we have just reached should perhaps have been anticipated, given the
origin of the partial interpretation view in Hilbert’s conception of the foundations of
geometry. In his correspondence with Frege, Hilbert defended the idea that satisfia-
bility in a sufficiently large domain is a suitable surrogate for the “truth” of a math-
ematical theory. But whatever its plausibility for theories of pure mathematics, the
methodological demands we impose on the theoretical claims of physics cannot be
captured by so weak a requirement, not at least if we wish to preserve the method-
ological difference between physics and pure mathematics. An advocate of partial
interpretation might respond to this objection by recalling that a physical theory will
qualify as true not if it is merely satisfiable, but only if it is satisfiable in a model which
is an extension of a domain that forms the basis for a model of the true observation
statements. By contrast, the domains which bear witness to the “truth” of a mathe-
matical theory need not have any connection with such a model. For an advocate of
partial interpretation, the theories of physics are true because they are empirically ad-
equate in the sense that they have observational consequences, all of which are true;
but a theory of pure mathematics is not necessarily associated with any observation
language and is not required to be empirically adequate.

However this response misses the point of the model-theoretic argument as we have
presented it: provided the domain over which a partially interpreted theory involv-
ing unobservable entities is interpreted includes the domain of the model of the true
observation sentences, it is a consequence of the partial interpretation view that the
method of argument by which we are able to establish the “truth” of a purely mathe-
matical claim over a given domain also suffices to establish the truth of a theoretical
claim.

The model-theoretic argument puts us in a position to see why—pace Lewis—the
multiple realizablity which afflicts partial interpretation and Ramsey-sentence recon-
structions is largely tangential to the question of realism. For suppose we are given a
realization of the sort Putnam’s argument shows is possible. Given such a model, we
have seen how, following Lewis (1970), we might rule out alternative realizations by
supplementing the partially interpreted theory with a judicious selection of O-mixed
terms and appropriate assumptions involving them. Notice however that this is com-
patible with the possibility that a theory is true only because it has a realization that
models its observational consequences and is the right size. So in light of Putnam’s
argument, uniqueness of realization is insufficient to ensure the widely held conviction
that if our physical theories are true, this is because they succeed in isolating salient
truths about the entities with which they deal, independently of whether they are ob-
servable or unobservable. In any case, when, long after his 1970 paper on theoretical
terms, Lewis came to address Putnam’s argument, he did not appeal to O-mixed terms
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to resolve the problem he took the argument to pose but based his reply on a distinction
among possible realizations. The core assumption of Lewis’s response is that a theory
is true only if it is true relative to a realization whose properties and relations are natu-
ral. Since there is nothing in Putnam’s construction of his interpretation of theoretical
predicates which requires that they should be natural properties and relations, Lewis
argued that the construction fails to show that the theory’s theoretical claims are, in
the relevant sense, true.7

It has been suggested that we should adapt Lewis’s reply to the model-theoretic ar-
gument and supplement the partial interpretation account by restricting the class of
admissible realizations to those that involve natural relations, thereby distinguishing,
in the way Lewis proposes, true theories from theories that are merely satisfiable in a
domain that extends a model of the true observation statements. Lewis’s distinction
might be further exploited to characterize true empirical theories as those that are not
merely satisfiable in some such realization or other, but are true because they are true
in a realization whose relations are natural. But we should be cautious about accepting
Lewis’s suggestion as an adequate response to the model-theoretic argument or as a
guide for emending the partial interpretation view.

To begin with, Lewis’s reply to Putnam leaves unresolved the problem of how we
are able to make significant claims about relations that are not “natural”. Even if we
have no interest in theorizing about such relations, an adequate response to the model-
theoretic argument should nevertheless explain how it is possible to do so without
the assertion of the truth of such a theory collapsing into an assertion of its satisfi-
ability over a domain—even a domain that extends the model of the observational
consequences of the “theory” of such a natural relation. Indeed, as Fraser MacBride
has remarked, on the assumption that we achieve knowledge of natural relations only
with the progress of science—and perhaps only after many distractions involving non-
natural relations—anyone following Lewis’s suggestion must have an interest in how
we manage to make significant, but as it happens, misguided claims about nonnatural
relations.

But secondly, and more importantly, addressing Putnam’s argument by appealing to
Lewis’s proposal obscures the difficulty the model-theoretic argument raises for par-
tial interpretation and Ramsey-sentence reconstructions. The problem with these ap-
proaches is not their failure to designate certain properties and relations as natural, but
the fact that they are too weak to explain the difference between the epistemological
status of theoretical and purely mathematical claims. But then the partial interpreta-
tion framework for addressing how theories are warranted must also fail to capture the

7Lewis’s response is developed in (Lewis, 1983) and (Lewis, 1984). See also (Merrill, 1980), which
Lewis cites as having influenced his reply. (Psillos, 1999, pp. 67–68) has argued that Lewis’s requirement
of uniqueness is an anticipation of his later appeal to natural relations in his reply to Putnam. But it is clear
from our earlier discussion that for Lewis all the heavy lifting to establish unique realizablity is done by
assumptions which are independent of the requirement that the properties and relations which interpret the
O- and T-vocabularies are natural, or that they “carve nature at its joints.”
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methodology by which claims about unobservables are established, and this shows that
a different approach to these two issues is required. An emendation of the view based
on Lewis’s reply to Putnam only succeeds in recording the fact that we do distinguish
mathematical claims from the theoretical claims of physics, but it has nothing to con-
tribute to our understanding of the methodology by which we make this distinction.
Nor does it contribute to our understanding of how we successfully gain epistemic
access to theoretical domains in order to warrant our claims about them.

6 Conclusion

There are two questions that an adequate account of theoretical knowledge must ad-
dress: (i) ‘What is the methodology by which we gain epistemic access to theoretical
domains?’ and (ii) ‘How are the theoretical claims of physics about such domains
distinguished from the claims of pure mathematics?’ In so far as partial interpretation
and Ramsey-sentence reconstructions are unable to adequately address the second of
these two questions, it is evident that they have failed to marshal the resources nec-
essary for addressing the first. The burden of the larger study from which the present
discussion is drawn is to explain a key physical methodology that makes theoreti-
cal domains epistemically accessible. This methodology clarifies how the properties
and relations—more generally, the parameters—which enter into theoretical claims
are empirically well-founded by robust theory-mediated measurements. Theoretical
domains are epistemically accessible because the parameters which qualify their con-
stituents are empirically well-founded. This account of epistemic accessibility is ca-
pable of supporting existential hypotheses involving entities which transcend obser-
vation without, however, necessarily also supporting—or even requiring—the truth
of the theories which employ such hypotheses. And it is also capable of explaining
the basis on which we distinguish physical claims about theoretical domains from the
claims of pure mathematics. The role of robust theory-mediated measurements has
been largely missed by the models of empirical adequacy and predictive success that
have dominated partial interpretation and other traditions in the philosophy of science;
and it has also been missed by some of logical empiricism’s severest critics.
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11 How values can influence science
without threatening its integrity
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Abstract. Science provides us with a common set of highly plausible factual beliefs,
the scientific corpus. It consists of those statements in the domain of science that we
currently see no reason to doubt. In most cases our practical purposes are well served
by basing our decisions on the information that is available in the corpus. But the fit
is not perfect. Two major types of conflict can arise between the criteria of corpus
entry and those of practical decision-making. The first type of conflict arises when
we have reasons to act as if some statement is true, even though the evidence is not
strong enough for accepting it as scientifically valid. In such cases we do not typically
adjust the requirements for scientific acceptance downwards, but instead distinguish
between different criteria for scientific and practical purposes. The second, much
less discussed, type of conflict arises when a higher level of evidence is required for
acting as if something is true than for accepting it as scientifically valid. In such cases
we typically adjust the requirements for scientific acceptance upwards so that they
coincide with what is called for in the practical decision. Such adjustments are seldom
explicitly discussed but they are common for instance in medical science. With this
implicit, but rather sophisticated, two-branched strategy we can apply the appropriate
criteria of evidence in practical decision-making while at the same time upholding the
integrity of science and keeping down the conflicts between scientific and practical
criteria to a minimum.
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1 Introduction

In this contribution I will propose a new take on an old debate, namely whether prac-
tical (non-epistemic) values should be allowed to influence science.1 There are of
course many ways in which values can have an influence in science. For instance,
they can have impact on the choice of issues to investigate and on what methods of
inquiry are considered to be (ethically) acceptable. Following a common practice in
this debate I will only consider the influence that values can have on what statements
we assent to, given the evidence at hand. I will call this influence on scientific as-
sent.

According to what is often called the “traditional view”, judgments of scientific assent
should be uninfluenced by our values and wishes, especially by ethical and political
values. (Merton, [1942] 1973) In a famous paper, Richard Rudner (1953) claimed that
in spite of its intuitive appeal, this viewpoint is untenable in scientific practice. His
main argument was that a decision whether or not to accept a scientific hypothesis
must take into account not only the available empirical evidence but also the seri-
ousness of the two possible types of mistakes: accepting an incorrect hypothesis and
rejecting a correct one.

Thus, to take a crude but easily manag[e]able example, if the hypothesis
under consideration were to the effect that a toxic ingredient of a drug
was not present in lethal quantity, we would require a relatively high de-
gree of confirmation or confidence before accepting the hypothesis – for
the consequences of making a mistake here are exceedingly grave by our
moral standards. On the other hand, if say, our hypothesis stated that, on
the basis of a sample, a certain lot of machine stamped belt buckles was
not defective, the degree of confidence we should require would be rela-
tively not so high. How sure we need to be before we accept a hypothesis
will depend on how serious a mistake would be. (Rudner, 1953, p. 2)

In a reply to Rudner, Isaac Levi (1960) conceded that scientists have to assign “min-
imum probabilities for accepting or rejecting hypotheses” but argued that these num-
bers can be part of the scientific standards of inference that scientists are committed to.
He adjusted the value-neutrality thesis accordingly, saying that “the value-neutrality
thesis does not maintain that the scientist qua scientist makes no value judgments but
that given his commitment to the canons of inference he need make no further value
judgments in order to decide which hypotheses to accept and which to reject.” (Levi,
1960, p. 356) In a similar vein, Carl Hempel (1960) proposed that scientists should

1The word “science” will be used in an extended sense that includes the humanities (like the German
“Wissenschaft”). For a clarification why this is a better demarcation than the conventional English one, see
Hansson (2013). Science is formed by a community of knowledge disciplines that share the same overarch-
ing goal of providing us with a joint repository of reliable factual knowledge. They are also characterized
by mutual respect for each other’s results and methods.
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be influenced by “the value or disvalue which the different outcomes have from the
point of view of pure scientific research rather than the practical advantages or dis-
advantages that might result from the application of an accepted hypothesis”. He
called these “purely scientific, or epistemic, utilities” (Hempel, 1960, p. 465). Later
he called them “epistemic values” and maintained that epistemic values should reflect
the usefulness of truth, simplicity, explanatory power and other desiderata of scientific
theories (Hempel, 1981, p. 398). This is the modern version of the value-neutral ideal.
It has been defended at least in part for instance by Hugh Lacey (1999) and Gerald
Doppelt (2007).

There is also a parallel debate in modern epistemology. It is couched in terms of
individual rather than collective knowledge claims, and refers to knowledge in general
rather than scientific knowledge. Discussions concern whether a person’s values etc.
can have a legitimate influence on her beliefs (Vahid, 2014) and whether the fact
that someone knows something is sufficient reason for her to rely on it in practical
reasoning. (Brown, 2008; Buckwalter, 2010; Fantl & McGrath, 2007; Hawthorne,
2004; Stanley, 2005)

In Sections 2-3 some preconditions will be presented that are essential for the argu-
ment. Section 4 investigates cases in which practical decisions have to be based on
criteria of evidence that differ from those used for internal scientific purposes. In
Section 5 this investigation is extended to cases in which different internal scientific
purposes can give rise to divergent criteria for scientific assent. In Section 6 and the
concluding Section 7 it will be argued that the pattern uncovered in the previous sec-
tions represents an implicit yet highly sophisticated practice that allows the criteria of
scientific assent to be influenced by practical, non-scientific, considerations only in
the cases when this can be done without damage to the integrity of science.

2 Separating facts and values

It is a basic fact about human reasoning that we separate, or make a distinction be-
tween, facts and values. As individuals we distinguish our factual beliefs from our
other attitudes and reactions to what is happening around us. In some social con-
texts, including science, this separation is further refined. Such processes seem to be
present in all types of human societies, including illiterate ones. For instance, !Kung
hunters discussing animal behaviour take great care to distinguish facts (for instance
tracks that they have seen) from theories and attitudes. (Blurton-Jones & Konner,
1976)

We do not know much about how members of other species “think”. In particular, we
do not know whether or not they have mental representations of factual circumstances
that are separate from the mental representations of reactions or attitudes to these
circumstances. For instance, when a python is in the process of digesting a large prey,
it can let a rat pass within strike range without trying to snatch it. Does this inactivity
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depend on some factual belief (“this is not a tasty prey”), a judgment of value (“it is
not good for me to take this tasty prey”), or some mode of thinking that is devoid of
this distinction? The latter option is far from implausible. But why then do we humans
make the fact/value distinction?

I have found no other credible answer to that question than that maintaining such a
separate sphere of facts makes us more successful in our practical dealings with the
world we are living in and with each other. Separating out the facts (or what we believe
to be the facts) and reasoning about them in relative isolation from other components
of our minds seems to have survival value for an organism like us, given the level
and character of our cognitive abilities. In other words, this is a cognitive pattern
that provides us with evolutionary advantages, and that is why we have developed
it.2

The separation of facts from values operates in our individual thought processes and
we can assume that it contributes to our cognitive abilities as individuals. However,
its importance appears to be even greater when we communicate with each other. Or-
ganized collective decision-making for instance in a court of law, a board of directors
or a parliament is based on ways of discussing that depend on this separation.

It is against this background that we can understand the practical successfulness of
science. Beings like us, who isolate the factual components of our thoughts, can
communicate, deliberate, and co-ordinate with others much more efficiently if we
have a large common ground in the form of a joint set of factual beliefs. This is what
science does for us; it provides a common repository of reliable factual beliefs that we
can all share.

3 A scientific corpus

The statements that are accepted by the community of scientists form a continuously
changing corpus of science, or repository of scientific knowledge.3 Some authors,
notably Richard Jeffrey, have opposed the idea of a scientific corpus. According to
Jeffrey, scientists should not accept or reject hypotheses. Instead, “the activity proper
to the scientist is the assignment of probabilities (with respect to currently available
evidence) to the hypotheses which, on the usual view, he simply accepts or rejects.”

2This conforms with David Papineau’s (2003, p. 40) proposal that theoretical rationality “piggy-backs
on the evolution of cognitive abilities for ‘understanding of mind’ and for means-ends thinking”.

3The use of the word “knowledge” in this context is not quite accurate since we normally assume that
knowledge implies truth. The corpus consists of “justified provisional knowledge claims”, but no suffi-
ciently short term with that meaning is available. – In public discussions the scientific consensus is often
hidden from view. False scientific controversies have repeatedly been created by enemies of the scientific
consensus, e.g. creationists, tobacco propagandists, and deniers of climate science. (Oreskes & Conway,
2010) This gives rise to what Wendy Wagner (1995) called a “science charade” in which divergences in
interests and policy viewpoints are camouflaged as differences in scientific opinion.
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(Jeffrey, 1956, p. 257) To illustrate his standpoint, Jeffrey pointed out that a physician
who decides whether or not to inoculate a child with a polio vaccine may very well
come to another conclusion than a veterinarian who decides whether or not to use
the same vaccine on a monkey. To accept or reject an hypothesis about this vaccine
once and for all is “to introduce an unnecessary conflict between the interests of the
physician and the veterinarian.” (Jeffrey, 1956, p. 245) It is better that the scientist
“contents himself with providing them both with a single probability for the hypoth-
esis (whereupon each makes his own decision based on the utilities peculiar to his
problem).”

As Jeffrey himself noted, this is a far cry from how science is actually conducted.
What is worse, it does not even seem to correspond to a feasible way to conduct
science. If we followed this recipe, science would be a vast, growing web of intri-
cately interconnected hypotheses with probabilities greater than 0 but smaller than
1. This would make scientific reasoning and argumentation unmanageably complex.
For instance, as was pointed out by McLaughlin (1970, p. 121), no reasonably sim-
ple account of measurement procedures would be available. Human cognitive powers
are not sufficient to handle such a mass of uncertainty. Therefore, we have to take
sufficiently plausible knowledge claims provisionally for certain.

We will have use for three important observations about the scientific corpus. First,
membership in the corpus is always provisional. When we accept or reject empirical
statements, we do not do so once and for all, come whatever may. We do not classify
them as incorrigible, only as provisionally not to be doubted. This means that although
we do not actively doubt them, we reserve the right to do so at a later point in time,
should we learn something new that gives us reason for a reappraisal. The provisional
nature of the corpus is one of the major reasons why science is more successful than
its competitors. For instance, homeopathy is still based on principles from the late
18th century that were thoroughly refuted by discoveries in chemistry in the early
19th century. In contrast, scientific pharmacology has repeatedly been improved and
revised throughout this period, largely in response to a long series of discoveries in
chemistry.

Due to its provisional nature, the scientific corpus cannot easily be modelled with the
tools of standard probability theory. In that theory the only way to express that a
sentence is no longer doubted is to assign to it the probability 1. But once a statement
has unit probability, it is immune to change and can never be put to doubt again. In
this respect, belief revision models are more versatile since they allow us to retract full
beliefs. (Hansson, 2010)

Secondly, the scientific corpus is a general-purpose repository of knowledge, not lim-
ited to any particular usage or application. This means that it is used both for all
scientific purposes and for all practical purposes for which it is relevant. For exam-
ple, we assent to the same statements about the chemistry of DNA irrespectively of
whether we are studying human evolution, investigating ongoing speciation in the ap-
ple maggot fly (Xie, X. et al., 2007), performing laboratory diagnosis of hereditary
diseases, or working with forensic DNA profiling. The general-purpose nature of the
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corpus is of course necessary due to our cognitive limitations. There is no chance
that we would be able to deal efficiently with a multitude of corpora, one for each
knowledge area.

Thirdly, the scientific corpus has high entry requirements. In science, the burden of
proof falls to those proposing a new theory or claiming the existence of a previously
unknown phenomenon. The high entry requirements are justified by the use of the cor-
pus in further scientific investigations. Scientific progress can be seriously halted by
the acceptance of false information, and therefore we should only accept new claims
if we have strong reasons to believe them to be true. The high entry requirements
are matched by fairly low exit requirements. If good reasons come up to doubt some
element of the corpus, it should no longer be taken for granted but instead be subject
to investigations aimed at clarifying its status.

The question that we started with can now be reformulated in a much more precise
way: Can the entry criteria for the scientific corpus be legitimately influenced by
practical considerations?

4 Conflicts between scientific and practical criteria

I hope to have shown that given our cognitive constitution, the use of a scientific corpus
makes it possible to manage our knowledge in a much more efficient way than what
we could otherwise have done. However, this does not make the corpus perfectly fitted
for all practical decisions that we have to make. There are occasions when we want to
take action based on a rather weak indication that something is the case. For instance,
suppose that bacteriologists tell us that our drinking water contains bacteria that may
be of either of two types. One of these types is quite toxic, whereas the other is innocu-
ous. Presumably, most of us would want the authorities to respond to this information
in the same way as they would if it were known with certainty that the bacteria are
toxic – namely provide everyone concerned with safe water and strongly recommend
them not to drink the tap water until definite information is available. However, in
this situation a statement to the effect that these bacteria are harmful would not satisfy
the requirements for corpus entry as delineated above. We therefore have a conflict
between scientific and practical criteria for the evaluation of that statement.

The following examples can be used to investigate conflicts between scientific and
practical criteria of acceptance.

The baby food additive
New scientific evidence indicates that a common preservative agent in
baby food may have a small negative effect on the child’s brain devel-
opment. According to the best available scientific expertise, the question
is far from settled but the evidence weighs somewhat in the direction
of there being such an effect. A committee of respected scientists have
unanimously stated that although the evidence is not conclusive it is more
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probable that the effect exists than that it does not. The food safety agency
has received a petition whose signatories request the immediate prohibi-
tion of the substance.

Ski lift inspections
A new variant of stainless steel has been shown in laboratory tests to
be amazingly resistant to the type of wear that is the main reason why
the ropes of aerial lifts such as ski lifts are subject to frequent safety
inspections. Articles about the new alloy have been published in the best
journals, and its high wear resistance is considered by the best experts
to be scientifically established. The first ski lift that uses wires of the
new material is going to be built. Its owner asked the safety inspectorate
for permission to reduce the frequency of rope inspections from once a
month to once a year. His argument was that it has been scientifically
established that the wire will be less abraded in a year than a traditional
wire in a month. But the safety inspectorate did not grant this request.

In the baby food case, we have two crucial questions. First, should the food safety
agency act as if it is known that the additive is harmful, i.e. prohibit or otherwise re-
strict its use? And secondly, should the scientific community make an exception from
the standard requirements of corpus entry, and consider the toxicity of this additive to
be scientifically established?

In my view, there are convincing reasons to answer the first question in the affirma-
tive.4 However, there are equally convincing reasons to answer the second question
negatively. Taking it for settled that the substance is harmful can have various kinds of
negative consequences. It would presumably lead us to refrain from further investiga-
tions aimed at finding out whether the substance really is toxic. This could potentially
prevent us from discovering that the substance is harmless (and perhaps useful as
a substitute for some other, harmful preservative in a product where a preservative
is needed). It could also lead us astray in attempts to understand the relationships
between neurotoxicity and chemical structure (thereby preventing us from making
correct predictions about other substances). As these examples show, lowering the
requirements for corpus entry could have negative consequences, not only for purely
scientific investigations, but also for future practical decisions. To avoid this we should
retain the high evidential requirements for scientific assent in spite of adopting lower
requirements for the practical decision.

As far as I can see, this is also how such a case would normally be treated in prac-
tice. It is almost unthinkable for a scientist or a government official to say: “We have
conclusive scientific evidence that the substance has these toxic effects, but we ad-
mit that it is almost equally likely that it does not.” Instead it would be recognized

4Obviously, for the argument to go through it is only required that there are cases exhibiting this pattern,
not that this particular example is such a case.
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that even if the evidence for neurotoxicity is not strong enough to be scientifically
conclusive it may be strong enough for a decision-maker to act as if the substance is
neurotoxic.

In the ski lift example we have, correspondingly, the following two questions to an-
swer: First, should the safety inspectorate reduce the frequency of safety inspections,
or should a possible such decision be postponed until further evidence has been col-
lected? And secondly, if the latter option is chosen, should the scientific commu-
nity follow the authority in raising the standard of evidence and thus make the wear-
resistance of the new material an open issue also scientifically, or should they maintain
their previous assessment?

In answer to the first question I propose that the safety agency would be justified in
requiring additional evidence although the standard scientific criteria of corpus entry
have been met.5 My answer to the second question is that it would be justified to raise
the demands for corpus entry so that they coincide with those applied in the safety-
critical practical decision. A distinction between two levels would be confusing in a
case like this, since the lower of these levels would be the one usually indicating that
there are no reasonable doubts in the matter. And importantly, raising the level of evi-
dence required for corpus entry would not have the severe negative consequences that
lowering the level could have. Therefore, it seems sensible to adjust the requirements
for corpus entry upwards in this case.

What would happen in practice in a case like this? At any rate we should not expect
safety inspectors to say: “There is conclusive scientific evidence that the wire has
these properties, but we do not believe it.” They would simply say that the evidence
is not sufficient. This exemplifies a more general pattern: A claim that something
is scientifically established but still has to be doubted has a distinctly paradoxical
ring. This is of course because that which is scientifically established (included in
the scientific corpus) is assumed not to be subject (at present) to reasonable doubt.
Therefore we tend to raise the demands for corpus entry rather than introduce separate,
higher demands of evidence for practical purposes.

The picture emerging from these two examples is a two-branched strategy for the
influence of practical considerations on the requirements of corpus entry: When a
practical decision demands a higher level of evidence than what is required for purely
scientific purposes, then we tend to raise the demands for corpus entry accordingly.
However, when a practical decision demands a lower level of evidence than what
science per se would require, then we do not lower the demands for corpus entry.
Instead, we maintain a distinction between two levels, one for the practical decision
and one for corpus entry. If there is more than one practical decision to be made, then
they may require different levels of evidence.

5Again, the argument only requires that there are cases exhibiting this pattern, not that this particular
example does so.
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In my view, this two-branched strategy provides a much better account of the influence
of practical values on scientific assent than approaches that do not distinguish between
upwards and downwards adjustments of the requirements of corpus entry. The reader
may well take this to be the main message of this contribution. However, to com-
plete the picture some further complications need to be taken into account, mainly
concerning the “purely” scientific requirements for corpus entry.

5 Conflicts between different scientific criteria

As noted above, the “purely scientific” requirements of corpus entry are high, primar-
ily because much damage can be done to our scientific endeavours by the inclusion
of false statements into the corpus. However, the extent of that damage to science is
not the same for all statements that we may consider for inclusion in the corpus. It
is useful to distinguish between two types of effects on science that may follow from
the mistaken inclusion of a statement into the corpus.6 First there are direct epistemic
effects on scientific deliberations and other decisions on scientific assent. For instance,
if we accept an incorrect statement about the strength of the jaw muscles of prehis-
toric predators, then this may lead us to draw incorrect conclusions about their diet
and their role in the ecological system. Misdating an ancient text can induce us to
draw erroneous conclusions about language development.

Secondly there are indirect epistemic effects on our scientific deliberations, by which is
meant effects that are mediated by impacts on scientific investigations.7 For example,
if we conclude incorrectly that a certain island has always been uninhabited, then we
will not perform archaeological investigations there. If we misidentify the conditions
under which a phenomenon in particle physics will appear, then that may lead to a
massive waste of money on experiments that provide no new information.

Let us now consider some examples of internally scientific considerations that at least
seemingly call for adjustments in the criteria of corpus entry.

A new type of glass
A new type of glass makes it possible to produce thinner mirrors with the
same quality and the same strength as traditional ones. Results showing
that the new glass has these properties have been presented at conferences
in materials science, and experts in glass science take this information to

6The distinction is related to that between theoretical and epistemic rationality. (Papineau, 2003; Kelly,
2003) Epistemic rationality is the rationality we exert when believing or disbelieving various statements,
given the evidence that we have. Theoretical rationality is a wider concept that also includes other parts
of our pursuance of cognitive goals, such as our decisions to perform actions that will provide us with
information.

7The distinction between direct and indirect effects is not knife-sharp; indeed it cannot be more precise
than the distinction between scientific deliberation and scientific investigation.
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be scientifically conclusive. A proposal has been made to use the new
type of glass in a new space telescope predicted to cost several billion
dollars. Due to the high economic stakes, the scientists planning its con-
struction decide not to rely on the available scientific evidence that the
glass has the desired properties, and therefore order new investigations.

This is a clear case of an indirect epistemic effect. For reasons paralleling those per-
taining to the ski lift in the previous section, we can assume that the decision to recon-
sider the issue will not be expressed in terms such as “There is conclusive scientific ev-
idence that the glass has these properties, but we are still not sure that it has”. Instead,
we can expect the decision to be justified by assertions that there are still reasonable
scientific doubts in the issue.

Neutrinos travelling faster than light
In 2011 measurements were reported according to which neutrinos trav-
elling from Cern to Gran Sasso in Italy had reached speeds higher than
that of light in a vacuum. This result was met with much scepticism
since if correct, it would overturn special relativity that is a cornerstone
of physics and supported by an immense amount of empirical evidence.
Much higher demands of evidence were applied to the validation of this
experiment than what would have been applied to an experiment confirm-
ing that neutrinos do not exceed the speed of light. Arguably, the demands
were indeed higher than those that would have been placed on almost any
other physics experiment. (Overbye, 2011)8

Just as in the previous case, the scientific demands of evidence (i.e. the requirements
for corpus entry) were raised. (It would have been almost unthinkable for physicists
to say: “There is sufficient scientific evidence that these neutrinos travelled faster than
light but we still doubt it.” Legitimate doubt excludes scientific assent.) However,
contrary to the previous case, this one represents a direct epistemic effect. The high
demands on evidence in this case can be explained with reference to the common
dictum that extraordinary claims require extraordinary evidence. (The common attri-
bution of this phrase to David Hume is unsubstantiated, but what it says is compatible
with his standpoints.)

A substance with uncertain effects
At a recent conference, a group of biochemists announced preliminary
results indicating that a newly synthesized substance binds strongly to an
enzyme, thereby deactivating it. These results were criticized by other
researchers, and they are not considered to be sufficiently validated. An-
other research group is much in need of a substance that deactivates the
enzyme in question. They decide to perform experiments with the new

8The result was soon shown to be an anomaly depending on deficiencies in the equipment. (Reich, 2012;
Patrizii, L. et al., 2012)
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substance in spite of the remaining uncertainty whether it actually deac-
tivates the enzyme.

This is another example of an indirect epistemic effect. It is quite similar in structure
to the example of the baby food additive in the previous section. The second group de-
cides to act as if the substance in question is an inhibitor although there is insufficient
scientific evidence that this is so. The value of performing exciting new experiments
plays the same role here as the value of not exposing babies to a poison in the baby
food case. The comparatively small disvalue of performing a few unsuccessful ex-
periments plays the same role as the comparatively small disvalue of prohibiting an
innocuous preservative in baby food. More importantly, in both cases the standard
requirement of corpus entry is left unchanged. Instead of lowering it, a distinction is
set up between the requirements for scientific assent and those for a non-epistemic de-
cision (using the potential inhibitor respectively prohibiting the preservative).

These three examples can be classified as follows:

indirect effect, incentive to raise requirements (A new type of glass)
direct effect, incentive to raise requirements (Neutrinos travelling faster
than light)
indirect effect, incentive to lower requirements (An enzyme with uncertain
effects)

The three examples exhibit the same pattern that we saw in Section 4 for the influence
of practical considerations: When there is a justification for raising the “standard”
requirements for corpus entry, then this will be done. However, when there is a jus-
tification to lower them, then this is not done, but instead a separate lower level of
requirement is established for the purpose at hand.

What about the fourth combination, “direct effect, incentive to lower requirements”?
The standard requirements for corpus entry represent a level of evidence that we do
not, for epistemic reasons, wish ever to go below. It is difficult to see how we could
have epistemic reasons to lower that limit. Therefore, this fourth form of conflict
between scientific criteria does not seem to exist.

6 A common but mostly implicit practice

In the previous two sections we have seen that the level of evidence required for sci-
entific assent can differ significantly between statements that are candidates for such
assent. This can also be exemplified with the levels of evidence required for claims
on the effects of pharmaceutical drugs. Relatively little evidence is required before
it is considered to be known that a drug has a serious side effect. Usually, a single,
well-conducted study on patients taking the drug is sufficient. Much more evidence
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is required for a statement that a drug has no serious side effects.9 For that purpose,
extensive evidence from each of the phases of drug testing must be available, and
this usually includes several independent, large clinical trials. Only if such evidence
is available will the medical community consider the claim to be beyond reasonable
doubt for both scientific and clinical purposes.

Notably, no distinction is made here between the scientific and the clinical criteria.
This is a general pattern in medical science: The high demands of evidence that are
justified in clinical medicine are assimilated into medical science, leading to corre-
spondingly high demands for corpus entry in the medical part of the corpus of science.
This is the reason why we never hear statements such as “From a scientific point of
view we are confident that this diagnostic test gives the right answer, but we are still
not sure that it does” or “We are not sure that this drug has the desired effect, but the
scientific evidence shows conclusively that it does”.

Decision-making in clinical medicine is imbued with values: values concerning the
desirable state of the human body, the seriousness of various conditions, what risks
it is justified to take in order to achieve various medical objectives, etc. In conse-
quence, the criteria of scientific assent in medical science are also highly value-laden.
However, this has usually not been seen as a problem since the values in question
are with few exceptions uncontroversial. Most of the recent discussion on the im-
pact of values in science has focused on controversial values.10 Arguably, the largest
part of that impact derives from uncontroversial values such as the value of health in
medicine, functionality and safety in technology, efficient learning in pedagogical re-
search, crime reduction in criminology, etc. We have a tendency to take these values
for granted, and sometimes we may not even think of them as values. If uncontrover-
sial values are taken into account, then the impact of practical values in science will be
seen to be much larger than what has usually been assumed. (Hansson, 2009)

7 Conclusion

We have investigated the impact of values on the criteria for scientific assent or, in
other words, the evidential requirements for a statement to be included in the scientific
corpus. The picture that has emerged is somewhat more complex than most previous
proposals, but I hope to have shown that it is also more accurate. It can be summarized
as follows:

1. There is a bottom line for the evidential requirements for corpus entry, a bottom
line that we never go below. Its level is fairly high, and it places the burden

9Strictly speaking, such a statement is inaccessible to empirical investigation. For purely statistical
reasons, the best that we can obtain is evidence strongly indicating that the frequency of serious side effect
is below some low but non-zero number. (Hansson, 1995, 1997)

10Note however, that the early discussion referred to uncontroversial values (Jeffrey, 1956; Rudner, 1953).
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of evidence on those proposing a new theory or claiming the existence of a
previously unknown phenomenon. The primary reason why the bottom line is
high is that the introduction of false statements into the corpus can severely
debilitate future research. If there are no other considerations at play then the
actual evidential requirements will coincide with the bottom line.

2. We often have reasons to choose an even higher level than the bottom line. Such
reasons may be either practical or theoretical. Including a false statement in the
corpus may have negative consequences on our practical doings or it may be
particularly damaging for our continued pursuit of science (over and above what
the bottom line is intended to protect us against). In both cases, we solve this
by raising the requirements for corpus entry to the higher level that is required.

3. There can also be both practical and theoretical reasons to apply, for some par-
ticular purpose, evidential requirements that are lower than the bottom line. In
such cases, we introduce a separate standard for the purpose in question, and
distinguish it from the requirements for corpus entry. We do not move the re-
quirements for corpus entry below the bottom line.

I propose that this is an idealized but on the whole largely correct picture of how values
in practice influence scientific assent. The epistemic strategy that it represents has the
advantage of maintaining the integrity of science as a source of reliable knowledge.
This is because we never go below a bottom line constructed to keep the influx of false
statements into the corpus at a manageable, very low level. It also has the advantage
of preserving the unity of science, since we have only one corpus, and all deviations
from its requirements are dedicated to the solution of some particular decision prob-
lem.

The most important feature that distinguishes this model from previous ones is the
distinction that it makes between movements upwards and downwards from the ba-
sic criteria of scientific assent. Another important feature is its uniform treatment of
scientific and practical reasons for deviations from the bottom line requirements on
corpus entry.11

11Heather Douglas (2009) also gave up the usual assumption that epistemic and non-epistemic values
should be treated differently. Her criterion for acceptable influence of values on scientific assent is that
values should only have an indirect role, and not directly influence the acceptance or rejection of hypotheses.
The present approach allows values to have both direct and indirect influence, but in both cases they are
only allowed to raise, not lower, the evidential requirements for scientific assent.
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12 Prospects for an integrated history
and philosophy of composition

HASOK CHANG *

Abstract. I propose a new line of argument against metaphysical reductionism, fo-
cusing on the actual practices of composition and decomposition in chemistry and
physics. Such a focus exposes significant problems with the common assumption that
every material entity is made up of smaller units in a straightforward way. In the early
days of chemical analysis there were worries that the analytical techniques might be
altering the substances being analyzed, rather than simply taking them apart. In those
reactions where molecules seemed to be cleanly dissociated into smaller units, the
latter most often turned out not to be atoms. Such worries are reproduced and ampli-
fied when we consider the practices of modern nuclear and particle physics. “Atom-
smashing” has never been Lego-like disassembly, since mass is not conserved in nu-
clear disintegrations. Generally, experiments in high-energy physics do not produce
results that are in line with the naïve philosophical view of reductive levels, as illus-
trated very well in proton–proton collisions and pair-creation/pair-annihilation events.
Compositionism, namely the notion that things are made up of stable units that persist
through reactions, has been strongly discredited by developments in chemistry and
physics. This fact of scientific practice argues against a simple-minded application of
mereological principles to physical composition. But why are there such widespread
intuitions in favor of metaphysical reductionism in the manner of mereology? I argue
that the source of such intuitions is our predilection for compositionist analysis, for

*Department of History and Philosophy of Science, University of Cambridge.
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the conduct of which the compositionist principles hold a quasi-Kantian conceptual
necessity. We do apply compositionist analysis successfully in many areas of math-
ematics and some areas of science and everyday life. However, it is unwise to let
ourselves be guided by these intuitions in situations in which attempts at composition-
ist analysis show little evidence of empirical success.

Keywords: reductionism, microreductionism, composition, analysis (chemical), on-
tological principles, conservation.

1 Introduction

In this paper I would like to propose a new line of argument against metaphysical (or
ontological) reductionism. Following John Dupré, Nancy Cartwright and others, my
approach is based on a commitment to respect the best scientific practices and their
outcomes, while not renouncing philosophical judgment. There is nothing particularly
new in taking a naturalistic approach, but the particular kind of focus I seek to give is
not on the verdict of theory on what the world is like, but on the nature of the actual
laboratory operations through which entities are (presumably) broken down into their
components and synthesized again from their components. If we want to talk seriously
about the composition of objects and substances, I think we need to pay close attention
to what happens when we actually break things down and put them together.

The gist of my argument will be that successful analytic and synthetic practices in
chemistry and physics do not fit the Lego-like picture of decomposition as clean dis-
section, and composition as simple assembly of unchangeable units. If my argument
is correct, we must ask where the widespread reductionist intuitions come from, and
to what extent they can be justified or trusted, if at all.

A brief comment about how I came to think about this topic might be helpful, self-
indulgent as it may be. In my previous work I have made various arguments concern-
ing reductionism and realism, but only from an epistemic point of view. However,
recently I have come to concede that it is unavoidable to enter into some metaphysics
if I want to make my epistemic positions truly coherent. This paper is one of my first
attempts to grapple more seriously with metaphysical issues.1

My thinking on reductionism began by following one line from John Dupré’s early ar-
guments: even if we grant ontological reduction, epistemic reduction does not follow.
With an eye on some classic reductionist positions, Dupré focused on “compositional
reductionism” or “microreductionism”, which he understood as “the view that the ul-
timate scientific understanding of a range of phenomena is to be gained exclusively
from looking at the constituents of those phenomena and their properties.” (Dupré,

1Another attempt is Chang (2016). The epistemological arguments that have led me to the issues dis-
cussed in the present paper are contained in Chang (2015).
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1993, p. 88.) There are many ways to argue against such a view, even while we ac-
cept that things are made up of smaller things and everything can be smashed up
into elementary particles ultimately. There are different observational terms at dif-
ferent levels, and different abstractions and idealizations that are effective at different
levels; if one smashed up a plate and smoothed out the rough edges on the pieces,
one could not reconstitute the original plate by putting the smoothed-out pieces to-
gether. It is also important to note, following Dupré again, the general mismatch
between functional and structural categories, and the lack of a guarantee that struc-
tural analysis will be informative of the nature of functionally defined entities (e.g.
chair, hemoglobin).

I used to think that the above points spelled an effective end to the reductionism de-
bate: we can accept ontological microreduction, but epistemic microreduction does
not follow. But I now think that it is equally important to subject ontological mi-
croreductionism to full critical scrutiny. Dupré gives some arguments against the
hierarchical compositional ontology assumed in reductionist scheme, given by Paul
Oppenheim and Hilary Putnam for example (1958, p. 9): (1) Elementary particles; (2)
Atoms; (3) Molecules; (4) Cells; (5) (Multicellular) living things; (6) Social groups. I
want to push those arguments further, and also take them to the heart of the presumed
reductive base, namely to the realm of chemistry and then physics. I want to question
seriously the commonly accepted assumption that everything can be smashed up into
smaller and smaller parts, ultimately down to elementary particles, in any straight-
forward sense. My motivation for questioning that ontological microreductionist as-
sumption comes not from any metaphysical investigations, but from my studies in the
history of chemistry and physics.

2 The history of decomposition: Analytical chemistry

Let’s start with chemistry. The practice of decomposing substances into their pre-
sumed components began in analytical chemistry centuries ago, long before physi-
cists were attempting any such thing (perhaps with the exception of Newton’s optical
experiments). But a careful look at the history of chemistry reveals that decompo-
sition has always been a contentious sort of practice. In the early days of chemical
analysis, there were worries that the processes of alleged decomposition might be al-
tering the substances being analyzed or even creating new ones. There was a very
long tradition of “fire analysis” in alchemy and chemistry. It was a common observa-
tion that the application of strong heat tended to break things down, and a common
chemical practice to study the composition of complex substances by dry-distillation
or other techniques. But the cogency of fire-analysis was questioned by the likes of
Robert Boyle (see Debus, 1967). How could one be sure that the application of fire
was merely breaking things up into their constituents, rather than altering their very
nature – or having the particles of fire sticking to them? Similar kinds of doubts were
raised even more obviously concerning other methods of chemical analysis, such as
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the dissolution of substances by the application of acids.

Overcoming these doubts enabled the establishment of what I have called “composi-
tionism” in chemistry, starting from the late 18th century, most notably with the line
of development going from Lavoisier to Dalton. Compositionism, as an ontological
doctrine, is the notion that chemical substances are made up of stable units that persist
through chemical reactions (see Chang, 2012, chapter 1, and for more detail, Chang,
2011). This idea also grounded the understanding of chemical reactions as the re-
arrangement of distinct and stable building-blocks which retain their identity (even
when their properties are not manifest in a state of combination). This idea can also
be extended beyond the realm of chemistry, as we will see later.

An important part of the compositionist tradition of chemistry was Lavoisier’s opera-
tional definition of chemical elements:

. . . if, by the term elements, we mean to express those simple and indivisi-
ble atoms of which matter is composed, it is extremely probable we know
nothing at all about them; but, if we apply the term elements... to ex-
press our idea of the last point which analysis is capable of reaching, we
must admit, as elements, all the substances into which we are capable, by
any means, to reduce bodies by decomposition. (Lavoisier, 1789/1965,
p. xxiv.)

In Jean-Antoine Chaptal’s more compact formulation, Lavoisier’s definition amounted
to taking "the endpoint of analysis" as elements.2 The point of such a conception of
elements was to identify the building-blocks of chemical substances that one could
actually work with in the laboratory. Such a hands-on notion of units enabled the ar-
ticulation of a practical ideal in the study of the constitution of matter, which consisted
in one’s ability to take things apart and put them back together — or, for analysis and
synthesis, or decomposition and recomposition.

But this was hardly the end of ontological doubts. In order to apply Lavoisier’s defi-
nition, we need to know how to tell which chemical operations are decompositional.
That requires us to know whether the products of a chemical operation are simpler
than the ingredients going into it. But the whole point of the analytical definition of
chemical element was to define elementarity (or simplicity) in terms of decomposi-
tional operations, so we are caught in a tight circularity: what are elements (or, simple
substances)? — those that cannot be decomposed further — what are decomposi-
tional operations? — those that produce simpler substances. This circularity threatens
to make the analytical definition of elements operationally empty. The difficulty can
be illustrated quickly through a couple of examples from the Chemical Revolution
(see Chang, 2012, chapter 1, for a detailed treatment). Is sulfur an element? The phlo-
giston theorists didn’t think so, because they thought (and showed by experiment)

2J. A. Chaptal, Elemens de Chymie, 3rd ed., 1796, vol. 1, p. 55 (quoted in Siegfried & Dobbs, 1968,
p. 283).
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that it could be decomposed into sulfuric acid and phlogiston. The Lavoisierians dis-
agreed, arguing instead that sulfuric acid was a composite substance, which they could
decompose into sulfur and oxygen. Are metals elements? The phlogistonists didn’t
think so, as they knew how to decompose them into calxes and phlogiston. Again, the
Lavoisierians saw the same reaction as a synthetic one, in which the metals combined
with oxygen and formed oxides.

Readers who know something about this history will be thinking that Lavoisier solved
this problem by the weight criterion. When a metal oxidizes, the rust is heavier than
the metal, and moreover the weight of the rust is equal to the sum of the weights of
the metal and the oxygen. Isn’t it clear from these facts that the rust is composed of
the metal and the oxygen? That is indeed how the circularity was broken, at least
to Lavoisier’s own satisfaction. But the matter was not so simple. The precision of
Lavoisier’s chemical accounting was much exaggerated (for example, witness his utter
confidence that the weight-ratio of hydrogen and oxygen making up water was 15:85
precisely, rather than roughly 1:8). More importantly for the purpose of the present
paper: who decided that weight was the magic criterion for telling the composition
of substances? Phlogiston was generally considered weightless, and Lavoisier’s own
chemistry was based on the notion of caloric, namely the substance of heat, which was
weightless. Even if we disregard the weightless substances, weight as the criterion of
composition only works if we assume that weight (or mass) is conserved – we now
know it is not – but now I am getting ahead of the story.

Set aside all of those questions and doubts. What is even more important is the fact
that, as compositionist chemistry unfolded, it became clear that most of the useful
analytical techniques did not involve simple, clean decompositions. Take water, the
highlight of Lavoisier’s triumph in the Chemical Revolution. Lavoisier never actually
came up with a method of simply decomposing water into hydrogen and oxygen. What
he did do was to pass steam over very hot iron (a gun barrel), which resulted in the
rusting of the iron and the production of hydrogen gas; he presumed that the oxygen
from the water (steam) must have combined with the iron, but he was never able to
get the oxygen in pure form from water. In fact most decompositional operations in
chemistry at that time was of this “sticky” form: not [AB] ! [A]+ [B], but [AB] + [C]
! [AC] + [B], or worse.

In the case of water, the first clean separation of it into its constituents (i.e., hydrogen
and oxygen) was only achieved in 1800, several years after Lavoisier’s death, thanks
to Volta’s invention of the battery, which quickly led to the first electrolysis of wa-
ter by William Nicholson (with Anthony Carlisle).3 This is represented in a modern
rendition in Figure 1.4 But when this clean decomposition was achieved, the earlier

3There was a previous decomposition of water by electric sparks, but in that case the hydrogen and
oxygen gases were produced in a mixture.

4I take the figure from Pauling and Pauling (1975, p. 357). Note an error in the volumes of hydrogen
and oxygen in the figure, which should be in a 2:1 ratio. (Lesson: always check your page proofs.)
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Figure 1. A modern view of the electrolysis of water.

circularity between simplicity and composition came back. First, note a quandary that
Nicholson himself admitted right from the start: if electrolysis was the decomposition
of each water molecule by the application of electricity, why did the oxygen and hy-
drogen not originate from the same spot where the water molecule would have been?
This difficulty, which I have called the “distance problem”, threatened to overturn the
basic Lavoisierian interpretation of the composition of water. Johann Wilhelm Ritter
understood the same electrolysis experiment as a pair of syntheses: hydrogen from
water and negative electricity at the negative electrode, and oxygen from water and
positive electricity at the positive electrode. And this interpretation, annoyingly for
Lavoisierians, lined up exactly with Henry Cavendish’s latter-day phlogistonist inter-
pretation, if one identified phlogiston with negative electricity (see Table 1). No one
denied at the time that electricity was a substance, and what exactly happened ontolog-
ically in electrolysis was at best contentious at that time, and subsequently for most of
the 19th century. What happened to the distance problem in the end is too long a story
to include here (see Chang, 2012, chapter 2), but the point here is that the chemical
reaction itself did not carry its own obvious compositional interpretation.

Let us just assume, for now, that the circularity was eventually overcome. That is to
say, I’m now just going to stick with the story of what happens in these reactions as
accepted in modern chemistry, in terms of atoms and molecules. But that modern pic-
ture still embodies some fundamental difficulties for ontological reductionism. When
chemists did manage to make clean decompositions of molecules, the smaller units
produced often turned out not to be atoms. That is not necessarily a problem for mi-
croreductionism in general, but at least inconvenient for the usual hierarchical picture
as presented by Oppenheim and Putnam.
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Table 1. Competing views of the composition of water.

We observe: Inflammable air and Vital air combine,
to make

Water

Lavoisier
says:

Hydrogen Oxygen ! H-O
[compound]

Cavendish
says:

Phlogisticated
water

Dephlogisticated
water

! Water
[element]

Ritter says: Negatively elec-
trified water

Positively electri-
fied water

! Water
[element]

Think about water again. What actually happens, in modern terms, when we break
up a molecule of water? H2O never breaks up into two atoms of hydrogen and one
atom of oxygen. If the decomposition is done by ionic dissociation (which happens
spontaneously even in pure water), H2O breaks up into H+ and OH�. If it is done
by electrolysis, (2)H2O breaks up into (2)H2 and O2. If actual decomposition is
what tells us about the building-blocks, then hydrogen and oxygen atoms are not
the building-blocks of water. As it turns out, the stable units in chemical reactions
are often not atomic (e.g., H+ and H2, not H). If we ask what really happens in the
electrolysis of water, the picture is not simple, and not completely agreed among 20th-
century chemists, either. In Pauling and Pauling’s view, shown in Figure 2 (Pauling
and Pauling, 1975, p. 356), H2O molecules first gain or lose some electrons, ending
up as H2 and O2 molecules, as well as H+ and OH� ions. In chemical formulas we
have:

(cathode side) 4H2O+4e� ! 2H2 +4OH�

(anode side) 2H2O ! O2 +4H+ +4e�

From the resulting products, 4OH� and 4H+ combine again to make 4 H2O molecules.
The 4e� on the left-hand side of the first equation represents the input of electrons
from the battery through the cathode, and the 4e� on the right-hand side of the sec-
ond equation represents the flow of electrons into the battery through the anode. In
another well-known textbook, by David Oxtoby et al. (1999, p. 432), the story is simi-
larly complex, but not quite the same as the one given by Pauling and Pauling:

(cathode) 2H3O+ +2e� ! H2 +2H2O

(anode) 3H2O ! (1/2)O2 +2H3O+ +2e�
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Adding the two equations together, we can see the whole reaction as one measure of
H2O breaking up into one measure of H2 and half a measure of O2. In neither case
do we have simple decomposition into atoms, or even simple re-constitution of atoms
from pre-existing ions.

Figure 2. The electrolysis of water, in Linus Pauling and Peter Pauling’s interpreta-
tion.

It may be easy to say, and it may have been almost universally agreed, that water
is made up of oxygen and hydrogen. But it is quite difficult to translate that into a
truly reductionist compositional statement, such as “H2O is made up of H2 and O2”
or “H2O is made up of H and O.” The former is not true in any rigorous metaphysical
sense, and the latter is never realized in decompositional (or compositional) laboratory
practice. Generally speaking, decomposition is not often instantiated in the practice
of chemistry in any way that would satisfy the standard reductionist picture of com-
position. In the end, no laboratory practices in chemistry have been able to effect the
kind of decomposition into atoms that Dalton’s diagrams such as the one shown in
Figure 3 (Dalton, 1808, Plate 5, opposite p. 560) and other similar depictions lead us
to imagine. In the 20th century, the advanced practices of analytical chemistry have
moved on to spectroscopic techniques including nuclear magnetic resonance (NMR),
in the employment of which no molecules are decomposed at all (see Reinhardt, 2006
for a detailed account of these developments).
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Figure 3. John Dalton’s atomic diagrams.

3 The history of decomposition: Modern experimental
physics

At this point I anticipate the response that of course chemistry is a mess, and reduc-
tionist science made real headway only with the advent of modern physics. If we
look briefly again at the composition and decomposition of water, the presence of H+

(proton) and e� (electron) in the reactions clearly indicate that what we need here is
elementary particles, not the outmoded notion of Daltonian atoms. So we must take a
look at the atom-smashing practices of modern experimental physics, and see if they
can provide some reassurance to the ontological reductionist. Here I am only going
to rely on very rudimentary modern physics, the kind that has been very much taken
for granted for many decades now, as that will be sufficient for my current purposes.
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There should not be anything controversial about any of the physics that I will be dis-
cussing, and any physicists reading this may wonder why I am taking pains to state
the obvious.

The philosophically interesting thing here is that the same kinds of worries about com-
positionist reductionism that we saw in the history of chemistry are reproduced anew,
and even amplified further, when we consider the practices of modern nuclear and el-
ementary particle physics. “Atom-smashing” has never been Lego-like disassembly:
when atomic nuclei are broken up, energy is almost always added or subtracted, and
according to modern physics mass is a form of energy. In nuclear reactions experi-
mental physicists have taken careful note of the interconversion of mass and energy. It
won’t do to suggest that the Lego-like picture is approximately true since the amounts
of mass lost or gained in these reactions are relatively small compared to the total mass
of the reactants: no theory that has to dismiss nuclear bombs as merely inconvenient
anomalies should be regarded as “approximately true” in the relevant sense.

Let’s think a little bit further about the history of mass-energy equivalence. E = mc2

came out of Einstein’s special theory of relativity, which was accepted for very general
theoretical reasons, but we might ask what experimental evidence compelled people
to believe this particular aspect of the theory. In this context, what is invoked most
often are particle-collision experiments in which the masses of the ingredients do not
add up exactly to the sum of the masses of the products (see Fernflores, 2012, esp.
Section 4). Especially famous is the 1932 experiment of John Cockcroft and Ernest
Walton, who bombarded a lithium nucleus with a proton and obtained two helium
nuclei (↵-particles). Their measurements showed that the sum of the masses of the
reactants was 1.0072 + 7.0104 = 8.0176 amu,5 but the masses of the products only
added up to 8.0022 amu, indicating that 0.0154 amu has “disappeared.” After over
a century of dominance, Lavoisier’s principle of the conservation of mass had been
overturned in physical and chemical practice. An inspection of the periodic table
of elements also easily shows that the masses of atoms are slightly different from
the masses of the protons and neutrons (and electrons) that constitute them. These
have been regarded as indisputable facts for many decades now by physicists and
chemists, but the basic metaphysical implications of such facts have not got through
to the sensibilities of reductionists. If we still regard mass as the primary indicator
of the amount of matter, then it is clear that the amount of matter is not preserved
in elementary-particle collisions or nuclear fusion or fission. That does not present
a problem for the conservation of energy, of course, but it does destroy the naïve
notion that atoms are simply put together from elementary particles. Atomic nuclei
are not mereological sums of protons and neutrons; they are not made up of protons
and neutrons in a straightforward sense.

Generally speaking, the results of experiments in high-energy physics do not support
the naïve philosophical view of reductive levels in the Oppenheim–Putnam mode,

51 amu (atomic mass unit) is 1/12 of the mass of carbon-12 in its ground state.
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according to which atoms are made up of elementary particles, which are themselves
unchangeable building-blocks. When two protons collide with each other in a particle
accelerator, a whole host of other particles are created:6 should we say that a proton
already contained these particles? Should pair-creation and pair-annihilation lead us
to conclude that a pair of photons consist of an electron and a positron, or vice versa?7

When a photon is absorbed by an atom, it is annihilated and raises the energy level
of the atom; so the photon is not an unchangeable unit, not even a persisting one.
These are merely a handful of illustrative examples. Generally speaking, smashed-up
pieces do not necessarily pre-exist in the whole. This recognition led Geoffrey Chew
to advance his “bootstrapping” view of elementary particles, according to which no
particles are fundamental and all elementary particles are made up of each other.8 This
view was sidelined with the advent of quarks and the Standard Model, but it may be
worth revisiting, after all. The early modern chemists’ mereological fears have turned
into reality “with a vengeance”, in much more serious ways than they could have
imagined. There is no need for “the Tao of physics”, but there are good reasons to have
our metaphysical thinking informed by respect for actually viable practices.

Again, I must stress that all of what I have discussed in this section is based on obvi-
ous physics. I do not claim any special knowledge of modern physics, and I am not
drawing from any controversial parts of physics. The experimental facts that I cite
are very well-known and accepted in an unquestioning way by physicists. I am not
even invoking the difficult ontological questions raised by the notion of quantum su-
perposition and entanglement, or indistinguishability, or virtual particles and vacuum
fluctuations, or quark confinement, which are bound to complicate the picture much
further and in all likelihood in anti-reductionist directions.9

4 Scientific naturalism, everyday intuition, and con-
ceptual habits

At this point some philosophers may say: “But what these physics experiments (or
the theories created in order to explain them) seem to show can’t really be the true
metaphysical picture. There must be unchangeable basic building blocks, and every-
thing must ultimately be made of them.” Of course, no amount of scientific knowledge
would prove that the metaphysical reality is not like Lego. I think that way of thinking

6See a friendly presentation of the basic facts and ideas in the “International Physics Masterclasses”
section on proton collisions (http://atlas.physicsmasterclasses.org/en/zpath_protoncollisions.htm).

7Positron–electron pair-annihilation is now even in the realm of everyday technology as the basis of PET
(positron-emission tomography) scans; it is not something we can afford to ignore in our thinking about the
world.

8For more on the metaphysics of bootstrapping and the S-matrix theory, see McKenzie (2011).
9For a cutting-edge discussion, see Caulton (2015).
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about reality is not productive, but that is not the argument I am making in this paper.
For now I want to focus on a different question: where do people get the intuition that
reality is Lego-like?

(1) Old science. In the discussion above I have implied that philosophical reductionists
are quite out of step with modern science. So could it be that the reductionist intuitions
come from some older phase of science that was once successful, from which we’ve
inherited some now-outdated theoretical assumptions, which parade as metaphysical
intuitions? This sort of situation has been common in the history of science. As
Philipp Frank put it (1949, pp. 475, 478): “the Copernican system was declared to be
‘mathematically true’ but ‘philosophically false.’ And this severe judgment has been
passed again and again by philosophers upon new physical theories.” Such impulse
is understandable, but it is something we need to learn to overcome: “We understand
now very well that these ‘established philosophic principles’ are nothing else than
physical hypotheses in a state of petrification.”

In this case, however, I do not think that successful past science can be a full explana-
tion of our intuitions. It is true that some Lego-like science has been successful: e.g.,
19th century organic structural chemistry. I think such cases did have some effect on
creating, or at least bolstering, compositionist intuitions. But there are some signifi-
cant caveats that negate this point almost entirely. (a) A lot of other successful science
(such as 20th-century physics) has not been compositionist. (b) A lot of composi-
tionist science has been unsuccessful; for example, Alan Chalmers (2009) has shown
persuasively that much of early atomic science was rather useless. (c) Compositionist
ideas were widespread and popular long before there was successful compositionist
science; Democritus, or even the 17th-century mechanical philosophers, would not
have got their atomistic ideas from some successful previous science. (d) Even suc-
cessful compositionist science often showed awareness that physical reality was not
entirely compositionist. The “ball-and-stick” molecular models needed the sticks to
connect the balls, and it was recognized that the sticks were exactly the mysterious
part of the picture: the nature of the chemical bond remained enigmatic throughout
the 19th-century except in clear cases of ionic bond.10

(2) Everyday life. It could be that the compositionist intuitions are rooted in our ev-
eryday life, rather than in successful previous sciences. Robert Northcott, in a serious
joke, comments that we must have such intuitions because we all grew up playing with
Lego. Lego itself was not invented till 1949 so it can’t have been responsible for the
advent of compositionism, but could it be that much of our everyday life, dealing with
“medium-sized dry goods” is like playing with Lego, giving rise to compositionist in-
tuitions? We can smash a plate and glue it back together, build a house out of bricks,
and take apart a watch and put it back together.

But these practices of composition do not work in Lego-like ways. When we try to put

10Cohesion was a similar mystery. For a fascinating history of cohesion, see Rowlinson (2002).
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things together in everyday life, it does not normally work out in the compositionist
way. Medium-sized dry goods generally do not stick to each other. Bricks need mortar
to make a wall or a house. What we know of as “Lego”, first marketed as “automatic
binding blocks”, was such a commercial and cultural success precisely because it was
a very clever arrangement, an ingenious combination of rigidity, elasticity and friction,
in which bricks do stick together without the help of anything else!11 Almost nothing
else in nature or human life behaves like Lego,12 and that is the secret of its success.
We do not live in Legoland. Where do we live? Our quotidian paradigm for sticking
things together is the use of glue. How glue works is not at all like Lego, so our
experience of gluing (or stapling, or clamping, or strapping) things together does not
explain why we have Lego-ish intuitions.

(3) Quasi-Kantian conceptual necessity. I suggest that that our compositionist intu-
itions come not from practical experience, but from a quasi-Kantian conceptual neces-
sity. I say quasi-Kantian because the necessity involved here is conditional (paradox-
ical as that may sound), being consequences of definitions that we happen to adopt.
More generally, ontological principles (as I term them) are assumptions that we have
to adopt about the presumed entities that we are dealing with, if we are to carry out
certain kinds of epistemic activities. It is our choice to engage in a particular epis-
temic activity; once we have made that choice, however, there are some metaphysical
assumptions we must subscribe to, because they are necessary for that activity to be
successful or even intelligible. For a very simple example: if we want to engage in the
activity of counting, then we have to presume that the things we are trying to count are
discrete. In other words, the metaphysical principle of discreteness is required in the
activity of counting, and enables that activity. What we have here is a distinct type of
a transcendental argument — laying out the necessary conditions for something that
we may or may not choose to do, rather than investigating the precondition of what is
already and definitely given. So I think of it as a contingent transcendental argument
in the form: “if we want to do X, then we must presume Y.”13

In illustrating these ideas briefly, it is helpful to refer back to the work of the much-
neglected Clarence Irving Lewis. In a move that is only apparently anti-Kantian, he
denies that there are any synthetic a priori principles. For Lewis all a priori principles
follow from the nature of the concepts we choose to craft and use:

The paradigm of the a priori in general is the definition. It has always
been clear that the simplest and most obvious case of truth which can be
known in advance of experience is the explicative proposition and those
consequences of definition which can be derived by purely logical anal-

11For the history of Lego as told by the company itself, see http://www.lego.com/en-us/aboutus/lego-
group/the_lego_history/1940.

12Gretchen Siglar points out that Velcro is similar.
13The nature of a contingent transcendental argument is explained in full in Chang (2008) and Chang

(2009).
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ysis. These are necessarily true, true under all possible circumstances,
because definition is legislative. (Lewis, 1929, pp. 239-240.)

And yet, Lewisian a priori principles in science are not mere tautologies; they do
serve as significant laws of nature, in a way that I think is consonant with Michael
Friedman’s views on what constitutive principles do (Friedman, 2001). Lewis chose
Einstein’s definition of simultaneity in special relativity to help make his point about
the role of definitions:

As this example well illustrates, we cannot even ask the questions which
discovered law would answer until we have first by a priori stipulation
formulated definitive criteria. Such concepts are not verbal definitions
nor classifications merely; they are themselves laws which prescribe a
certain behavior to whatever is thus named. Such definitive laws are a
priori; only so can we enter upon the investigation by which further laws
are sought. (Lewis, 1929, p. 256.)

Finally, let me come back to the matter of composition. I submit that compositionist
intuitions are ontological principles necessitated when we choose to carry out com-
positionist analysis, by which I mean the the activity of understanding an object as a
mereological sum of its parts, each of which persists unless broken up into its own
parts. So compositionism, now generalized from the sense I gave it in the context of
chemistry, can be re-stated as the metaphysical doctrine that all objects are made up
of persisting parts, whose identity is not affected by any combinations into which they
enter. To this basic compositionist assumption, scientists and philosophers often add
two further ideas, which are actually not necessary for compositionist analysis per se:
(1) that there are fundamental parts that cannot be further decomposed, and (2) that
there are only a small number of types of fundamental parts (units).

If we choose to carry out a compositionist analysis, it makes no sense not to adopt
the basic compositionist ontology; that would render our activity incoherent and un-
intelligible. And if we do routinely carry out compositionist analysis, we may un-
derstandably form compositionist habits of the mind. We often do engage in some
compositionist analyses in the activities of everyday life. Simple-minded accounting
is a very good example; money is a wonderfully compositionist entity, which can be
divided and added up with no loss or change of any presumed parts. We also engage
in compositionist analysis in theoretical science, for example when we apply various
conservation laws, or when we learn to divide and add up angles or lengths in ge-
ometry. Perhaps most fundamentally, the standard kind of arithmetic that most of us
are taught in childhood is firmly founded on compositionist intuitions. The experi-
ence of such epistemic activities gives us familiarity with compositionist ontological
principles, and disposes us to think in compositionist terms.

However, this is not to say that we should always engage in compositionist analysis.
And it is incoherent to try to reason on the basis of compositionist intuitions when
we are not in fact carrying out any compositionist analysis. Similarly, it is futile to
attempt a compositionist analysis where we cannot find reliably persistent units out of
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which the objects of our interest can be said to be made. Whether or not there are such
units is an empirical question, a contingent matter, which can only be clarified in an
operational way, by devising and attempting to carry out actual operations of physical
assembly and disassembly.

It is a mistake to make an unthinking application of mereology to physical combi-
nation. Judging from the findings of modern chemistry and physics, it seems that
the mereological part–whole relation is an inappropriate framework for understanding
physical combination. Physical fusion and disintegration may violate axioms that one
considers reasonable or even indispensable in mereology, such as transitivity. If so,
the most reasonable conclusion may be that physical composition is not a matter of
part-whole relation. We need to make sure that quasi-Kantian conditional necessity
does not degenerate into pseudo-Kantian metaphysical prejudice.

5 Conclusion

Attention to the actual practices of chemistry and physics reveals that there has never
been unequivocal scientific warrant for ontological reductionism as it is commonly
conceived. And if ontological reductionism doesn’t work in chemistry and physics,
then it is not likely to work in other sciences, partly because the usual reductionist
strategy concerning those other sciences is to reduce entities in them to the entities of
chemistry and physics. The main source of widespread intuitions in favor of ontolog-
ical reductionism is neither everyday life nor successful past science. Rather, it is our
predilection for compositionist analysis, which we apply successfully in many areas
of mathematics and some areas of science and everyday life. But it is unwise to let
ourselves be guided by these intuitions in other situations, especially those in which
attempts at compositionist analysis show little evidence of empirical success.
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13 A new look at the history of science.
The transnational orientation of
the Genetics and Radiobiology
Program in Mexico in the 1960s
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Abstract. The transnational approach in the history of science is very recent and has
been influenced by the effects of globalisation, multiculturalism and the formation of
circuits of practices, organizations, objects, goods, knowledge and people, in which
scientific developments go beyond nation-state borders, collaborative networks being
the units of historical analysis. Recent debates regarding global and local contexts
have called attention to circulation networks that explore inter-regional exchanges and
transnational circuits that allow quicker cross-border transmission of scientific prac-
tices and a faster flow of people, ideas and artefacts. In the case of science studies in
Latin America, a great deal of research performed under this approach has indicated
that despite their historiographical and epistemological importance, narratives on the
national sciences perspective have revealed their analytical limitations. This research
has expressed the need to reconstruct transnational stories that account for how the
knowledge produced in developing countries forms part of international knowledge
as it circulates via international networks of collaboration. A case in point is the cre-
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ation of the first Genetics and Radiobiology Program of the National Commission of
Nuclear Energy in Mexico in the 1960s wich was in line with the international trends
for the peaceful uses of atomic energy, and with local needs for creating a program to
study the effects of radiation in human populations in the country. Alfonso León de
Garay’s role in the development and establishment of radiobiology and human genet-
ics in Mexico was fundamental.

Keywords: transnational science, circulation of knowledge, genetics and radiobiol-
ogy, nuclear energy, Alfonso León de Garay.

1 Introduction

The transnational perspective in the history of science is very recent and can be traced
to the end of WWII, when there was growing interest for international peace that gave
rise to international cooperation programs and organizations that produced important
changes on the international political landscape. In the aftermath of WWII, not only
were cultural and social processes reconfigured, sea changes occurred in the area of
science itself, where the global circulation of scientific instruments, workforce and
ideas had come increasingly into focus. Nevertheless, some authors have highlighted
the absence of the historian of science in this discussion (Turchetti, Herrán, & Boudia,
2012). They have explained this absence due to “the ways in which the discipline has
changed while this approrach has emerged, epistemic univeralism (which understands
science as a transcendent, truth-finding activity that, in principle, should not be af-
fected by national, class or ethnic difference), or social interactions that define science
as cross-border, transnational activity” (Turchetti et al., 2012, p. 323). According to
them, what is needed is that scholars take the role of science in a global dimension
seriously.

Recent debates regarding global and local contexts have called attention to circulation
networks that explore inter-regional exchanges and transnational circuits that allow
quicker cross-border transmission of scientific practices and a faster flow of people,
ideas and artefacts. A great deal of research performed under this approach has in-
dicated that despite their historiographical and epistemological importance, narratives
on the national sciences perspective have revealed their analytical limitations. A case
in point is the creation of the first Genetics and Radiobiology Program (Programa
de Genética y Radiobiología, PGR) of the National Commission of Nuclear Energy
(Comisión Nacional de Energía Nuclear, CNEN) in Mexico in the 1960s, which was
in line with international trends for peaceful uses of atomic energy, and with local
needs for creating a program to study the effects of radiation in human populations in
the country. Alfonso León de Garay’s role in the development and establishment of
radiobiology and genetics in Mexico due to his belonging to international networks
was fundamental.



A new look at the history of science 245

2 A new look at the history of science, the transnatinal
perspective

In the case of history of sience focused outside the United States and Europe, there
have been two leading models to explain the flow of knowledge, diffusionism and
dependency. Many historians, especially those focused on colonial science, referred
to and often sought to implement the model proposed by George Basalla in 1967.
According to this model, there are three phases in the diffusion of science from the
metropolis towards the peripheries; that is, from Europe to non-European countries.
These phases are lineal, sequential, progressive, and necessary for the transformation
of science in local or peripheral contexts (Basalla, 1967); or have focused on the
asymmetrical relationships between centre and periphery that implies the inability of
the latter to develop an autonomous system of science and technology (see for example
Cardoso & Faletto, 1979). During the 1970s and the 1980s, these patterns framed the
development of historical studies seeking to account for the development of science
particularly in Latin American countries (Sagasti & Guerrero, 1974; Stepan, 1981;
Lafuente & Sala-Catalá, 1989; Chambers, 1987). None of these studies acknowledge
on the global or reciprocal connections, or focus on the networks of collaboration
that may help explain the construction of knowledge at both the local and the global
level.

However, recent historiography of science has focused on how knowledge circulates
in widely different contexts. In the last decades of the 20th Century, the historiography
of science, imperialism and postcolonialism elaborated upon the dynamic interactions
between what have been traditionally called centers and peripheries. For example,
recent studies in the history of science in developing countries have confronted the
accepted idea about the coexistence of the global circulation of people, practices and
techniques, and the symmetries between scientists working in metropolitan centers
and those working in less-developed ones, showing that not all science on the so-called
periphery should be regarded as peripheral, and criticizing those perspectives that see
the diffusion process as unilateral and promoted by metropolitan centers and adapted
in the peripheries. Moreover, some historians have proposed the abandoning of the
terms center and periphery, inasmuch as they do not reflect the dynamics or circulation
of the elites from less-developed countries who made outstanding contributions and
participate in international networks (Kreimer, 2010).

Debates regarding global and local contexts have called attention to circulation net-
works formed by shared interests through which exchange is negotiated and in which
the circulation of knowledge, people and practices occurs (van der Vleuten, 2008;
Sivasundaram, 2010; Safier, 2010; Birn & Necochea López, 2011; Hofmeyr, 2013;
Druglitrø & Kirk, 2014). Sivasundaram, for example, emphasizes that in order for
science to be successful it has to travel, “studying networks fit well with global history
because networks cross empires, nations, and regions” (Sivasundaram, 2010, p. 158).
Secord, for his part, has demonstrated that science can be understood as knowledge
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in transit, which has to cross national, temporal and disciplinary borders owing to its
social nature (Secord, 2004). Even more recently, Finnegan proposed four distinct
types of place in which scientists operate: sites, regions, territories, and boundaries or
circulation, the latter used to understand the dynamics of knowledge that became uni-
versal by circulating (Finnegan, 2008); for Kohler, these categoriesries embrace the
material and the social aspects of place, the local and socially constructed character
of scientific knowledge (Kohler, 2012). The role played by the creation of networks
in the stabilization of scientific facts has focused on how local knowledge becomes
universally accepted. Important works that show the techniques by which scientists
convinced their peers about their knowledge claims highlight the agency of local ac-
tors in the flow of knowledge (to name a few see Latour & Woolgar, 1979; Rudwick,
1984; Collins, 1985; Shapin & Schaffer, 1985; Latour, 1988; Daston & Galison, 1992;
Shapin, 1994; Porter, 1995; Golinsky, 1998; Daston & Galison, 2007).

Recent studies have emphasized the need to write connected transnational narratives
based on a reciprocal treatment of global and local contexts (Subrahmanyam, 1997).
This transnational approach abandons the nation as a unit of analysis, Eurocentric
narratives, cultural-diffusion interpretations, and the rigid opposition of the categories
of “center” and “periphery” in order to explain the dynamics of transnational circuits
and the global and local circulation of knowledge, people, artefacts and scientific prac-
tices. This rich approach problematizes the notion of “international science” and has
pending issues such as the precise definition of notions such as circulation, recep-
tion, adaptation and creativity. However, this new perspective thoroughly emphasizes
the interaction of experts from different countries and the transnational circulation of
people, knowledge and practices as an intrinsic part of knowledge production (Birn &
Necochea López, 2011). “Exploring the transnational circulation of knowledge thus
becomes a key feature in the analysis of how hazardous trades have been reinterpreted,
negotiated and relocated in undeveloped and less-developed countries” (Turchetti et
al., 2012, p. 328). Many case studies looking through the transnational glasses of
the recent historiographical turn have been produced (for Latin American studies see
Cañizares, 2000; Cueto, 2006, 2007; Hochman, 2008; Soto Laveaga, 2009; Medina,
2011). It is under this perspective that I analysed the creation of the PGR of the CNEN
in the 1960s in Mexico together with the pioneering work of the Mexican physician-
turned-geneticist Alfonso León de Garay. In this narrative the term ’transnational’
allowed us to understand the formation of the Program based on local needs and the
aim of working beyond geographical limitations to thus facilitate the circulation of
knowledge, practices and people from and to Mexico.
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3 Nuclear physics in México during the Cold War1

In the early 1950s, an acceleration in the arms race and atomic tests became appar-
ent as a result of the bombings of Hiroshima and Nagasaki that put an end to the
Second World War (WWII). Within this international context, President Dwight D.
Eisenhower gave the Atoms for Peace speech on December 8th 1953 before the UN
General Assembly in which he stated his preference for halting the military and war-
faring uses of nuclear energy and offering peaceful nuclear technology to humanity
instead (Eisenhower, 1953/2007).2 Eisenhower suggested the creation of an interna-
tional organization to regulate the process for creation and use of atomic energy and
proposed that countries with nuclear technology projects contribute economical and
technical resources to the development of peaceful uses of nuclear energy. In 1957
the International Atomic Energy Agency (IAEA) was created with its headquarters in
Vienna.3 The member countries of the UN were invited to participate by creating their
own national institutions to attend relevant meetings and benefit from the knowledge
produced and establish control mechanisms. Several of these organisms were created
before or concurrently with the formalization of the IAEA in 1957, as was the case
for the CNEN. The creation of the IAEA increased funding sources for nuclear scien-
tists and technicians with emphasis on the peaceful uses of radioisotopes in medical
genetics and agriculture, among others.

The interest of Mexican scientists and politicians did not begin with the creation of the
CNEN. According to Vélez Ocón, Mexican nuclear projects began as a result of the
atomic bombings in Japan, when the Mexican government declared nuclear deposits of
uranium, thorium and actinium, national reserves in 1945 (Vélez Ocón, 1997). At the
end of 1945, General Ávila Camacho’s government lobbied enthusiastically for the at-
tendance of a Mexican representative at the atomic tests the United States would hold.
This was how Harvard-educated Guggenheim Fellow soil engineer Nabor Carrillo,
who was at the time the Scientific Research Coordinator at the National Autonomous
University of Mexico (UNAM), and Soil Mechanics Research Section Head of the
Commission for Promotion and Coordination of Scientific Research (Comisión Im-
pulsora y Coordinadora de la Invetigación Científica, CICIC), was invited to attend
the Bikini Atoll tests as an observer in 1946, along with Colonel Juan Loyo González.
Most countries, Mexico included, declared themselves in favor of the peaceful use
of atomic energy, and stated that the atomic bomb and other weapons of destruction
would bring permanent peace to the world. At a national level, President Ávila Ca-
macho had founded the CICIC in 1942. Its first director, even while he was living

1Sections 3 and 4 are a revised and shortened version of Barahona (2015).
2As Creager and Santesmases have shown, ’even before President Eisenhower’s initiative, biology, agri-

culture, and medicine served to represent the peaceful face of atomic energy’, but it was only after WWII
that medical practices and biological knowledge changed drastically (Creager & Santesmases, 2006).

3Among the Mexican delegation that attended the Conference were Manuel Sandoval Vallarta, Nabor
Carrillo and Carlos Graef. We will see the connection with the PGR below.
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in the United States, was Dr. Manuel Sandoval Vallarta, the Mexican MIT-educated
Guggenheim Fellow physicist. He had collaborated with MIT from 1923 to 1946, and
traveled to Mexico several times to promote nuclear energy studies. In about 1943, the
CICIC established the first radioactivity research laboratory, which had been promoted
by Sandoval Vallarta with the main objective of developing radiochemistry. This was
because one of his chief scientific concerns was acid rain. The head of the soils me-
chanics laboratory at the time was his colleague and friend, Nabor Carrillo (Bulbulian
& Rivero-Espejel, 2012).

From this moment on, interest in the study of atomic energy grew in Mexico, and so
the nuclear research program was set up. Dr. Carrillo, who was Rector of the UNAM
at the time, visited the American company High Voltage Engineering Corporation
in Cambridge, Massachusetts, thanks to Dr. William Buechner’s invitation to attend
the facilities and familiarize himself with the equipment. This allowed the UNAM
to install a Van de Graaff accelerator with federal support in the 1950s (Domínguez-
Martínez, 2012). The immediate effect of this was, on the one hand, the develop-
ment of research, including the commencement of various projects and the training of
technicians on radioisotope techniques, and on the other, an increase in and consoli-
dation of institutional relationships and collaborations between Mexican and foreign
scientists. Chief among these collaborations was that of Mexican Harvard-educated
and Guggenheim Fellow physicist Dr. Carlos Graef –Sandoval’s former student-, who
was interested in cosmic radiation and relativity, with Harlow Shapley, the high-profile
promoter of the United States National Academy of Sciences and director of the Har-
vard College Observatory.

The creation of the CNEN was created in 1956 and highlighted the efficiency of nu-
clear energy as an energy source, besides considering it a more economical source
than oil, coal or hydropower. Since its inception, the Mexican nuclear program has
had civilian and not military purposes, so the word ’atomic’ was excluded because of
its implications for war and the arms race. Instead, the word ’nuclear’ was included,
due to its peaceful connotations – energy and non-energy applications, as well as stud-
ies in nuclear science that included agronomy and genetics among others (Vélez Ocón,
1997). President Adolfo Ruiz Cortines appointed the lawyer and ex-President of the
Supreme Court José María Ortiz Tirado as chairman of the Commission, and Doc-
tors Nabor Carrillo and Manuel Sandoval Vallarta as members. The Advisory Board
would be comprised of Doctors Alberto Barajas Celis, Fernando Alba Andrade and
Carlos Graef Fernández, José Mireles Malpica (M.Sc.) and the engineers Eduardo
Díaz Losada and Jorge Suárez Díaz.

The CNEN was founded upon two general fields of interest: energy and non-energy
applications; and nuclear science studies. It was created with a complement of nine
programs: nuclear physics, education and training, seminars, reactors, radioisotopes,
industrial afflictions from radiation, agronomy, genetics and radiological protection.
Thanks to the efforts of Sandoval Vallarta, Nabor Carrillo and Carlos Graef, who
prompted the study of nuclear physics in Mexico, land and resources were obtained to
develop a nuclear center. In 1964, construction began on the ’Nabor Carrillo’ Nuclear
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Center as part of the CNEN in the town of Salazar, State of Mexico, and both a Triga
Mark III reactor and a Tandem Van de Graaff positive ion accelerator were acquired;
these facilities would house all the CNEN’s programs and laboratories that were scat-
tered throughout the city, and give support to other institutions such as the UNAM and
the National Polytechnic Institute (Instituto Politécnico Nacional, IPN).

It is through the CNEN that nuclear physics and genetics and radiobiology were con-
nected in Mexico with the foundation of the PGR, opening new contexts for the de-
velopment of genetics and radiobiology.

4 The Genetics and Radiobiology Program and the pi-
oneering work of Alfonso León de Garay

After having spent two years in the Galton Laboratory at University College London,
under the supervision of British medical geneticist Lionel Penrose, the Mexican physi-
cian Alfonso León de Garay founded the PGR under the CNEN. As we shall see, de
Garay was part of an international network in human genetics in which the circulation
of researchers, knowledge and practices enabled the assimilation and modification of
genetic practices in Mexico in the early 1960s. It was in these years, when global
trends in human genetics were reshaping the field of biomedicine in the aftermath of
WWII, and when growing international interest in understanding the effects of radia-
tion on human beings led to the formation of institutions and a proliferation of multi-
centered clinical trials and inter-laboratory studies (Cambrosio, Keatins, & Bourret,
2006).

Alfonso León de Garay (1920-2002) studied medicine in the 1940s at the Autonomous
University of Puebla, and served for many years as a neurologist. In 1957, he decided
to study population genetics with Lionel Penrose, the Head of the Galton Laboratory.
Thanks to an agreement between the IAEA and some European universities, de Garay
obtained a grant and went to London. The relationships he established in Europe
were extremely influential on the PGR he founded upon his return to Mexico in 1960,
and had a profound and lasting importance in his later career and on his thinking
(Barahona, 2009).

When de Garay was in England, he attended the 1957 general assembly of the IAEA as
a companion to the English representatives, and there he met the Mexican delegation
composed of José María Ortiz Tirado, Nabor Carrillo and Manuel Sandoval Vallarta,
and the Secretary General of the CNEN, Mr. Salvador Carmona. They urged him to
complete his studies and return to Mexico in order to found a program where he could
begin studies into the effects of radiation on health (Barahona, 2009).

As a result of this meeting, and due to the support of the Mexican delegation, de
Garay went on to study the mutagenic effect of radiation, in line with projects that
were being developed in other parts of the world. In 1957, with the support of both
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Ortiz Tirado and Dr. Alexander Hollaender, head of the Division of Biology at the
Oak Ridge (Tennessee) National Laboratory of the US Atomic Energy Commission,
de Garay was able to go to Oak Ridge and become well-grounded in the field of
radiobiology (Villalobos-Pietrini, Guzmán, & Levine, 2005). His return to Mexico
was hastened because the CNEN insisted on the immediate set-up of a laboratory, due
to international pressures that Mexico should develop its own research in genetics and
radiobiology.

The PGR was established in 1960 in order to ’contribute to the conservation of health,
physical and mental improvement, and sickness prevention, through the investigation
of the factors which intervene (favorably or unfavorably) in the biological inheritance
of the population’ (de Garay, 1960).

De Garay’s agenda was two-fold. On the one hand, he intended to open up spaces
for the development of genetics and radiobiology in Mexico, and on the other, to
promote the PGR on the international stage. This interplay between de Garay, the
PGR, the CNEN and the IAEA fostered the circulation of ideas and practices beyond
transnational borders. To achieve this agenda, de Garay’s objectives were the study of
the effects of radiation on human health, and the study of diverse specific aspects of
the heredity process, from the molecular level up to population genetics.

The PGR consisted at first of a small staff composed of six researchers, including
de Garay as director, Rodolfo Félix Estrada, chief of the Drosophila section, and
María Cristina Cortina Durán, María Teresa Zenzes Eisembach, Víctor Manuel Sal-
ceda Sacanelles, and Claudina Berlanga Siller, who obtained their B.A. degrees in
biology in 1960, as well as a technician, a secretary, and a service assistant. By the
end of the 1960s, the number of sections increased to include, for example, human
genetics and molecular genetics sections (de Garay, 1970; Barahona, Pinar, & Ayala,
2003).

The Program consisted of six sections: tissue culture (where cytology and genetic
analysis were practiced), photography (microphotography and autoradiography), bio-
chemistry (biochemistry and radiochemistry), education (preparation of educational
materials and training of personnel), Drosophila labs (conventional experimentation
and computing of mutations, including irradiated stocks), and statistics and social
work (population genetics and family studies).

The three main lines of research conducted in the years after its foundation that were
in line with international projects while responding to the national context were, first,
cytogenetic studies of certain abnormalities; second, the study of the effects of radia-
tion on hereditary material, and third, the study of population genetics in Drosophila
and in Mexican indigenous groups.
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4.1 Cytogenetic studies of chromosome abnormalities

The 1960s was a decade of intensive work in the area of human genetics; it was trans-
formed into an enticing frontier for medical research, and the production of technolog-
ical knowledge from the study of chromosomes held a great deal of hope for progress
in the study of human heredity. The technical analysis of the karyotypes and practices
that accompanied it became popular worldwide as it allowed human chromosomes to
be analyzed and visualized.4

De Garay had come into contact with these techniques in England. Upon his return, he
brought the first human chromosome preparations that have been studied in the Galton
laboratory and donated by Penrose. These studies also led to the standardization of
laboratory tissue culture methods, and in general, those practices enabling visualiza-
tion of chromosomes. To do so, the PGR was assisted by Dr. David A. Hungerford,
the American scientist and co-discoverer of the chromosomal abnormalities in cancer
cells who worked at the Institute for Cancer Research in Philadelphia, United States.
He came to Mexico in 1963 to work on the protocols for the tissue culture from pe-
ripheral blood technique that he and his colleagues had developed in the United States,
which was originally designed for the study of chromosomes in patients with cancer
and in laboratory animals with radiation-induced leukemia. As a result of this collab-
oration, Hungerford agreed to receive in Philadelphia, PGR technicians Tayde García
and Pilar Quijano to specialize in tissue culture and other cytological techniques that
had been standardized at Hungerford’s laboratory, who upon their return were incor-
porated to the cytogenetic section of the PGR.

As part of his personal agenda and in response to national needs, de Garay encouraged
young people to learn cytogenetic techniques that were being standardized in other
laboratories, always with the support of the IAEA through the CNEN. Maria Cristina
Cortinas de Nava went to the Hospital des Enfants Malades to learn techniques of
human cytogenetics with the French geneticist Jean de Grouchy’s group in France
(De Grouchy, Cortinas de Nava, & Bilski-Pasquier, 1965); and Maria Teresa Zenses
Eisenbach left for Texas University to work with Chinese geneticist T. C. Hsu the
techniques for human and animal cytogenetics.

4.2 The study of the effects of radiation on the hereditary mate-
rial

After WWII, the international call from institutions such as the IAEA, to study the
effects of radiation on humans, led to the establishment of local programs, such as the
PGR, where de Garay introduced the study on the effects of radiation in the hereditary

4Another research group was being formed in the 1960s at the Mexican Institute of Social Security. See
Barahona (2009, 2015).
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material. According to de Garay, the increasing uses of nuclear energy in electricity
production and medical applications, agriculture and industry, forced him ’to increase
research and concentrate scientific, technical and legal efforts intended to prevent any
damage that may arise from nuclear development’ (de Garay, 1962). After that, new
prospects for the peaceful application of nuclear energy and research in general opened
up gradually within the PGR.

The Drosophila section studied the mutagenic effects of diverse radiation-emitting
sources by using tracer isotopes. As part of the staff training, annual courses about
radioisotopes and nuclear instrumentation were organized in order to obtain and ana-
lyze these mutants. These were offered in the Radioisotope Laboratory at the Physics
Department of the School of Sciences of the UNAM in close collaboration with the
CNEN, by himself and Augusto Moreno y Moreno, whom he had met at the IAEA
meeting in Vienna in 1957. The first course was held from March-July in 1960. These
courses works were compulsory for the personnel who worked in the Program (Olvera
& Guzmán, 2001). By 1962 de Garay and collaborators had obtained 57 Drosophila
mutants that were used for research and educational purposes.

In the ensuing years, and to be competitive on a worldwide scale, the PGR included the
Aquatic Invertebrate Radiobiology section and the Molecular Genetics Laboratory in
1965 and 1966. The idea was to work, respectively, on protective compounds against
radiation effects in the flatworm Planaria, and to investigate the genetic mechanisms
operating in microorganisms, as well as the radiation effects and consequences of
radioprotective substances at the molecular level. In parallel, de Garay encouraged
Magadalena Carrillo Santín to go to the Atomic Energy Institute at Sao Paulo, Brazil,
to study radiochemistry in 1965, and he invited the then-Director of the Oak Ridge
National Laboratory of the US, Alexander Hollaender, whom he had met in 1957 at
Oak Ridge, to see the facilities and to work on future collaborations in 1966.

4.3 Population genetics studies

Although population genetics had been developed in the first decades of the 20th Cen-
tury, it was in the post-war years that serological studies of the distribution of blood
groups were developed with the intention of measuring the intra-specific variability in
human populations. This was possible thanks to the introduction of new techniques
such as gel electrophoresis and paper chromatography, which were quickly built to
track immune reactions, mainly thanks to the work of Harry Harris at the Galton Lab-
oratory (and whom de Garay had met in England) with human isoenzymes.

In Mexico, human population studies started in the 1940s with the work of physi-
cian Mario Salazar Mallén and his students at the General Hospital on the detection
of hemoglobin abnormalities in rural communities. Between 1944 and 1949 he pub-
lished several papers on the blood agglutinogens of the Mexicans, and blood type sur-
veys of urban and indigenous populations (Salazar-Mallén, 1949; Barahona, 2009).
This work was followed by Adolfo Karl at the IPN, who studied the distribution of
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abnormal hemoglobin in a Mazatecan group of the Papaloapan basin using the hori-
zontal electrophoresis technique (Karl, 1957). At that time, the Mexican populations
were investigated for ethnographic, anthropological or economic purposes, but rarely
from the genetic point of view, so these studies were important in the Mexican local
context.

These studies, although aligned with the work of other laboratories in other parts of
the world, did not impact Mexican genetics, until other groups such as those of de
Garay and Mexican physician Rubén Lisker began to use molecular tracers and more
up-to-date electrophoresis techniques to measure the genetic variability of Mexican
indigenous populations.5

To start these kinds of investigations at the PGR, de Garay invited the physician and
biologist Hans Kalmus, the prewar refugee from Czechoslovakia, whom he had met
in the Galton Laboratory, to design the study of population genetics of Drosophila and
Mexican indigenous populations.

Kalmus’ first visit thanks to the support of the IAEA was in 1962, but only for a three-
month period; these visits became more common and longer in the ensuing years.
Under his supervisión, gathering expeditions were made to Chiapas and Oaxaca to
collect data on Drosophila. Similarly, thanks to this collaboration they began the study
of population genetics in indigenous populations using tracer genes of Tzeltal and
Tzotzil groups in Chiapas and Mixtec groups near the coast of Oaxaca. Later on, the
Lacandon populations in Chiapas and the Otomí group in Hidalgo were investigated.
The results of these studies showed that in some communities, the frequencies of
certain genetic characteristics increased by prolonged isolation in a small geographical
area (de Garay, 1963; Barahona, 2009).

Finger and palm prints were also taken, and tests were performed for phenylthiocar-
bamide tasting, enzyme deficiencies in the school population, color blindness and the
chemical composition of earwax (Kalmus, de Garay, Rodarte, & Cobo, 1964). In or-
der to obtain blood samples and analyze them later in the laboratory, several gathering
expeditions were necessary owing to the geographical conditions of the regions stud-
ied and the intervention of other Mexican institutions such as the National Indigenist
Institute and the Summer Institute of Linguistics.

In order to strengthen this line of research, de Garay arranged for Víctor Salceda to be
a visiting scholar at the Rockefeller University in New York, at the laboratory of the
Russian-born American geneticist and evolutionist Theodosius Dobzhansky to study
genetic load in irradiated populations. This occurred from 1965 to 1967, and enabled
the PGR to collaborate with Dobzhansky, who visited Mexico in 1974 at the invitation
of de Garay.

5In 1960, another research group headed by Mexican physician Rubén Lisker at the Nutrition Diseases
Hospital (later the Salvador Zubirán National Institute of Nutrition) was working on the genetic characteri-
zation of Mexican indigenous populations. See Barahona (2009).
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The IAEA provided Salceda with a scholarship to go to New York, and he joined
Dobzhansky’s laboratory in November 1965 to do research on the genetic load of
irradiated Drosophila flies. When Salceda went back to Mexico in 1967, he tried to
initiate collections of D. pseudoobscura in natural populations under Dobzhansky’s
advice, in order to study the geographical distribution of the chromosomal inversions
that characterize this species. Because of Dobzhansky’s illness and because de Garay’s
group was involved in the organization of the Olympic Games held in Mexico in 1968,
this project did’t take off at the time (Barahona & Ayala, 2005b, 2005a).

The context and the conditions in which this research was performed, the commence-
ment of international collaborations, and the role of de Garay and his group in the
circulation of knowledge were key pieces in the development and establishment of
genetics in Mexico and its positioning at an international level.

5 Conclusions

As Turchetti and colleagues have said,

in recent years historians of science have focused on the production of sci-
entific knowledge in its social milieu, shedding new light on such key de-
terminants as (among others) the transmission of new paradigms through
the training of new generations, the orienation of belief in trading zones,
the functioning of laboratories and the circulation of knowledge....They
also have challenged narratives built around the celebration of scientific
discoveries by presenti the production of knowledge as a complex and
dynamic process in which the meaning of new scientific theories are ne-
gotiated by a number of different actors (Turchetti et al., 2012).

In this work, the idea of circulation allowed us to understand in greater detail how it
is that knowledge and scientific practices have travelled across geographical and tem-
poral spaces, crossing nations and passing through borders. This paper attempted to
show how the PGR was created from a simultaneous dialog between the local con-
text responding to national needs and concerns, and a transnational approach owing
to its need for international networks through which scientific resources were mobi-
lized in order to enter into a transnational material culture. From the start, de Garay
was as committed to the construction of shared languages and practices as he was to
networks of collaboration in order to guarantee the necessary conditions for establish-
ing genetics in Mexico. This study also allowed us to place Mexican science within
a global context in which interconnected narratives describe the interplay between
global trends and national contexts.

I have tried to show how the creation of the CNEN in its local and international con-
texts, influenced the foundation of the PGR. The training of Alfonso León de Garay
at the Galton Laboratory of University College in London was crucial to the establish-
ment of the PGR. The members of the program were important pieces in the movement
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of knowledge across borders due to their standing as experts, which was thanks to the
moral and epistemic authority they had acquired by studying abroad, and through their
personal relationships. I tried to show how his subsequent membership of international
networks facilitated the flow of knowledge and the circulation of scientific practices
and people, which included the training of young geneticists in foreign academic insti-
tutions, thus enabling spaces to be opened for the development of genetics in Mexico.
This historical reconstruction tried to show the relations between different actors in
different countries and at different times, and the scientific programs and institutions
that were created in the 1950s and 1960s in Mexico.
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14 Comparing causes – an
information-theoretic approach
to specificity, proportionality
and stability
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Abstract. It would be useful if the interventionist account of causation, in addition
to distinguishing causes from non-causes, could define various desirable properties
of causal relationships. Amongst these properties are specificity, proportionality and
stability. In earlier work we offered an information theoretic analysis of causal speci-
ficity, using an approach which parallels existing work in complex systems science.
Here we extend this approach to proportionality and stability. First, we show that the
interventionist criterion of causation, ‘minimal invariance’, is formally equivalent to
non-zero specificity. We then show that there are natural, information theoretic ways
to explicate the distinction between potential and actual causal influence. With these
foundations in place we show that there is a natural information-theoretic approach to
describing causal variables that explicates the idea that causes should be proportional
to their effects. Then we draw a clear distinction between two ideas in the existing
literature, the range of invariance of a causal relationship and its stability. Range of
invariance is simply specificity. Stability concerns the effect of additional variables
on the relationship between some focal pair of cause and effect variables. We show
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that in an information theoretic framework there is an important distinction between
the extent to which these additional variables influence the effect and the extent to
which they influence the relationship between the focal cause and effect variable. We
show how to measure the influence of additional variables in both these respects. The
overall result of this work is to provide precise explications of a whole family of in-
tuitive notions associated with the interactionist account of causation. In principle,
these properties can now all be measured on a causal graph. The information theoretic
approach has substantial technical limitations, however, as we discuss towards the end
of the paper. The real value of our work lies as much in the way it reveals the ambi-
guity and equivocation in earlier, qualitative discussions as in the actual measures we
construct.

Keywords: causality, intervention, invariance, specificity, stability.

1 Invariance and causal explanation

The interventionist approach to causal explanation is based on the insight that “causal
relationships are relationships that are potentially exploitable for purposes of manipu-
lation and control” (Woodward, 2010, p. 314). Interventionists approach causation via
the relationships between the variables that characterise an organised system. These
relationships can be represented by an acyclic directed graph. In such a graph, variable
C is a cause of variable E when a suitably isolated manipulation of C would change
the value of E. With suitable restrictions on the idea of ‘manipulation’ this test pro-
vides a criterion of causation, distinguishing causal relationships between variables
from merely correlational relationships (Woodward, 2003, pp. 94–107).

The interventionist account only applies to ‘change-relating’ generalisations, where
at least one intervention upon C will produce some change in E. Generalisations
which are not change-relating are not candidates to provide causal explanations. Non-
change-relating generalizations may state the impossibility of certain affairs: nothing
can be accelerated past the speed of light. Or they may relate an outcome to a reliable
but irrelevant antecedent: men who take birth control pills will never become pregnant
(Woodward 2000, 206f).

Change-relating generalisations provide causal explanations in virtue of being invari-
ant under interventions rather than because they hold widely in nature, or have nomo-
logical force as traditionally conceived (Woodward, 2003, p. 16):

[E]xplanation has to do with the exhibition of patterns of counterfactual
dependence describing how the systems whose behavior we wish to ex-
plain would change under various conditions. . . . Explanatory general-
izations allow us to answer what-if-things-had-been different questions:
they show us what the value of the explanandum variable depends upon.
(Hitchcock & Woodward, 2003, pp. 182–183)
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Invariance under intervention simply means that the relationship between variables C
and E continues to hold when interventions are made on C.

I will say that a generalization is invariant simpliciter if and only if (i) the
notion of an intervention is applicable to or well-defined in connection
with the variables figuring in the generalization (. . . ) and (ii) the general-
ization is invariant under at least some interventions on such variables. . . .
To count as invariant it is not required that a generalization be invariant
under all interventions. (Woodward, 2000, p. 206)

The idea of invariance is sometimes expressed in terms of the ‘stability’ of the gener-
alization:

A generalization is invariant if (i) it is . . . change-relating and (ii) it is
stable or robust in the sense that it would continue to hold under a special
sort of change called an intervention. (Woodward, 2000, p. 198)

However, as we will shortly see, it is more convenient to reserve the term ‘stability’
for a different idea associated with the interventionist account.

Woodward makes a clear distinction between the actual criterion of causation and var-
ious desirable properties of causal relationships. The criterion of causation is ‘minimal
invariance’ – invariance in the face of at least one possible intervention. A wider range
of invariance is a desirable property of causal relationships: a relationship that holds
for more values of C and E is a more powerful means of intervention. However, while
a minimally invariant relationship may be less useful, it is not less causal.

‘Specificity’ is another desirable property of causal relationships. The intuitive idea
behind specificity is that interventions on C can be used to produce any one of a large
number of values of E, providing what Woodward terms “fine-grained influence” over
the effect variable (Woodward, 2010, p. 302).

‘Proportionality’ is a further desirable feature of causal relationships, or, more accu-
rately, of how causal relationships are described:

... causal description/explanation can be either inappropriately broad or
general, including irrelevant detail, or overly narrow, failing to include
relevant detail. (Woodward, 2010, pp. 296–7)

Woodward provides several striking example where a causal explanation is weakened
because the choice of variables suffers from one of these vices. Saying that one person
went bungy-jumping whilst another did not because only one has a ‘gene for bungy-
jumping’ is less explanatory than saying that only one has a gene associated with
risk-seeking behavior. The former explanation excludes important information that
the latter provides.

‘Stability’ is a final desirable property of causal relationships. Whilst invariance con-
cerns the relationship between C and E, stability concerns the relationship between
other variables and that relationship. Intuitively, C is a stable cause of E if it contin-
ues to cause E across some range of values of other variables Z, W , etc. These other
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variables are sometimes referred to as ‘background’ variables. There is much more to
be said (and settled) about stability and its relationship to invariance, as we will see
below.

In earlier work with other collaborators we have developed an information-theoretic
approach to measuring the specificity of causal relationships within the interventionist
framework (Griffiths et al., 2015). In this paper we extend that approach to (1) explore
the relationship between invariance and specificity, (2) distinguish between potential
and actual causal influence, (3) explicate the idea of proportionality, (4) distinguish
invariance from stability, (5) draw a further distinction between the stability of an
effect the stability of the relationship between cause and effect, and (6) show how
to measure both forms of stability. We conclude by discussing the limitations of an
information-theoretic approach.

2 Minimal invariance and specificity

In earlier work we noted that specificity is not entirely independent of the criterion
of causation (Griffiths et al., 2015). This is a straightforward consequence of our
measure of specificity, which formalises the idea that, other things being equal, the
more a cause specifies a given effect, the more knowing the value set for the cause
variable will inform us about the value of the effect variable. This idea led us to
propose a simple measure:

Spec: the specificity of a causal variable is obtained by measuring how
much mutual information interventions on that variable carry about the
effect variable.1

The mutual information of two variables is simply the redundant information present
in both variables. Where H(X) is the entropy of X (see Appendix), the mutual infor-
mation of X with another variable Y , or I(X ;Y ), is given by:

I(X ;Y ) = H(X)�H(X |Y )

Mutual information is not in itself a suitable measure of causal influence. It is sym-
metrical, that is I(X ;Y ) = I(Y ;X), and variables can share mutual information with-
out being related in the manner required by the interventionist criterion of causation.
However, any variables that satisfy the interventionist criterion of causation will show
some degree of mutual information between interventions and effects. If C ! E
is minimally invariant, that is, invariant under at least one intervention on C, then
I(do(C);E) > 0, where do(C) means that the value of C results from an intervention

1This measure has been independently proposed in cognitive sciences by Tononi et al. (1999) and in
computational sciences by Korb et al. (2009). For related measures see also Ay & Polani (2008), Janzing
et al. (2013). Ay and Polani’s measure captures what we call SAD below.
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on C (Pearl, 2009). To simplify writing, we will from now on represent the do( )
operator by a hat on the variable: do(X)⌘bX .2 So our measure of specificity does not
simply measure the mutual information between variables C and E. Instead, it mea-
sures the mutual information between interventions on the variable C and the variable
E. This is not a symmetrical measure because the fact that interventions on C change
E does not imply that interventions on E will change C: in general, I(bC;E) 6=I(bE;C).3

Furthermore, if any pair of variables {C,E} satisfies the interventionist criterion of
causation, with C being a cause of E, then C will have some degree of specificity for
E. So minimal invariance is equivalent to non-zero specificity.

This raises the obvious further question of how the degree of specificity of a causal re-
lationship relates to its range of invariance – the range of values of the variables across
which a causal relationship holds. Marcel Weber has argued in qualitative terms that
the degree of specificity is just the same thing as its range of invariance (Weber, 2006).
Woodward questioned Weber’s proposed equivalence because a causal relationship
might hold across a large range of invariance but fail to be bijective, and thus to offer
the sort of fine-grained control associated with the idea of specificity: “a functional
relationship might be invariant and involve discrete variables but not be 1–1 [injec-
tive] or onto [surjective] ” – that is, it might fail to be bijective (2010, p. 305 fn 17).
In our earlier paper we argued that measuring the mutual information between two
variables is a good way to formalize Woodward’s idea that the mapping between the
cause and effect may ‘approximate a bijection’. We then showed that with a slight cor-
rection corresponding to Woodward’s caveat, Weber is correct. He is correct because
the mutual information between cause and effect variables will typically be greater
when these variables have more values, simply because the entropy of both variables
is higher. Woodward’s caveat corresponds to the fact that it is not enough to increase
the number of values of a cause variable unless the additional values of the cause map
onto distinct values of the effect. Our measure of specificity captures both points. In-
creasing the entropy of the cause variable will not increase mutual information when
no additional entropy in the effect variable is captured. We can see this by contrasting
the cases in Figures 14.1 and 14.2.

In fact, we would argue, it does not really make sense to say that the relationship
C ! E in Figure 14.2 has a greater range of invariance than C ! E in Figure 14.1.
The variable C merely has a large number of nominal values. The appropriate way
to divide a causal variable into discrete states for the purposes of an interventionist
account of causal explanation is to group together states that make the same differ-
ence. A description of the variable that does not respect this constraint is effectively

2We take this convention from related work in computer sciences applying information theory to causal
modeling (see fn above, Ay & Polani, 2008; Lizier & Prokopenko, 2010).

3These quantities can be equal if and only if the two variables are not causally connected. Indeed, at
least one of these quantities is null since C and E are variables in a causal graph: if C causes E, E can’t feed
back on C (causal graphs are acyclic, see Pearl (2009)). Thus the two quantities can be equal if and only if
they are both null.
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Figure 14.1: Causal mapping showing a bijection between causal values and ef-
fect values. Complete ignorance (maximum entropy) obtains when each value of
the effect has a probability of 1

2 before intervening on the value of the cause:
H (E) = �Â2

j=1 p(e j) log2 p(e j) = �Â2
j=1

1
2 log2(

1
2 ) = 1 bit. After knowing the value

set for the cause (c1 or c2), the effect is fully specified and the conditional entropy is:
H(E|bC) = �Â2

i=1 p(bci)Â2
j=1 p(e j|bci) log2 p(e j|bci) = �Â2

i=1
1
2 Â2

j=1 1 log2(1) = 0 bit.
The information gained by knowing the cause can be obtained by measuring the
difference between the entropy before and the entropy after intervening to set the
value of the cause. This quantity is the mutual information between E and bC:
I(E; bC) = H(E)–H(E|bC) = 1 bit.

Figure 14.2: Here, different values of the cause lead to the same outcome. As in
Figure 14.1, H(E) = 1bit. Although here two values of the cause can lead to the same
effect, intervening to set the value of the cause fully specifies the value of the effect
just as effectively as it does in Figure 14.1. Therefore, the difference in uncertainty
about the effect between before and after intervening to set the value of the cause is
the same: I(E; bC) = H(E)–H(E|bC) = 1�0 = 1bit.
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a gerrymandered description, as we discuss in Section 4. So, in line with Weber’s
proposal, the range of invariance of a causal relationship is simply the specificity of
that relationship (assuming for simplicity an equal weighting of values).

In this section we have argued that both the interventionist criterion of causation – min-
imal invariance – and the desirable property of having a greater range of invariance
can be assessed using our measure of specificity (Spec). The information-theoretic
framework we have adopted allows a quantitative formulation of these two key ele-
ments of the interventionist framework. However, the information theoretic approach
requires us to specify a probability distribution over the cause, something that earlier,
qualitative discussions seemed to be able to do without.

Our measure of specificity (Spec) depends on what probability distribution we choose
to impose on the the causal variable C, as well as on the mapping from C to E. In
our earlier paper we showed that this is very much a feature and not a bug of our
measure. As we will now discuss, specificity measured with different distributions
over C corresponds to different properties that are of interest to the philosophy of
causation (Griffiths et al., 2015).

3 Actual and potential difference-making

Measuring Spec with different probability distributions over bC corresponds to different
views of causal specificity in the existing, qualitative literature.

One way to measure specificity corresponds to Woodward’s (2010) characterisation
of fine-grained influence (INF). In his presentation the value of C depends only on
interventions by an idealised agent. Since the aim is to characterise how one variable
causally depends on another, we assume that this agent does not favour one value
over another, so that every value is equiprobable. The distribution of values of C is
therefore the maximum entropy distribution:

INF: I(bC;E), where the distribution of bC has maximum entropy.

In our earlier work we suggested that INF was a good measure of the potential of C
to causally affect E (Griffiths et al., 2015). However, another non-arbitrary choice is
to construct a distribution which maximizes specificity. Such a distribution does not
necessarily maximize the entropy of the cause variable (see Korb, Hope, & Nyberg,
2009).

MaxSpec: I(bC;E), where the distribution of bC maximises Spec.

One formal advantage of MaxSpec is that it is insensitive to finer redescription of the
variables. MaxSpec is unaffected if we divide C or E into a greater number of nominal
values.

Whereas INF measures how much influence C exerts on E in an unbiased set of in-
tervention experiments, MaxSpec measures how much influence C exerts on E under
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ideal conditions. This is the ‘causal power’ of C with respect to E (Korb et al., 2009)
and can also be thought of as a measure of C’s potential influence on E. We are
inclined to think MaxSpec a better explication than INF of the intuitive idea that a
system has an intrinsic causal structure and that this structure is independent of how
the system operates on some particular occasion. Understanding causal connections
in this sense is a central aim of science – seeking to understand how the parts of a
mechanism are connected to one another, rather than how often each connection is
used or whether they are used on a particular occasion.

A different view of causal specificity has been advocated by Kenneth Waters (2007).
Waters draws attention to contexts in which scientists are only interested in the actual
causes of differences in some population, situations in which, he argues, they seek to
characterise the causes which are ‘specific actual difference makers’ in that popula-
tion (SADs). In earlier work we argued that this amounts to measuring Spec when C
takes the distribution it has in the actual population. Although Water’s stresses the
observed distribution of properties in a population, his discussion makes it clear that
he intends SAD to be a conception of causation, not merely of correlation, so rather
than measuring the mutual information between the actual distributions of C and E,
we need to imagine a set of interventions that create the same distribution of values of
C that we see in the population, hence:

SAD: I(bC;E) where the distribution of bC is identical to the actual distri-
bution of C in some population.4

If we take Spec to correspond to SAD rather than MaxSpec we get a rather different
picture of causation from the one we sketched in Section 2. First, it will no longer
be true that all causes have some degree of specificity for their effects. It may simply
be that the range of C within which there is a relationship between C and E does not
occur in the population from which we derive the distribution of C. In other words, the
‘experiment of nature’ does not include the experiment that reveals how E depends on
C. For the same reason, under the SAD interpretation, the degree of specificity of C for
E may not correspond to the range of invariance of the relationship C ! E.

We interpret SAD as a measure of a complementary idea to potential causal influ-
ence, namely actual causal influence – how much difference a cause actually makes
to an effect. For example, in a causal graph representing a firing squad, the potential
causal influence of the variable SHOOT with respect to the variable DIE, as measured
by MaxSpec, will be greater than that of the variable SAY BOO, but SAY BOO will

4In addition, Marcel Weber (2013) has argued that in the biological sciences specificity should be as-
sessed using a wider range of values of C than actually occur in any given population, but not all possible
values of C. He suggests we should restrict ourselves to ‘biologically normal’ values of C. We interpret
this to mean that C should be restricted to the range of variation that could be produced by known mecha-
nisms operating on the timescale of whatever process we are trying to study. We have suggested that within
that range, bC should conform to the maximum entropy distribution and named this additional flavour of
specificity REL for relevant specificity (Griffiths et al., 2015). But it is also possible construct a version of
relevant specificity based on the MaxSpec measure.
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have greater actual causal influence on DIE than SHOOT does in a population where
more prisoners die from fright than from bullets. The same idea has been termed ‘in-
formation flow’ (Ay & Polani, 2008). Ay and Polani explicitly conditionalise on a set
of background variables S. We intervene to set S equal to what we observe in nature,
derive a distribution for A and then ask what part of the correlation between A and B
results from a causal relationship between them. To do this we need to import causal
information derived from intervening on A, but the distribution over A whose effect we
are assessing is observed, not imposed by intervention. Information flow is intended
to measure the causal impact of variables on one another in a specific set of data, or
what we have called actual causal influence (Lizier & Prokopenko, 2010).

In Section 2 we analysed the relationship between specificity and invariance. In this
section we showed that specificity can be used to measure both potential and actual
causal influence. In Section 4 we move on from our examination of specificity to
examine a second desirable property of causal relationships, proportionality.

4 Proportionality

The proportionality of cause to effect is a matter of “whether the cause and effect are
characterized in a way that contains irrelevant detail” (Woodward, 2010, p. 287) This
idea has been discussed extensively in the philosophy of causation, where it has been
explained via examples and qualitative characterisations:

Yablo suggests that causes should “fit with” or be “proportional” to their
effects—proportional in the sense that they should be just “enough” for
their effects, neither omitting too much relevant detail nor containing too
much irrelevant detail. (Woodward, 2010, p. 297)

In an effort to characterise the idea more precisely, Woodward has characterised it as
a ‘proportionality constraint’ on the mapping between value of the cause and values
of the effect.

(P) There is a pattern of systematic counterfactual dependence (with the
dependence understood along interventionist lines) between different pos-
sible states of the cause and the different possible states of the effect,
where this pattern of dependence at least approximates to the following
ideal: the dependence (and the associated characterization of the cause)
should be such that (a) it explicitly or implicitly conveys accurate infor-
mation about the conditions under which alternative states of the effect
will be realized and (b) it conveys only such information – that is, the
cause is not characterized in such a way that alternative states of it fail to
be associated with changes in the effect. (Woodward, 2010, p. 298)

We stress that Woodward is not adding an additional condition to his criterion of cau-
sation. Like specificity, proportionality is meant to enrich the theory of causation
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by capturing why some causal facts may legitimately be of more interest to us than
others, and thus may be highlighted in our explanations whilst other causal facts are
omitted. Highly specific causes provide more precise control over an effect, and ex-
plain outcomes with greater precision. Proportional descriptions of causes provide
us with all and only the information relevant to intervening or explaining with those
causes.

We are now in a position to spell out the relationship between proportionality and
specificity, and by doing so to define proportionality more precisely. If we choose
a set of values for a causal variable, and a probability distribution over those values,
which maximizes specificity, then, by definition, we cannot have omitted any relevant
detail, since we have explained as much of the differences in the effect variable as pos-
sible. How can we make sure not to include any irrelevant detail? This is performed
by minimizing the entropy of the cause variable by aggregating values which make the
same difference, whilst maintaining its specificity: the less the entropy of the cause,
the less information about the cause we have included in our explanation. Ideal pro-
portionality is thus achieved when the cause is described in a way which minimizes
its entropy and still maximizes specificity.

We can see how this works with Yablo’s original example (1992, p. 4). A pigeon
called Sophie has been trained to peck in response to any stimulus which is some
shade of red. Yablo contrasts two explanations:

1. Sophie pecked because she was exposed to a red stimulus

2. Sophie pecked because she was exposed to a scarlet stimulus

Yablo suggests that 1 is a better causal explanation than 2. Like many philosophical
thought experiments, this one is underspecified. We have two variables, P, with the
values ‘peck’ and ‘⇠peck’, and S. What values should S take? The combined prob-
ability of all values of a random variable must sum to one, so let us take the values
of S to be the actual colour chips available in the laboratory, which neatly avoids the
problem that birds do not perceive human spectral colours like red and scarlet. We
stipulate that there are colour chips of more than one shade of red, and of some non-
red shades. Finally, we stipulate that Sophie has been trained to peck at each of the
colour chips that is a shade of red, giving us a causal graph in which P has the value
‘peck’ if and only if S has one of the values which is a shade of red.

We now construct the maximum specificity distribution, in this case making the com-
bined weight of probablity on the red values equal to that on the non-red values. The
graph we have described resembles that in Figure 14.2 above, and is exactly that graph
if there are just two red and two non-red values. If we coarse-grain the values of our
variable, so that S now has just two values, red and ⇠ red, then we get the graph in
Figure 14.1. S now has the same specificity as before, but the entropy of S has been
reduced from 2 bits to 1 bit. This is is the optimally proportional way to divide the
variable S into discrete values. No more specificity can be obtained by fine-graining
and any further coarse-graining will reduce the specificity.
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The artificiality of the example produces some problems. Whilst this is the optimal
way to discretise the variable S for this single experiment with Sophie, it is not op-
timal for a wider experimental program! A better example of proportionality might
be an experimentalist who sets her values for S to correspond to the distinctions in
the pigeon’s own tetrachromatic spectrum, since this would make S express only the
‘differences that can make a difference’ to the pigeon’s behavior.

Woodward’s other example of a failure of proportionality is taken from psychiatric
geneticist Kenneth Kendler:

To illustrate how this issue of the appropriateness of level of explanation
may apply to our evaluation of the concept of “a gene for...” consider
these two “thought experiments”:

Defects in gene X produce such profound mental retardation that affected
individuals never develop speech. Is X is a gene for language?

A research group has localized a gene that controls development of per-
fect pitch . . . Assuming that individuals with perfect pitch tend to partic-
ularly appreciate the music of Mozart, should they declare that they have
found a gene for liking Mozart?

For the first scenario, the answer to the query is clearly “No.” Although
gene X is associated with an absence of language development, its phe-
notypic effects are best understood at the level of mental retardation, with
muteness as a nonspecific consequence. X might be a “gene for” mental
retardation but not language.

Although the second scenario is subtler, if the causal pathway is truly
gene variant ! pitch perception ! liking Mozart, then it is better science
to conclude that this is a gene that influences pitch perception, one of
the many effects of which might be to alter the pleasure of listening to
Mozart. It is better science because it is more parsimonious (this gene is
likely to have other effects such as influencing the pleasure of listening to
Haydn, Beethoven, and Brahms) and because it has greater explanatory
power. (Kendler 2005 p. 1249–50, quoted in Woodward 2010 p. 300–
301)

The grain of description of the cause variable in these cases is fixed by the technology
used to detect the genetic variant. The failure of proportionality is supposedly the
result of describing the effect in too fine-grained a manner. But ‘proportionality’ here
is not the same phenomena that we identified in the pigeon-pecking case, and nor is
it really a matter of fine- versus coarse-graining. There are two alternatives to saying
that the genetic variant is a gene for language or a gene for liking Mozart. The first is
to say that it is a gene for an intervening variable, a variable which is linked to a host
of behavioral and cognitive deficits in the former case or a host of musical preferences
and abilities in the later. The second is to that say it is a pleiotropic gene with effects
on many phenotypes. The first option corresponds to redrawing the causal graph by
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inserting an intervening variable, not to redescribing the effect variable. ‘Perfect pitch’
and ‘Liking Mozart’ do not stand to one another as variable and value but as cause and
effect. The second alternative, pleitropy, also amounts to adding connections between
the cause and additional variables, not coarse-graining the original variable: liking
Mozart is not an instance of liking Haydn.

In these two later examples it is the causal graph itself that is too ‘coarse grained’
rather than one of the variables. That is consistent with Woodward’s original char-
acterisation of proportionality as ‘neither omitting too much relevant detail nor con-
taining too much irrelevant detail’, but it reveals an ambiguity in that description.
Choosing which variables to include in the graph and choosing how finely or coarsely
to discretize a variable are clearly very different problems and it is better to keep them
distinct. We therefore prefer to define ‘Proportionality’ more narrowly5:

Proportionality constraint: Given an effect variable E that is a target of
intervention or causal explanation, a causal variable C should be discre-
tised so as to minimise the entropy of C whilst maximising specificity for
E.

The main philosophical dispute in which the notion of proportionality has figured con-
cerns whether lower-level, reductive explanations of phenomena are always superior
to high-level explanations of the same phenomena. Carl Craver, for example, has
argued that in some cases the lower-level explanation merely recognises additional
differences that make no difference (e.g. Craver, 2007, Ch 6). Whether this argument
is successful or not, our version of the proportionality constraint seems suitable to
capture the intention behind it.

In this section we have added an account of proportionality to our earlier account of
specificity.6 In the remaining sections we tackle the concept of ‘stability’.

5 Stability: Some clarifications

The interventionist account of causation aims to identify causes that “are likely to
be more useful for many purposes associated with manipulation and control” (Wood-
ward, 2010, p. 315). One aspect of this is the ‘stability’ of causal relationships.

Among change-relating generalizations, it is useful to distinguish sev-
eral sorts of changes that are relevant to the assessment of invariance.
First, there are changes in the background conditions to the generaliza-
tion. These are changes that affect other variables besides those that fig-

5The other issues being discussed under the heading of ‘proportionality’ seem to concern what statisti-
cians call ‘model selection’.

6Our discussion in this section is indebted to conversations with Jun Otsuka, Pierrick Bourrat and Brett
Calcott
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ure in the generalization itself. . . . Second, there are changes in those
variables that figure explicitly in the generalization itself. . . (Woodward,
2003, p. 248)

At this point some terminological stipulation is needed. We will reserve the term
‘invariance’ strictly for the properties of Woodward’s “variables that figure explicitly
in the generalization itself.” Invariance characterizes the relationship between two
variables, one of which can be used to intervene on the other. The invariance of that
relationship is the range of values of those two, focal variables across which one can
be used to intervene on the other. We showed above that the range of invariance can be
captured by the degree of specificity. We will refrain from using the term ‘stability’ in
connection with the relationship between those two focal variables. Instead, we use it
strictly to describe how the relationship between those two variables is related to other
variables. Stability is about of whether a causal relationship continues to hold across
a range of background conditions.

Hitchcock and Woodward distinguish between two senses in which a causal gener-
alization may be said to hold against a ‘background’ of other factors. In their first
sense the ‘background’ to a causal generalization is simply everything not mentioned
in the generalization. Most of the background, in this sense, is causally irrelevant. In
their second sense, the ‘background’ consists of variables that are causally relevant to
the effect but not explicitly represented in the model (Hitchcock & Woodward, 2003,
p. 187). In our terms, causally relevant background conditions are additional variables
that have some degree of specificity for the effect variable.

Sandra Mitchell has also made extensive use of something she calls ‘stability’ in an
account of causal generalisations. Using ‘invariance’ in a broader sense, rather than
in the restricted sense we have stipulated, she writes that:

Stability for me is a measure of the range of conditions that are required
for the relationship described by the law to hold, which I take to include
the domain of Woodward’s invariance. . . . Stability does just the same
work [as Woodward’s invariance], however it is weaker and includes what
might turn out to be correlations due to a non-direct causal relationship.
But for there to be a distinction between stability and invariance, then we
would have to already know the causal structure producing the correla-
tion. (Mitchell, 2002, pp. 346–347))

Mitchell’s ‘stability’ is a matter of whether a generalization holds across a range of
values of other variables that are statistically relevant to the effect, either because they
are causally relevant to it or due to confounding factors. Her treatment of stability
is thus very different from Woodward’s, and from ours. Mitchell’s work is centrally
concerned with complex systems for which there may be no practical way to reliably
and fully document their causal structure. Hence she emphasises the scientific and
pragmatic value of generalisations that are stable in her sense irrespective of what
other, more stringent requirements they may satisfy. She also doubts the value, in her
chosen context, of the distinction between the range of invariance of a relationship and
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its stability.

Despite the different foci of their work, there is real disagreement between Wood-
ward and Mitchell about what distinguishes causally explanatory relationships be-
tween variables from mere correlations. Mitchell argues that causal generalisations
are explanatory to the extent that they are stable. Woodward’s criterion of causation
was outlined above – causally explanatory generalisations need to be minimally in-
variant. Nothing more is needed to make them causally explanatory, and without this
property no amount of stability in Mitchell’s sense will make a generalization causally
explanatory. The role of stability in Woodward’s account is not to provide a criterion
of causation, but to identify more useful causal relationships. Hitchcock and Wood-
ward remark, using invariance in the same, wider sense as Mitchell, that,

Invariance under changes in background conditions does not render a
generalization explanatory; yet greater invariance [our stability] under
changes in background conditions can render one generalization more
explanatory than another. . . . Briefly, if G is sensitive to changes in
background conditions, that is because it has left out some variable(s)
upon which the explanandum variable depends. (Hitchcock & Wood-
ward, 2003, p. 187, italics in original)

As Hitchcock and Woodward emphasise, genuine background conditions are factors
that could, and often should, be explicitly represented in a causal model:

[C]laims about the invariance of a relationship under changes in back-
ground conditions are transformed into claims about invariance under in-
terventions on variables figuring in the relationship through the device of
explicitly incorporating additional variables into the relationship. (Hitch-
cock & Woodward, 2003, p. 188, italics in original)

One further distinction is needed to think clearly about the relationship between causal
generalisations and background conditions. There are two different things with respect
to which a variable may act as a (genuine) background condition. A variable may be
a background condition with respect to the outcome of a causal process – the effect
variable. Or it may be a background condition with respect to a causal relationship in
the model. So if C is a cause of E, a third variable Z may affect the value of E, but it
may also affect the way in which C is related to E. These two effects of Z are closely
connected, and it may not be clear to the reader that they are distinct, but they are in
fact importantly different (see Section 6 and Appendix).

6 Stability of causal relationships

When we speak of the ‘stability’ of some relationship C ! E we often have in mind,
not the influence of background variables on E, but whether the relationship C !
E itself changes across a range of background conditions. For example, alternative
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Figure 14.3: On the left, a causal mapping relates values of a nominal causal variable
to values of a nominal effect variable. In this example, each causal value can lead
to two proper (and incompatible) effect values, each arrow being associated with a
probability pij = p(e j|bci). On the right, ‘arrows’ are now explicitly represented as
values of a new variable, A, which represents the mapping between C and E.

splicing of genes depends on splicing regulatory elements (SREs), short nucleotide
sequences in the pre-mRNA that bind protein factors that either activate or repress the
use of adjacent splice sites. The causal relationship between the presence of an SRE
and binding of its protein can be affected by the surrounding RNA sequence, because
the shape of the whole RNA molecule can render the SRE more or less accessible to
the factors for which it has an intrinsic binding affinity. Hence the same sequence can
act as an SRE in one organism, but not in the orthologous gene of another organism,
due to changes elsewhere in the gene (Wang & Burge, 2008). The molecular facts
in these cases are very naturally represented as a focal causal relationship in which
C is the sequence of the SRE and E is whether the protein binds or not, plus one or
more background variables representing the structure of rest of the gene, which can
interfere with that focal causal relationship.

It is stability and instability in this sense that we now proceed to analyse. Our aim in
this section is not to come up with a definitive measure of causal stability for every
purpose, but rather to show how to relate the idea of stability of causal relationships
to our measure of causal specificity.
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Figure 14.4: Causal graph with a variable representing the arrows A mapping C to E
as they are affected by Z. (We draw reader’s attention to the fact that this diagram is a
causal graph relating variables, not a mapping relating values.)

To start with, let’s consider a causal relationship C ! E represented by a mapping
between values of a (nominal) causal variable C to values of a (nominal) effect variable
E (Fig. 14.3). Each causal value ci can lead to one or several effect values e j. To look
at how the mapping can be influenced by a third variable, we will focus on the arrows
connecting the values ci and e j. Each arrow ai j can be defined as a couple of one
causal value and one effect value. In formal terms, ai j⌘(bci,e j).

When an intervention which sets C to ci leads to e j, we will say that the causal arrow
aij has been instantiated, or that the variable A (for arrow – Figure 14.4) has taken
the value ai j.7 The mapping between the values of the causal variable and the values
of the effect variable is the set of these causal arrows, together with their associated
conditional probabilities.

Now, let’s consider that the mapping between C and E is somehow unstable with
respect to a background variable Z. That is, Z makes the instantiation of some arrows
more or less probable than it would be otherwise. We now treat the instantiations of
the arrows ai j as the events that are to be explained, and Z as the variable explaining
them.

We first consider the arrows stemming from one causal value. Let’s intervene on C to
set it to value bc1. Given bc1, we look at how intervening on Z changes the probability
of the arrows a1 j : bc1 ! e j that will be instantiated.8 The amount of change can be
measured by the mutual information between bZ and the variable A given c1, that is, in
formal terms, I(A; bZ|bc1).9

Figure 14.5 illustrates this idea. An intervention on Z has no effect on the mapping
when the causal probabilities are unchanged, in which case I(A; bZ|bc1) = 0 bit. The

7Because both C and E are sets of alternative events, it is axiomatic that one and only one arrow is in-
stantiated in every intervention on the cause C. Also, because C and E are nominal variables, the composite
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Figure 14.5: Diagram showing how interventions on Z can modify the mapping from
C to E . For simplicity, only a single value of the causal variable is considered.

mapping between C and E is then maximally stable with respect to bZ (in this limiting
case, Z is an irrelevant background condition, see Section 5). An intervention on Z has
a maximum effect when it completely specifies the causal arrows being instantiated,
that is, when one of the causal arrows is always instantiated when the intervention
results in bz1 and reciprocally when bz2. In this case I(A; bZ|bc1) = 1 bit, which is the
maximum possible instability for this mapping. In between these two limiting cases
stability will come in degrees.

When more than one value of C is considered (which is a necessary condition to be
able to speak of C as a putative cause of E), it is reasonable to average the conditional
mutual information I(A; bZ|bci) over all the values of the causal variable C. The ratio-
nale for this is that causal arrows stemming from causal values that are themselves
improbable (or impossible) should count less in characterizing the properties of the
mapping. Calculating this average is equivalent to computing the conditional mutual
information I(A; bZ|bC). This quantity characterizes how much Z affects the mapping
between C and E when C is given in the background, or, in other words, the instability
of the mapping with respect to Z.

However, not all mappings between C and E represent causal relationships. If C is not
a causally relevant variable with respect to E, then the mapping between them is one
where any value of C maps to all values of E (Fig. 14.6). The method we just outlined
may nevertheless detect an effect of Z on the arrows being instantiated, but this will
be due solely to the direct effect of Z on E. What we are after, however, is not just the
mere effect of the variable Z on the effect E, it is rather how much the cause C and the
background Z interact when they are both causes of E (Fig. 14.7). This, in our view,

variable A is also a nominal variable.
8Given bc1, the probabilities p(a1 j|bc1) sum to 1.
9We condition on bc1 for pedagogical reasons, but it also makes philosophical sense. If bZ and bC are not

independent, then we want to control for bC before assessing any effect of bZ on the arrows, as Z can be a
cause C. If they are independent, conditioning makes no difference (see Appendix).
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Figure 14.6: Causal mapping where Z is the only cause of E.

is what it means to talk of the causal relationship C ! E depending on Z.

To measure our real target, the extent to which C and Z interact when they are both
causes of C, we can use a bit of calculus and remark that the (conditional) specificity
of Z for the mapping is equal to the conditional specificity of Z for the effect. In
formal terms, I(A; bZ|bC) = I(E; bZ|bC) (see Appendix). This term embeds both the proper
information coming from bZ alone, which is here equal to I(E; bZ), and the information
coming from the interaction between bZ and bC, which is what we are after (Fig. 14.7).10

To measure this interaction we compute the quantity I(E; bZ; bC) = I(E; bZ|bC)� I(E; bZ).
This quantity is called the interaction information between the three variables.11 The
interaction information represents the portion of the effect of Z on the relationship
between C and E that is not merely a consequence of the direct effect of Z on E.

7 Stability: Some conclusions

In Section 5, we remarked that the stability of the causal relationship C ! E with
respect to a background variable Z must be distinguished from the stability of E with
respect to Z. We can now make this point more precise. The stability of the relation-
ship C ! E in response to changes in Z can only be reduced to the effect of Z on E if C
and Z have entirely non-interactive effects on E, that is, if the interaction information
is zero (see Appendix). Another way to look at this condition is that there is no inter-

10These components are often referred to as the unique information and the synergistic information,
respectively. Another component of information is often considered: the redundant information (e.g.
Williams and Beer, 2010). Decomposing multivariate information into such components is a currently
debated topic (e.g. Bertschinger et al., 2013a, 2013b; Rauh et al., 2014). Here we assume that C and Z are
independently manipulated and do not share any redundant information with respect to E.

11The interaction information is symmetrical: I(E; bZ; bC) = I(E; bC|bZ)� I(E; bC) = I(bZ; bC|E)� I(bZ; bC). In
philosophical terms, there is parity, in our framework, between the causal variable C and the background
variable Z: both C and Z are causal variables in the mapping from {C,Z} to E.
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Figure 14.7: Example of interacting causes C and Z with respect to E. If the back-
ground Z is not controlled, the cause C is entirely not specific (assuming, for the ease
of presentation, equiprobability between bz1 and bz2). Indeed, any intervention bc1 or bc2
can equiprobably lead to e1 or e2 . Thus, I(bC;E) = 0 bit. However, once we know
the background, C is entirely specific: I(bC;E|bZ) = 1 bit (assuming, for the ease of
presentation, equiprobability between bc1 or bc2). The interaction information in this
case is I(bC;E; bZ) = I(bC;E|bZ)� I(bC;E) = 1 bit. (By design, the same holds when Z is
the focal cause variable and C is as a background variable.)

action if and only if, given that we know which value E has taken, learning the value
of the background variable Z gives us no additional information about which causal
arrow from C has been instantiated: interventions on Z do not cause the same result
in E to be produced in a different way. This is the case for instance in Figure 14.3 but
not in Figure 14.7.

It is probably worth emphasizing that a relationship can be unstable with respect to a
background variable but nevertheless have a stable conditional specificity under each
background condition. This comes from the fact that the background variable affects
the mapping between C and E but not necessarily the properties of the mapping, of
which specificity is one. In other words, changing the background may produce a new
mapping, but one that is exactly as specific as the original (e.g. Fig. 14.7).

The measures of stability described in Section 6 can be reconfigured in line with the
‘specific actual difference making’ (SAD) version of specificity favoured by Waters
(2007) using the procedure described in Section 3. The intervention distribution of
a background condition, bZ, is forced to correspond to the actual distribution of Z in
some population. The cost will be the same as for other applications of SAD any
conclusions about stability will be relevant only for the population from which the
actual distribution is derived.

In Section 6 we quantified how much a causal relationship depends on interactions of
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Concepts Relationship Measure
Specificity, Stability C ! E I(bC;E)

Interaction Z ! (C ! E) I(bZ;E|bC)� I(bZ;E)

Table 14.1: Information theoretic measures for specificity, stability, and interaction.

the cause with background variables.12 But what about the reverse of this – how much
influence the cause can exert irrespective of the background background variables?
In information theoretic terms, the answer is quite simple. The amount of causal
information which is independent from the background variables is just the mutual
information between interventions on the cause and the effect, without controlling for
the background variables. In other terms, a positive notion of stability is automatically
captured by the idea of specificity (Table 14.1).

It goes without saying that the strengths of the information theoretic formalism, its
simplicity, and the way it helps us clarify our concepts, come with limitations. The
fact that we can quantify specificity and stability by the same measure in part reflects
the conceptual overlap between the two: both deal with how much a cause can affect
an effect across a range of background conditions. In part, however, this formal homo-
geneity is a by-product of using a highly constrained theoretical framework, a theme
we return to in our conclusion.

8 Conclusions

Our information-theoretic framework was developed for thinking about causal speci-
ficity within the interventionist approach to causation (Griffiths et al., 2015). In this
paper we have used it to analyse several other key elements of the interventionist
account. In Section 2 we showed that the property of ‘minimal invariance’, which
provides the criterion of causation in Woodward’s (2003) interventionist account, is
equivalent to a non-zero degree of specificity in the relationship between a cause and
its effect. The ‘range of invariance’ of a causal relationship can be measured by the
degree of specificity of the cause for its effect. Our proposed measure of specificity
is the mutual information between interventions on a causal variable and observations
of an effect variable:

Spec = I(bC;E)

In our earlier work we suggested that the potential of C to causally influence E should
be measured by Spec with a maximum entropy distribution over bC. This seems to be

12Z can be any set of several variables.
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the natural interpretation of Woodward’s conception of fine-grained influence (INF),
ultimately derived from David Lewis. Here, however, we have argued that that the
potential causal influence of bC on E, considered in the abstract, is better measured by
constructing the distribution over bC that maximises the value of Spec (MaxSpec, see
also Korb et al. (2009)).

In Section 3 we examined Water’s proposal to assess specificity using only the ac-
tual variation in a cause in some population, or ‘specific actual difference making’
(SAD). This conception of specificity can also be expressed information-theoretically
and has useful applications, as we have argued elsewhere (Griffiths et al., 2015). We
showed that SAD specificity corresponds to Spec when we intervene on bC to mimic
the actual distribution of bC in some population. It is instructive that different quali-
tative discussions of specificity correspond to different probability distributions over
the causal variable. However, SAD behaves very differently from INF or MaxSpec
and we interpret it as a measure of the actual influence of bC on E in some popula-
tion, rather than of the potential influence of bC on E. We also suggested that another
information-theoretic measure, information flow (Ay & Polani, 2008), is an alternative
way to measure actual causal influence that has some advantages over SAD.

In Section 4 we argued that the controversial idea that causes should be described in a
more or less fine-grained way so as to render the description of the cause ‘proportional’
to its effects could be made more precise in our framework. Ideal proportionality
is achieved by simultaneously minimising the entropy of bC whilst maximising the
specificity I(bC;E). This amounts to discretising the variable bC so as to mark all and
only differences that make a difference to E. We suggested that some features referred
to in the qualitative literature as ‘proportionality’ but not captured by our proposal
concern which variables to include in a causal graph in the first place, rather than the
grain of description of a given variable.

In Sections 5 we suggested that the ‘stability’ of a causal relationship is the extent
to which that relationship is not affected by additional variables, often termed back-
ground variables. We distinguished two ways in which a background variable could
have an effect on a causal relationship. It might affect the value of the effect variable,
or it might affect the relationship between the causal variable and the effect variable.
To the best of our knowledge, this distinction has not been clearly drawn in any earlier
discussions.

In Section 6 we offered an information-theoretic analysis of the instability of causal
relationships. The effect of a third variable, Z on the causal relationship C ! E is the
effect of interventions on Z on the mapping from C to E. The greater this effect, the
more unstable C ! E is relative to the background variable Z. The amount of instabil-
ity can be measured by the interaction information between C, Z and E. We showed
that the impact of Z on C ! E needs to be distinguished from the impact of Z on the
value of E. The causal mutual information between Z and these two will only be equal
under special conditions. The opposite of instability, the insensitivity of the relation-
ship C ! E to background variables, is simply specificity of that relationship.
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We believe that the work presented here adds precision to some important elements of
the interventionist approach to causation and opens up many potential lines for further
research. However, our use of information theory as a formal tool introduces some
very severe limitations. Most importantly, we are restricted to using nominal variables.
Individual values are different from one another, but not different by any amount. We
are thus unable to capture the idea that highly specific relationships are ‘smooth’. This
might mean that the size of changes in the cause corresponds to the size of changes in
the effect, for which we would need metric variables. Alternatively, it might mean that
adjacent values of causes produce adjacent values of the effect, for which we would
need at least ordinal variables. A related blind-spot for our approach to stability is
whether changes to background variables have large, small, or negligible, impacts
on a causal relationship. We can only measure how many changes in a background
variable have an impact.

There are two possible responses to the intrinsic limitations of some formal frame-
work. One is to return to a qualitative approach which can encompass the full richness
of the relevant concepts, but at the price of being less clear about what constitutes that
richness. That strikes us as a very high price. The other is to seek to approach different
aspects of the topic using different formalisms. The interventionist framework would
benefit very greatly from being given a treatment in an entirely different formalism,
such as dynamical systems theory, but that is a project for another day.

9 Appendix

Here we provide a quick primer in information theory, proofs of equations cited in the
text and expand on some of the ideas in Section 6.

9.1 Entropy, conditional entropy, and mutual information

We recall basic formulas of information theory. For a primer on information the-
ory, see (Cover & Thomas, 2006). The Shannon entropy of a variable X is defined
as:

H(X)⌘�Â
i

p(xi) log2 p(xi)

The conditional entropy of a variable X knowing Y is defined as:

H(X |Y )⌘�Â
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log2 p(xi|y j).

The mutual information of two variables X and Y can be computed as:

I(X ;Y ) = H(X)�H(X |Y ) = Â
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The conditional mutual information of two variables X and Y knowing a third variable
Z can be computed as:

I(X ;Y |Z) = Â
k

p(zk)Â
i

Â
j

p(xi,y j |zk ) log2

✓
p(xi,y j|zk)

p(xi|zk)p(y j|zk)

◆
.

Our measure of specificity of C to E is defined as the mutual information between
bC and E: Spec(C ! E)⌘I(bC;E). The formula of I(bC;E) reads (see Griffiths et al.,
2015):

I(bC;E) = Â
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.

9.2 I(A; bZ|bC) = I(A; bZ) when bC and bZ are independent:

We start with the plain formula for I(A; bZ|bC):
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Now we use p(aij, ĉi) = p(aij) and p(aij,bzk,bci) = p(aij,bzk) (bci is necessary to obtain
aij), as well as p(bzk|bci) = p(bzk) (independence of bC and bZ). We obtain:

I(A; bZ|bC) = Â
i

Â
j
Â
k

p(aij,bzk) log2

✓
p(aij,bzk)

p(aij)p(bzk)

◆
= I(A; bZ)

9.3 Conditional specificity about the mapping is conditional speci-
ficity about the effect

We can transform I(A; bZ|bC), using the bijection (by construction) between the events
(aij) and (bci,e j):

I(A; bZ|bC) = I
⇣
(bC,E); bZ|bC

⌘
= I(E; bZ|bC).

Curious readers might wonder what would yield a reciprocal approach to computing
I(A; bZ|bC), which would be to look at how C influences the mapping A, holding Z in
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the background. This actually amounts to computing the entropy of the cause:

I(A; bC|bZ) = I
⇣
(E, bC); bC|bZ

⌘
= H(bC|bZ) = H(bC).

The last equality obtains by hypothesis of independence between bC and bZ. This re-
duction to the entropy of the cause comes from the fact that, by construction bci is
necessary to obtain aij (recall that by definition aij⌘(bci,e j)), while there is no such
condition with respect to Z.
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15 What is action-oriented perception?

ZOE DRAYSON

Abstract. Contemporary scientific and philosophical literature on perception often
focuses on the relationship between perception and action, emphasizing the ways in
which perception can be understood as geared towards action or ‘action-oriented’.
In this paper I provide a framework within which to classify approaches to action-
oriented perception, and I highlight important differences between the distinct ap-
proaches. I show how talk of perception as action-oriented can be applied to the evo-
lutionary history of perception, neural or psychological perceptual mechanisms, the
semantic content or phenomenal character of perceptual states, or to the metaphysical
nature of perception. I argue that there are no straightforward inferences from one
kind of action-oriented perception to another. Using this framework and its insights, I
then explore the notion of action-oriented perceptual representation which plays a key
role in some approaches to embodied cognitive science. I argue that the concept of
action-oriented representation proposed by Clark and Wheeler is less straightforward
than it might seem, because it seems to require both that the mechanisms of perceptual
representation are action-oriented and that the contents of these perceptual represen-
tations are action-oriented. Given that neither of these claims can be derived from
the other, proponents of action-oriented representation owe us separate justification
for each claim. I will argue that such justifications are not forthcoming in the liter-
ature, and that attempts to reconstruct them run into trouble: the sorts of arguments
offered for the representational mechanisms being action-oriented seem to undermine
the sorts of arguments offered for the representational content being action-oriented,
and vice-versa.

Keywords: perception, action, representation, affordances, enactivism, embodiment.
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1 Introduction

Contemporary scientific and philosophical literature on perception often focuses on
the relationship between perception and action, emphasizing the ways in which per-
ception can be understood as geared towards action. Research in psychology, for
example, sometimes characterizes perception as “action-specific” (Cañal-Bruland &
van der Kamp, 2009; Witt, 2011), and talk of perception as being “of affordances for
action” is found in both psychology and philosophy (Richardson, Shockley, Fajen,
Riley, & Turvey, 2008; Chemero, 2009). Descriptions of perception as “active” are
found in vision science (Whitehead & Ballard, 1990), artificial intelligence (Weyns,
Steegmans, & Holvoet, 2004), psychology (Aloimonos, Y. (Ed.), 2013), and philos-
ophy (Noë, 2004); and as “enactive” in robotics (Morse & Ziemke, 2007), cognitive
science (Froese & Spiers, 2007), and philosophy (Thompson, 2007). In psychology
(Fajen, 2005) and also in sports science (Pijpers, Oudejans, & Bakker, 2007), per-
ception is described as being “for action”; while the term “action-oriented” is applied
to perception in philosophy (Gallagher & Zahavi, 2014), computer science (Gora &
Wasilewski, 2014), and neuroscience (Ridderinkhof, 2014).

In what follows, I’ll use the term ‘action-oriented’ as an umbrella-term to include
approaches like these that share the idea of perception as oriented or geared towards
action, in some sense. My first aim in this paper is to provide a framework within
which to classify approaches to action-oriented perception, and to highlight important
differences between distinct approaches.

My framework classifies action-oriented approaches to perception into one of five
categories:

1. The evolution of perception as action-oriented: these approaches claim that per-
ception evolved to guide action, or that perception was selected for its action-
oriented capacities.

2. The mechanisms of perception as action-oriented: these approaches claim that
the mechanisms of perception overlap with, or are closely coupled to, the mech-
anisms of action.

3. The contents of perception as action-oriented: these approaches claim that the
contents of perception present the world to the perceiver in terms of possible
actions.

4. The phenomenal character of perception as action-oriented: these approaches
claim that a perceptual state is qualitatively experienced as encouraging or de-
manding a certain action.

5. The nature of perception as action-oriented: these approaches claim that per-
ception has a necessary connection to action, that to be a perceiver is essentially
to have certain agentive capacities or skills.

Part of my motivation for providing this framework is to clarify the discussions of
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action-oriented perception across philosophy and the sciences. I will show that each
approach within the framework is logically independent of the others: none of the
approaches can be derived from the others without further justificatory assumptions.
We should thus not conclude from the fact that perception is action-oriented in one
respect that it is action-oriented in any of the other respects.

This paper also has a second aim, which is to use this framework to explore the role
of action-oriented perception in embodied cognitive science. In particular, I will fo-
cus on the claim that perceptual representations can be action-oriented. I will show
that Clark (1997) and Wheeler (2005) put forward a concept of action-oriented per-
ceptual representations which is committed to both the representational mechanisms
of perception being action-oriented, and to their contents being action-oriented. But
given that neither of these claims can be derived from the other, proponents of action-
oriented representation owe us separate justification for each claim. I will argue that
such justifications are not forthcoming in the literature, and that attempts to recon-
struct them run into trouble: the sorts of arguments offered for the representational
mechanisms being action-oriented seem to undermine the sorts of arguments offered
for the representational content being action-oriented, and vice-versa.

In Sections 2-6, I introduce each of the distinct respects in which perception can be
said to be action-oriented. Section 7 explores the use of action-oriented perceptual
representations in embodied cognitive science.

2 The evolution of perception as action-oriented

There is an evolutionary sense in which perception can be described as action-oriented,
that is often expressed with the claim that perception is “for action”. Proponents of this
view emphasise that our perceptual capacities evolved to guide our bodily interactions
with the world, specifically those interactions which increased our adaptive fitness.
Talking about visual perception, for example, Briscoe claims that:

“[f]rom an biological or evolutionary standpoint, it is reasonable to think
that vision is for action, that its preeminent biological function is to adapt
an animal’s bodily movements to the properties of the environment that it
inhabits” (Briscoe, 2014, p. 202, my italics).

On one interpretation of such claims, the idea that perception is “for action” in an
evolutionary sense seems trivially true, and it’s not clear whether any believer in evo-
lution would deny it. But the evolutionary claim is often put forward in a stronger
way: the assumption is sometimes that perception evolved directly to guide action and
not (or at least not directly) to present the perceiver with an action-neutral description
of the objective world. If perception evolved for its action-guiding properties, so this
line of thought goes, then it did not evolve to enable us to have beliefs about how the
world is, independently of our own actions. Proponents of this view either conclude
that we do not perceive the objective world in an action-neutral way, or that if we do,



290 What is action-oriented perception?

this is not the primary function of our perceptual systems: perception did not evolve
in order to provide inputs to the human capacity to think and reason about the world.
Representative versions of this view can be found in the works of philosophers like
Patricia Churchland and Kathleen Akins:

“looked at from an evolutionary point of view, the principle function of
nervous systems is to get the body parts where they should be in order
that the organism may survive. [. . . ] Truth, whatever that is, definitely
takes the hindmost.” (Churchland, 1987, p. 548)

“evolution will favor sensory solutions that package the information in
efficient and quickly accessible formats, in ways that match the particular
physical form of the motor system, its motor tasks, and hence informa-
tional requirements. [. . . ] the elegant solutions that evolution eventually
selects need not involve any straightforward (to our eyes) ‘veridical’ en-
coding of sensory information.” (Akins, 1996, p. 353)

Notice that this involves a strong commitment to a particular evolutionary story. Pro-
ponents of this view have to rule out the possibility that the development of amodal
cognition could have been more adaptive than a faster but less flexible system in which
specific sensory inputs drove specific motor outputs. Some scientists claim exactly
this, arguing that game theory demonstrates that selection pressures would make ob-
jective representations of the world an unlikely outcome (Hoffman, Singh, & Mark,
2013), but this is often assumed rather than argued for. Notice that even if one ac-
cepts that evolution selected for action-guiding perception, this is consistent with the
claim that evolution also selected for the kind of perception that can yield reasoning
capacities and abstract thought. It might be the case, in other words, that we have two
forms of perception. This is a possibility raised by the dual-visual system theory of
perception, discussed in the next section.

3 The mechanisms of perception as action-oriented

According to a traditional picture of the mind, perceiving and acting are distinct mech-
anisms which are separate from each other and from our thinking mechanisms: per-
ception provides input for thought, and action emerges as the output of thought. (This
is what Susan Hurley (1998) terms the ‘classical sandwich’ picture of the mind.) This
picture is challenged by empirical work which suggests that the mechanisms of per-
ceiving and acting are closely intertwined, overlapping, or even co-constituting. If
this is true, then there is a sense in which the mechanisms of perception can be action-
oriented regardless of their evolutionary history.

One example of this comes from the literature on so-called ‘mirror neurons’: in
macaque monkeys, neurons known to control hand and mouth movements fire both
when the monkey is manipulating an object (e.g. reaching for a piece of food) and
when the monkey is watching someone perform a similar manipulation. In creatures



What is action-oriented perception? 291

like humans, where single-cell recordings are not possible, there is similar data show-
ing that areas of the brain associated with movement are active during perceptual pro-
cessing: one and the same neural mechanism seems to be involved in both perception
and action. Perception is action-oriented in the sense that a perceptual mechanism
seems to overlap with a mechanism for action.

In visual psychology, Milner and Goodale (1995) have advanced the ‘dual visual sys-
tems’ hypothesis, which concerns the way that visual perception builds up information
about the world. They have demonstrated that sensory input to the visual system of
primate brains can be processed by two independent pathways. The processes in the
ventral pathway reflect the traditional picture of perception as the input to thought:
they produce conscious perceptual states that we can categorize, memorize, and com-
bine with thoughts to produce a broad range of actions. The processes in the dorsal
pathway, however, do not seem to be the inputs to thought: these visual inputs instead
lead only to the specific motor outputs involved in reaching and grasping objects with
our hands. The dorsal processes seem to be action-oriented in the sense that visual
input results in the appropriate motor output without the intermediary of conscious
thought.

This sort of ‘close coupling’ between sensory input and motor output is also found
in robotics and artificial intelligence. The traditional view of perception and action
as distinct mechanisms separated by central thought processes creates engineering
problems for designers of intelligent systems by causing bottlenecks to occur: the
sorts of thinking required to update plans and amend instructions slows down the sys-
tem’s ability to respond to sensory stimuli. Roboticists like Rodney Brooks produced
systems that could interact with their environments in real-time, by cutting out the
central ‘mind’ and focusing instead on using specific input sensors to generate spe-
cific outputs. Brooks (1991) proposes that arranging these sensory-motor couplings
in ‘layers’ in the appropriate way, surprisingly intelligent behavior can be produced.
One layer might govern general locomotion, such that a robot will move around at
random until it hits an obstacle. Another layer might then take over and turn the robot
until the way is clear, before control reverts to the first layer. A third layer might
sense red light and keep the robot on track to reach the light, thus overriding the first
layer’s random movement. Each sensory process in these robotic architectures is thus
action-oriented in the sense that that each layer has its own sensors which operate
exclusively for one kind of behavior. There is no amodal cognition or control: the
communication between the layers is minimal, and amounts to just switching each
other on and off. Such architectures can be used to create systems that display a re-
markable amount of seemingly intelligent flexible behavior from purely reflex-like
action-oriented sensory-motor couplings. It remains an empirical question whether
such architectures can simulate higher-level behaviours, such as deciding between ac-
tions, without the addition of central thought mechanisms.

The three examples I’ve considered – mirror neurons, the dorsal visual stream, and
sensory-motor architectures – are examples of ways in which the mechanisms of per-
ception could be said to be action-oriented. Notice that claims about action-oriented
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perceptual mechanisms are independent from the previously considered claim that
perception is action-oriented in the sense of having evolved to guide action. First,
consider the robotic architectures just described. The fact that an optimal engineer-
ing solution uses action-oriented perceptual mechanisms (in the sense of reflex-like
couplings between sensory inputs and motor outputs) doesn’t tell us that human per-
ceptual systems actually evolved such couplings: evolutionary solutions are often the
satisfactory but suboptimal ones, rather than the optimal solutions. Second, while the
dorsal visual stream’s use of sensory input to directly guide action seems to support
the evolutionary claim, it does so only with respect to a certain subset of perceptual
processing: the guiding of fine-grained motor control, rather than action more gen-
erally. And the ventral visual stream seems to have evolved to generate the kind of
perceptual states that can input into thought, which is exactly what the proponents
of the stronger evolutionary claims want to deny. Third, despite many claims about
the evolutionary purpose mirror neurons might have served, it’s not clear that we can
draw any conclusions about the action-oriented nature of perceptual evolution from
the empirical data. Cecilia Heyes (2009), for example, has persuasively argued that
mirror neurons are a byproduct of our general capacity for associative learning and
not the result of evolutionary adaption.

4 The contents of perception as action-oriented

Many of the claims about action-oriented perception in philosophy concern the con-
tents of perception: how the world is presented to us in experience. It is traditionally
assumed that perception presents the world to us in a way that is entirely neutral with
respect to the actions one might perform: while the contents of beliefs might present
the world to us in terms of how we can act on it (presenting food as edible or stairs as
climbable, for example), such contents are not available in perception, according to the
traditional view of perceptual content as action-neutral. Proponents of action-oriented
perceptual content, on the other hand, propose that action-involving properties like
edibility or climbability can be presented to us in the contents of perception: “we
see objects as edible, and do not just believe that they are” (Nanay, 2012, p. 430).
Following Gibson (1979), we can use the term ‘affordance’ to describe properties
like edibility and climbability, and characterize the action-oriented view of perceptual
content as the claim that we perceive affordances. Action-oriented views of percep-
tual content come in different strengths, depending on how they characterize the idea
of affordances. To perceive the world as affording a certain action might, on a weak
reading, mean that we perceive the possibilities for action: the sorts of actions we are
capable of performing. A stronger reading would claim that action-oriented percep-
tual content presents the world to us in a way that solicits or encourages us to act in
a certain way; and an even stronger reading views affordance properties in perceptual
content as mandating or demanding a particular action. Action-oriented perceptual
content need not be consciously experienced by the perceiver, but there is a way of
extending the idea of action-oriented perceptual content to include the phenomenal
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character of perception, which I’ll discuss in the next section.

As I am using the notion of perceptual content here, talk of perceptual content merely
commits us to the claim that the world is presented to the perceiver in experience.
Such talk is not committed to the stronger claim that perceptual experience funda-
mentally consists in the subject perceptually representing their environment as being
a certain way. The weaker notion of perceptual content is therefore not committed to
representationalism about perception, but is compatible with at least some forms of
relationalism (Siegel, 2010). Furthermore, proponents of action-oriented perceptual
content might conceive of content as propositional or non-propositional; as structured
conceptually or non-conceptually; as Russellian or Fregean, or in terms of possible
worlds; and as environment-dependent or independent.

It is important to emphasise that since action-oriented perceptual content is not com-
mitted to this content being carried by a particular neural or psychological mechanism,
then a fortiori it is not committed to the existence of action-oriented perceptual mech-
anisms. This will be further discussed later in Section 7.

5 The phenomenal character of perception as action-
oriented

Philosophers draw a distinction between the content of perception and its phenome-
nal character. To talk of perceptual content is to talk of how perception presents the
world; whereas to talk of the phenomenal character of perception is to talk of the qual-
itative properties of the perceptual state, or what it feels like to undergo the perceptual
experience. If we assume that perceptual states need not be consciously experienced,
then is possible for a perceptual state with the sort of action-oriented content outlined
above to lack phenomenal character altogether. And where a perceptual state has
phenomenal character and action-oriented content, that action-oriented content might
be “non-soliciting” (Siegel, 2014): one could consciously perceive something as af-
fording action without experiencing the motivation to perform that action. Similarly,
Prosser (2011) proposes that the phenomenal character of a perceptual state correlates
with its action-oriented perceptual content, but doesn’t claim that the phenomenal
character itself is action-oriented.

But it looks like there could be cases where the phenomenal character of a perceptual
state is itself action-oriented. Siegel (2014), for example, claims that perceiving what
the environment affords can sometimes be accompanied by a felt quality of solicita-
tion, where the perceptual experience has a qualitative feel of inviting or prompting us
to act. If we think of this as action-oriented phenomenal character, then it looks like
phenomenal character might be action-oriented to differing degrees: some perceptual
experiences might not just feel like invitations or prompts, but more like urges that
motivate us to act. Siegel (2014) proposes that this particular subset of perceptual
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states with action-oriented phenomenal character have a “feeling of answerability”
and are experienced as mandates for action.

Notice that how one understands the relation between action-oriented content and
action-oriented phenomenal character will depend on one’s attitude more generally
to the relation between perceptual content and phenomenal character. A proponent
of strong intentionalism about phenomenal character, for example, would presumably
claim that any action-oriented aspects of phenomenal character reduce to the action-
oriented properties of the perceptual content. At the other end of the spectrum, one
might think that phenomenal character is entirely independent of perceptual content,
and thus that it is possible to have two perceptual experiences with the same content
but distinct characters.

6 The nature of perception as action-oriented

I have suggested that claims about perception being action-oriented can be understood
as making a variety of different claims about the evolution, mechanisms, content, or
character of perception. But there remains a further question about the modal strength
of the claims being made. Should we understand any of these claims as proposing that
perception is necessarily action-oriented in any of these senses? And if so, what kind
of necessity is involved?

I take it that most of those making action-oriented claims concerning the evolution of
perception or the mechanisms of perception are making largely empirical claims about
features of perception in the actual world. But at least some proponents of action-
oriented perception seem to be making modal claims, which can be interpreted in at
least two ways. On one hand, the necessity at play might be nomological necessity.
To say that perception is necessarily action-oriented in the nomological sense is not to
say that perception is action-oriented in all possible worlds, but rather to say that the
laws of nature in the actual world make it physically impossible for perception not to
be action-oriented in the actual world. Alternatively, the necessity in question might
be metaphysical necessity, concerning the nature of perception across possible worlds.
To posit a metaphysically necessary connection between perception and action is to
claim that there is no possible world in which perception is not action-oriented in some
appropriate sense.

The claims made by some proponents of sensorimotor theories of perception, such as
Alva Noë (2004) and Susan Hurley (1998), seem to suggest that there is a constitutive
dependence of perception on our capacity for action: that to be a perceiver is necessar-
ily to be an agent. It is not clear what kind of necessity is involved, but their reliance
on empirical evidence suggests that they are primarily concerned with making a case
for nomological necessity. The case for action being metaphysically necessary for
perception is perhaps found in Schellenberg’s (2010) exploration of the relationship
between perception, self-location, and spatial know-how. Her key claim, that percep-
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tion requires the capacity to know what it would be to act in relation to objects, seems
to rely on our intuitions about how perception could be in possible worlds rather than
how it is in the actual world.

Notice that even where claims of nomological necessity are made and supported by
empirical evidence about the mechanisms of perception, there is no direct entailment
from action-oriented perceptual mechanisms to the claim that perception is necessarily
action-oriented. We cannot simply read off claims of nomological necessity from
empirical facts (Callender, 2011). And claiming that perception is necessarily action-
oriented in the sense that Schellenberg intends does not entail that either perceptual
content or phenomenal character is action-oriented. In fact, Schellenberg proposes that
perception’s dependence on action capacities is what allows us to perceive more than
just the relational or perspectival properties associated with affordances: she claims
that the action-oriented nature of perception can account for our access to the intrinsic,
observer-independent properties of the objects perceived.

7 What about action-oriented representation?

I’ve differentiated several different approaches to perception that fall under the umbrella-
term ‘action-oriented’, and demonstrated that each approach makes claims that are in-
dependent from the others. There is no entailment from one variety of action-oriented
perception to another without the addition of further premises.

While I’ve talked about the mechanisms of perception and the content of perception,
I have said little about the matter of perceptual representations: content-bearing in-
ternal states of the perceiver. In fact, many people working in action-oriented per-
ception want to play down the role of representations. This is because in cognitive
science, representational mechanisms are traditionally posited to account for the flex-
ibility of intelligent human behaviour: our capacity to respond differently to similar
stimuli, and similarly to different stimuli, in a way that can’t be easily accounted for
in terms of reflex-like responses. Positing internal representations allows cognitive
science to say that the same stimulus can be represented in different ways: the same
extensional content can be carried by different representational ‘vehicles’ which play
distinct causal roles within the cognitive mechanism.1 These vehicles are just internal
representations individuated by the non-semantic properties in virtue of which they
are causally efficacious: the formal, functional, or physical properties to which the
cognitive mechanisms are sensitive. Thus two representations are tokens of the same
vehicle type when they are treated similarly by the cognitive processes at play (Shea,
2007).

Traditionally, cognitive science suggests that these representational mechanisms are

1For naturalistic reasons, cognitive science is generally committed to extensional content.
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genuinely cognitive in the sense of being non-perceptual: they are distinct from the
mechanisms of perception, and they are what allow the same perceptual input to result
in different action outputs. Proponents of embodied cognitive science, however, deny
that explanations of flexible and context-specific behaviour require this sort of medi-
ating representational mechanism. They argue instead that if perceptual mechanisms
are action-oriented in the sense discussed in Section 3, then these sorts of coupled
mechanisms can account for the behaviour.

But not everyone agrees that the insights from action-oriented approaches to percep-
tion should lead to the rejection of internal representational states. There are many
within embodied cognitive science who allow that there are internal representations,
but deny that these are the sort of amodal cognitive representations in a central cog-
nitive architecture. Andy Clark (1997), for example, argues that behaviour is not
mediated by “action-independent inner states; ones which require additional cog-
nitive operations to drive appropriate behavior”, but rather by action-oriented rep-
resentations which are “poised between pure control structures and passive repre-
sentations of external reality” (Clark, 1997, p. 49). A similar approach is put for-
ward by Michael Wheeler, who understands action-oriented perceptual representa-
tions as “special-purpose adaptive couplings” that are “tailored to a particular be-
havior” (Wheeler, 2005, p. 196). Both Clark and Wheeler propose that the sorts
of action-oriented mechanisms of perception discussed in Section 3 are best under-
stood as representational mechanisms: as containing perceptual states which are both
causally efficacious and semantically evaluable. They argue that these perceptual rep-
resentations themselves, and not just the mechanisms in which they occur, should be
understood as action-oriented in virtue of the way that they are causally coupled to
certain motor processes.

To claim that a mechanism is representational is to be committed to vehicles of con-
tent. But this does not commit one to any particular views about the nature of that
content: what it is or how it is determined, evaluated, or structured. (We might agree
that a list of items is a representation, while disagreeing over whether it is a descrip-
tion or an instruction, for example; we might believe a drawing to be a map without
knowing what it is of; we might know that someone’s utterances are linguistic without
knowing what they mean.) To understand an internal state as a representational vehicle
does not, therefore, entail a particular view of its content. A fortiori, it does not entail
that its content is action-oriented in the sense of presenting the world in action-relevant
ways. The reverse is also true, as already discussed in Section 4: action-oriented per-
ceptual content is neutral with regard to the mechanisms of perception, and therefore
compatible with a range of cognitive architectures. Action-oriented perceptual content
does not entail action-oriented perceptual mechanisms, and a fortiori does not entail
that there are action-oriented vehicles of representation bearing the action-oriented
perceptual content.

Interestingly, however, both Clark and Wheeler seem to assume that their action-
oriented vehicles of perceptual representation have action-oriented perceptual con-
tent. Clark claims that action-oriented perceptual representations “simultaneously de-
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scribe aspects of the world and prescribe possible actions”, with the result that “to
thus know the world is at once to know what possibilities it affords for action and
intervention” (Clark, 1997, p. 49), while Wheeler claims that action-oriented percep-
tual states “represent the world in terms of specifications for possible actions” with
“bearer-relative content” (Wheeler, 2005, p. 196). Their action-oriented representa-
tions, in other words, seem to be examples of action-oriented perceptual mechanisms
with action-oriented perceptual contents.

Neither Clark nor Wheeler explain why they think that action-oriented vehicles will
have action-oriented contents. Any attempt to reconstruct their arguments will, I
suggest, encounter the following problem: reasons to think of perceptual vehicles
as action-oriented seem to undermine our reasons to think of perceptual contents as
action oriented, and vice-versa.

To see this, consider the role played by representational vehicles. Recall that vehicles
are just internal representations individuated by the non-semantic properties in virtue
of which they are causally efficacious within the representational mechanisms. Vehi-
cles provide a naturalistic way of understanding how the same extensional content can
play distinct cognitive roles, such as when the same heavenly body is thought about
in different ways according to the time of day it is observed. The extensional content
is the same, but the representational vehicles have distinct causal properties in each
case and thus interact differently with other states of the mechanism. If we claim, as
Clark and Wheeler do, that representational vehicles should be individuated according
to their action-guiding properties, then this enables us to show how the same exten-
sional content (e.g. a mountain) can be represented as climbable in one context and
unclimbable in another context: distinct vehicles, with different causal relations to ac-
tion, can carry the same extensional content. But if this is the role of representational
vehicles, to provide a naturalistic means of accounting for modes of presentation, then
it removes the need to think of the content itself as action-oriented. The perceptual
content can be action-neutral because the relevant action-guiding information is sup-
plied by the perceptual mechanisms.

In the account above, the mountain is presented to us in perceptual experience, but
to say that we perceive it as climbable to is to say that the vehicle of the perceptual
content plays a certain causal role. But what if one thinks that the climbability of the
mountain is presented to us in experience? On such a view, the perceptual content of
the experience would involve a climbable mountain in one case, and an unclimbable
mountain in another case. The two states would have different action-oriented con-
tents. In this case, we wouldn’t need to explain how the same content (the mountain)
could function as climbable in one context and not climable in another. And without
this explanatory need, it’s not clear what motivation we’d have for positing vehicles
of representation, rather than non-representational mechanisms. This, I take it, is the
essence of Gibson’s (1979) view of perception. And even if we had reason to posit
representational mechanisms, we’d then need a further argument for individuating the
representational vehicles according to their action-guiding properties.

In summary, the arguments for taking perceptual vehicles to be action-oriented seem
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to undermine the arguments for taking perceptual contents to be action-oriented, and
the arguments for taking perceptual contents to be action-oriented seem to undermine
the arguments for taking perceptual vehicles to be action-oriented. None of this rules
out that there may be arguments from the action-oriented status of either vehicles or
contents to the other, but it suggests that the onus is on proponents of such views to
provide them.
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16 Philosophy of science in practice:
A proposal for epistemological
constructivism
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Abstract. Philosophy of science in practice (PoSiP), besides other things, aims at an
epistemology of scientific practices that addresses questions such as: How is the con-
struction of knowledge for epistemic uses possible? Epistemology that goes beyond
formal epistemology has been banned from mainstream philosophy of science since
the Wiener Kreis (Vienna Circle) in order to avoid drifting into the realm of meta-
physics. However, formal epistemology cannot account for the possibility of epistemic
uses of scientific knowledge (e.g. Cartwright, 1983). For, this account would involve
as an epistemological presupposition that knowledge about new, previously unexam-
ined systems can be derived from logical or mathematical structures that are ultimately
grounded on experiential and experimental data. The plausibility of this presupposi-
tion draws on the belief that there exist such structures. Hence, metaphysics re-enters
through the backdoor. When acknowledging that any claim to the certainty of knowl-
edge involves metaphysics, the entire idea of certain knowledge may be abandoned
(as in Van Fraassen’s anti-realism). At this point, it becomes apparent that there is
a need for an epistemology that suits scientific practices, especially those which aim
at knowledge for practical uses. Indeed, a reconsideration of some of the presup-
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positions that vindicated formal epistemology seems in order, in particular: on the
aim of science, on how to avoid metaphysics, and on the task of the philosophy of
science. In this article Kant’s epistemology is taken as a starting point for such re-
consideration, since his work aimed to explain the possibility of knowledge. Based on
contemporary interpretations of Kant’s epistemology (e.g. Neiman, 1994), epistemo-
logical constructivism is proposed as a view in which the aim of science is to construct
knowledge for epistemic uses. It involves the idea that scientific knowledge (patterns
in data, and scientific laws, models and concepts) is constructed to enable and guide
epistemic uses, which also entails that scientific practices develop epistemic strategies
for the production of knowledge that meets this purpose. Accordingly, one of the tasks
of PoSiP is to reconstruct, investigate, and evaluate epistemic strategies by means of
which knowledge is constructed.

Keywords: philosophy of science in practice, Wiener Kreis, Vienna Circle, Kantian
epistemology, synthetic a priori, constructive empiricism, representation, pragmatism,
model construction, non-representationalism, epistemic tool, epistemic use, engineer-
ing sciences.

1 Philosophy of science in practice

The conference Philosophical Perspectives on Scientific Understanding, in August
2005 (De Regt, Leonelli, & Eigner, 2009), at the Free University in Amsterdam, was
the prelude to a movement called Philosophy of Science in Practice.1 In the invitation
to the introductory meeting held at PSA 20062, the founders (Boon, Chang, Ankeny,
Boumans and De Regt) wrote: “We have begun organizing a network of scholars under
the working name of "Society for Philosophy of Science in Practice" (SPSP). We aim
to promote a philosophy of science that engages more closely with scientific practice,
and with the practical uses of scientific knowledge.” Different from other significant
movements that originated from the philosophy of science, such as the sociology of
scientific knowledge (SSK), and science, technology and society (STS), philosophy
of science in practice (PoSiP) aims to maintain close ties to mainstream philosophy of
science (also see Ankeny, Chang, Boumans, & Boon, 2011; Soler, Zwart, Lynch, &
Israel-Jost, 2014).

One of the reasons why PoSiP crystalized at this conference on scientific understand-
ing may have been that focus was turned to the scientists – the user and producer
of knowledge – whereas traditional philosophy of science has frenetically aimed at
an account of scientific knowledge in terms of a mere two-way relationship between
world and knowledge only. Conversely, philosophers within this new movement aim
at an understanding of science that avoids the belief that the objectivity of knowledge

1http://philosophy-science-practice.org/en/mission-statement/
2http://philosophy-science-practice.org/en/events/introductory-spsp-meeting-psa-2006/
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can be warranted by an account of knowledge-justification that eliminates the role of
scientists, but that also avoids a mere psychological and sociological interpretation of
scientists’ subjectivity. Instead, the philosophy of science in practice aims to include
the scientist by focusing on an epistemology of scientific practices.

The movement of philosophy of science in practice shows similarities to founding
movements of traditional philosophy of science, such as the Wiener Kreis and in its
wake Logical Empiricism. It is well known that those movements had pertinent soci-
etal concerns,3 which motivated their members to aim at a philosophical account of
knowledge that warrants objectivity (Hahn, Neurath, and Carnap, 1929/1973, and also
see Uebel, 1996, 2008, 2016). Almost one century later, we live in a society that is
thoroughly dependent on science in diagnosing problems, forecasting complex natu-
ral and societal processes, and in the development of (socio-)technology for welfare,
well-being, and societal justice. The philosophy of science in practice is similar to
its historical predecessors in the sense of being motivated by societal concerns. In
this case, our concern is science’s ability to play this role well. This implies a phi-
losophy of science that, on the one hand, supports the production of knowledge that
meets society’s expectations of science, and on the other hand, explains the character
of knowledge in such manner that possible misuses of the authority of science can at
least be made transparent.

Concerning the societal role of science, our grandfathers in the philosophy of science
wagered on the objectivity of science. In a rigorous, dedicated, and insistent manner,
they strived for a philosophy of science that explains how the objectivity of science
can be justified. Such objectivity essentially requires that the role of the scientist can
be eliminated. However, critics within the analytical tradition of the philosophy of
science have convincingly shown that objectivity cannot possibly be achieved by re-
ducing knowledge to atomic sentences that are then used to describe observed (atomic)
facts independent of whatever context, nor does reducing knowledge to formal logical
structures void of meaning result in the desired objectivity (e.g. Quine, 1951; Feyer-
abend, 1962). A problem of warranting the objectivity of knowledge is that atomic
facts cannot be generated by reading out (atomic) facts, implying that knowledge al-
ways involves one or another kind of construction, be it the ways in which facts are
“pointed out” (i.e., discerned and given meaning), or the ways in which facts are
connected to each other, and also, how they are related to theories. Moreover, the

3In the 1930s, Hitler, in his speeches on his political ideology, explicitly expressed that, since science
is not objective, it must be supervised by the state: "Der Gedanke einer freien voraussetzungslosen Wis-
senschaft konnte nur im Zeitalter des Liberalismus auftauchen. Er ist absurd. Die Wissenschaft ist ein
Soziales Phänomen, und wie ein jedes solches begrentzt durch den Nutzen oder Schaden, den es für die
Allgemeinheit stiftet. Mit dem Schlagwort von der objectiven Wissenschaft hat sich die Professorenschaft
nur von der sehr nötigen Beaufsichtigung durch die staatlichen Macht befreien wollen" (quote from Klages,
Mohr, and Sontheimer, 1970, and Feix, 1978). “The idea of a free unconditional science could emerge only
in the age of liberalism. It is absurd. Science is a social phenomenon, and as such limited by the benefits or
harm that it bestows upon the community. With the slogan of objective science the caste of professors just
wanted to get rid of the very necessary supervision by the state power" (my translation).
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objectivity of knowledge is no warrant for its predictive certainty – it requires skillful
scientists to figure out how to apply scientific knowledge such as to produce reliable
predictions about real-world problems (Cartwright, 1983; Boon, 2006). Therefore, in
PoSiP we argue for the abandonment of the belief that societally desired qualities of
science are warranted by objectivity of knowledge in terms of a two-way relationship
between world and knowledge, and instead, adopt the idea that these qualities depend
on a three-way relationship between world, knowledge, and scientist. Unavoidably,
meeting societal goals through science must also be safe-guarded by moral and intel-
lectual abilities of scientist, and these abilities are partially covered by notions such as
objectivity and rationality. Philosophy of science in practice, therefore, cannot ignore
these notions but rather than hunting down the objectivity and rationality of knowl-
edge, it focuses on how scientific practices achieve these goals. Therefore, PoSiP
aims at an epistemology of these practices that elucidates how knowledge is gener-
ated, which may also involve re-framing traditional notions such as truth, certainty,
observation, explanation, experiment, and justification.

In this article, I take epistemological issues encountered in scientific research practices
of the engineering sciences as paradigm example, and raise the question: How is con-
struction of knowledge that allows for epistemic uses (in practical applications such as
problem-solving) possible? Compared with traditional philosophy of science, focus is
not on scientific knowledge as such (considering issues such as its truth and certainty),
but on real-world problems in need of scientific knowledge that aids resolution. In ad-
dressing this question, my approach will be to investigate (in Section 2) assumptions
and beliefs in mainstream philosophy of science that may hamper the development
of an appropriate epistemology, including: the assumption that the construction of
knowledge belongs to the context of discovery and therefore is a no-go-area; the idea
that knowledge represents reality; and the belief that Kant’s idea of synthetic a priori
judgements has proven false. The connection between these assumptions is that they
corroborate each other and entail an empiricism that is still close to Humean empiri-
cism in the sense of assuming that objective knowledge consists of “basic empirical
facts” (and plain data) that are to be acquired through passive observation (or mea-
surement), and that any other knowledge should be built on (e.g., be reducible to, or
verified by) these facts. In Section 3, I aim to present an outline of a revised interpreta-
tion of Kant’s epistemology by contemporary Kant scholars (amongst others, Neiman,
1994, and Allison, 2004), which in my view is a fertile starting point for developing
the desired epistemology of scientific practices. In Section 4, I will pick up on the
claim that a representational view of knowledge is not well suited to an epistemology
that accounts for the possibility of constructing knowledge for epistemic uses, and I
will summarize why the alternative of knowledge as epistemic tool is a better fit for this
purpose. Finally, in Section 5, I propose epistemological constructivism as a position
that takes “the production of knowledge for epistemic uses” as the aim of science, and
that adopts (the proposed version of) Kantian epistemology to explain how the con-
struction of knowledge for epistemic uses is possible. Epistemological constructivism
steers away from the realism/anti-realism debate – and from refined positions in this
debate such as Van Fraassen’s (1980) constructive empiricism and Giere’s (1999) con-
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structive realism – as this debate focuses on arguments for the justification or accep-
tance of scientific knowledge in accordance with one or another representational view
of knowledge. Conversely, epistemological constructivism takes “the construction of
knowledge for epistemic uses” as its guiding issue, including epistemic strategies for
producing and using knowledge. One of the tasks of the philosophy of science is to
investigate and evaluate these epistemic strategies.

2 How is construction of knowledge for epistemic uses
possible?

What is scientific knowledge? And what purposes does it serve? In the philosophy of
science it is commonly assumed that scientific knowledge, such as theories and sci-
entific models, laws and concepts represent reality. The question that has led to the
idea of scientific knowledge as epistemic tool as an alternative to this representational
view (Boon & Knuuttila, 2009; Knuuttila & Boon, 2011; Boon, 2012), and to the
idea of epistemological constructivism as a philosophical position that circumvents
the realism/anti-realism debate (Boon, 2015), is: How is the construction of knowl-
edge for epistemic uses possible? This philosophical question and proposed solutions
emerged from epistemological and methodological problems experienced in concrete
scientific research practices of the engineering sciences. Since most current scientific
research is performed in one or another problem- or application context, I take it that
this question and the proposed solutions are relevant to the philosophy of science in
general.

Clearly, there is some friction between raising this question and several principles
(norms, beliefs and presuppositions) in main-stream philosophy of science that have
been accepted since, say, the establishment of the Wiener Kreis (Hahn et al., 1929/
1973; Uebel, 2008, 2016). Most prominently, it is still assumed – as once clearly
phrased by Carnap (1934) in the first issue of Philosophy of Science – that philosophy
of science should only deal with formal aspects of science:

Philosophy deals with science only from the logical viewpoint. Philoso-
phy is the logic of science, i.e., the logical analysis of the concepts, propo-
sitions, proofs, theories of science, as well as of those which we select in
available science as common to the possible methods of constructing con-
cepts, proofs, hypotheses, theories. [What one used to call epistemology
or theory of knowledge is a mixture of applied logic and psychology (and
at times even metaphysics); insofar as this theory is logic it is included
in what we call logic of science; insofar, however, as it is psychology, it
does not belong to philosophy, but to empirical science.] (Carnap, 1934,
6, his brackets.)

Hence, in traditional philosophy of science, epistemology as a theory of knowledge
should focus on the logic of knowledge and avoid psychology, which underpins the
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dogma that the construction of knowledge belongs to the context of discovery – a pro-
hibited area for mainstream philosophy of science.4 Furthermore, the philosophical
question, summarized as “how . . . possible,” touches on basic assumptions in the phi-
losophy of science, concerning what is: “science,” “scientific knowledge,” “the aim
of science,” “the task and territory of the philosophy of science,” and also “the justi-
fication of philosophical claims.” In the cited quote, Carnap (1934) is very clear on
what philosophy of science is. Therefore, we may first ask whether the very question
of “how the construction of knowledge for epistemic uses is possible” should be ad-
dressed in the philosophy of science. If so, productively addressing it brings with it
questions about assumptions of the philosophy of science itself.

An almost implicit assumption in the philosophy of science, but also in much science
education, is that scientific knowledge can be applied in solving concrete problems
by means of deductive reasoning upon laws and theories. This idea draws on the as-
sumption that there is symmetry between prediction and explanation. Indeed, Hempel
(1965) believed that laws discovered in the laboratory can be applied in practical ap-
plications:

The formulation of laws and theories that permit the prediction of future
occurrences are among the proudest achievements of empirical science;
and the extent to which they answer man’s quest for foresight and control
is indicated by the vast scope of their practical applications. (Hempel,
1965, p. 333.)

Cartwright (1974, 1983) is one of the first authors criticizing this belief (see also
Boon, 2006). Her fundamental critique is that scientific laws are only true – i.e., give
true predictions – for circumstances close enough to the “nomological machine” that
produced the regular behavior represented in the law:

[Usually] it takes what I call a nomological machine to get a law of nature.
. . . A nomological machine is a fixed arrangement of components, or
factors, with stable capacities that in the right sort of stable environment
will, with repeated operation, give rise to the kind of regular behaviour
that we represent in our scientific laws. (Cartwright, 1999, pp. 49-50.)

The semantic view suggests a similar assumption about how scientific knowledge is
applied for solving concrete problems. In this view, mathematical models are derived
from abstract theories (called “models of the theory”)5, and thus involve the idea that

4The terms “context of discovery” and “context of justification” are often associated with Hans Reichen-
bach’s work, but see Schickore (2014).

5One of the philosophical problems inherited from logical empiricism and the so-called syntactic view
that Suppes (1960a) and succeeding defenders of the semantic view of theories aimed to solve, is that the
relationship between the theory and the object “referred to” by the theory cannot be understood in terms
of a correspondence relationship. Therefore, Suppes (1960a) argued that the concept of model used by
mathematical logicians should be the basis for a fundamental concept of model in any branch of, what he
called the empirical sciences, which includes both the natural and the social sciences. Suppes adopted the
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the application of theory is through “models of the theory” that are expected to cor-
rectly represent the real-world target system. However, this idea can be criticized for
similar reasons as Cartwright (1983, 1999) has put forward concerning laws: usually
these models are not correct about real-world systems – they only produce correct
predictions for carefully designed experimental systems, and even then, before we
can compare models derived from theory with experimentally derived data, the lat-
ter need to be corrected by means of “theories of data” and “theories of experiment”
(Suppes, 1960a, 1960b)5 A theorist who takes a semantic view may admit that the pri-
mary function of “models of the theory” is testing theories, but still assume symmetry
between the role of models in testing theories and in predicting the behavior of real-
world target-systems. Yet, this idea is criticized by Cartwright (1983) and also easily
rebutted by concrete scientific practices. The outlined view does, however, reveal an-
other assumption of the philosophy of science: that the aim of science is theories (not
practical application), and that the task of philosophy is to account for the justification
of theories (but not the justification of how knowledge is produced and epistemically
used in solving practical problems).

In accordance with Cartwright’s critique, concrete scientific research practices show
that philosophical assumptions on the applicability of scientific knowledge by mere
deductive reasoning are inadequate, which is why the question “how . . . possible”
should be addressed in the philosophy of science. The need for an epistemology that
addresses this question is therefore evident. But some of the assumptions and beliefs
of mainstream philosophy of science seem to discourage these kinds of philosophical
investigation. The examples discussed so far include the idea that the construction
of knowledge, if it cannot be formalized, belongs to the context of discovery, which
is beyond the domain of the philosophy of science; the idea of symmetry between
explanation and prediction, which justifies the assumption that scientific knowledge

concept of satisfaction to specify the semantic relationship between theories and models. Hence, models
are the objects that satisfy the axioms of the theory (i.e., the model provides a realization in which the theory
is satisfied). He calls these models “models of the theory.” Additionally, he introduced the notion “models
of data,” which are the data-structures that, according to the theories of data and of the experiment, would
be generated by the experiment but restricted to those aspects of the experiment which have a parametric
analogy in the theory (Suppes, 1960b). Suppes’ formal approach in set-theoretical terms makes his ap-
proach to models somewhat tedious from the perspective of scientific practices. Van Fraassen (1980, p. 64)
puts the relationship between models of the theory and experiments in more accessible terms: “To present
a theory is to specify a family of structures, its models; and secondly, to specify certain parts of those
models (the empirical substructures) as candidates for the direct representation of observable phenomena.
The structures which can be described in experimental and measurements reports we can call appearances.”
Van Fraassen uses the concept of isomorphism to specify the semantic relationship between “models of the
theory” and what he calls "appearances." It can then be specified how these "appearances" or “measurement
reports” play a role in testing the theory: “The theory is empirically adequate if it has some model such
that all appearances are isomorphic to empirical substructures of that model.” In the language of a scientist,
this means for instance that abstract theories are tested by comparison of models that are derived from the
theory for relevant conditions of the experiment (i.e., mathematical structures), and data-models produced
in experiments (i.e., “empirical substructures”) – where the theoretically generated structure must be iso-
morphic to the experimentally produced structure (also see Suppe, 1989). Still closer to the language of
scientists is Giere’s (1988) account of the semantic view, which he summarizes in Giere (2010).
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allows for correct predictions in new situations; the idea that knowledge such as mod-
els represents aspects of the real-world, and that its epistemic use is by virtue of this
representational relationship; and, the idea that the aim of science is theories, while
the task of the philosophy of science is their justification by formal methods.

Here, I will focus on the representational view of knowledge as one of the deeply
rooted ideas in current philosophy of science that obscures an epistemology of “how
the construction of knowledge for epistemic uses is possible.” More precisely, I aim to
provide an alternative to the interconnected beliefs that scientific knowledge (theories,
scientific models, laws and concepts) represents aspects of the world, and that its epis-
temic usefulness is due to this representational capacity. First, I will expand on earlier
work, which proposes the idea of “knowledge as epistemic tool” as a viable alternative
to “knowledge as representation.” Considering knowledge as epistemic tool stresses
the fact that humans construct knowledge for epistemic uses of all kinds. Therefore,
this notion is one element of the epistemology aimed at. The further development of
this epistemology requires an account of how epistemic tools are constructed, justified,
and actually used. Important in my argument is that the construction of knowledge
should not be conflated with discovery, nor should the application of knowledge be
conflated with representation or algorithmic reasoning. Rather, in scientific research
practices, construction and use are less far apart than we tend to believe. Constructing
an epistemic tool involves its justification, not only in view of established knowledge
and data, but also in view of intended applications. Using it (in new, real-world sit-
uations) involves the assessment and justification of whether it suits this particular
application, but also constructive activities by means of the epistemic tool (rather than
merely using it as a basis for description or algorithmic reasoning). These two aspects
of using knowledge require an understanding of its original construction, such as the
idealizations and simplifications used in the construction of the epistemic tool.

Second, next to the claim that “knowledge as representation” hampers an epistemol-
ogy of “how constructing knowledge for epistemic uses is possible,” I will argue that it
is also hampered by the dogma that the construction of knowledge is beyond the scope
of the philosophy of science. Although I do not aim to make a claim on the history of
philosophy, I will start from the assumption that this dogma reflects the rejection of
Kant’s notion of synthetic a priori judgments. This rejection happened already at the
establishment of the philosophy of science by members of the Wiener Kreis, and was
motivated by their urge to ensure that science did not become tainted by metaphysics
and psychology. In the Manifesto they state:

In such a way logical analysis overcomes not only metaphysics in the
proper, classical sense of the word . . . , but also the hidden metaphysics
of Kantian and modern apriorism. The scientific world-conception knows
no unconditionally valid knowledge derived from pure reason, no ’syn-
thetic judgments a priori’ of the kind that lie at the basis of Kantian
epistemology and even more of all pre- and post-Kantian ontology and
metaphysics. The judgments of arithmetic, geometry, and certain fun-
damental principles of physics, that Kant took as examples of a priori
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knowledge will be discussed later. It is precisely in the rejection of the
possibility of synthetic knowledge a priori that the basic thesis of modern
empiricism lies. The scientific world-conception knows only empirical
statements about things of all kinds, and analytic statements of logic and
mathematics.” (Hahn et al., 1929/1973, 7, my emphasis.)

Epistemological analysis of the leading concepts, of natural science has
freed them more and more from metaphysical admixtures which had clung
to them from ancient time. In particular, Helmholtz, Mach, Einstein, and
others have cleansed the concepts of space, time, substance, causality,
and probability. The doctrines of absolute space and time have been
overcome by the theory of relativity; space and time are no longer ab-
solute containers but only ordering manifolds for elementary processes.
Material substance has been dissolved by atomic theory and field theory.
Causality was divested of the anthropomorphic character of ’influence’
or ’necessary connection’ and reduced to a relation among conditions, a
functional coordination. (Hahn et al., 1929/1973, 10, their emphasis.)

However, current Kant scholars, such as Allison (2004) and Neiman (1994) suggest
that the above reading of Kant is flawed.6 Put very briefly, the synthetic a priori is
not about fundamental principles of physics as suggested in these quotes – it is not
about concepts in the sense of empirically revisable knowledge about reality. Instead,
it concerns “the conditions for the possibility” of such knowledge, which Kant at-
tributes to human cognition. Due to this flawed understanding of Kant’s epistemology,
philosophers of science were trapped in a position that is closer to Humean empiri-
cism (although extended with modern logic). Instead of adopting Kant’s basic idea
that empirical knowledge of the world must already be understood as actively con-
structed by humans (which means accepting that knowledge-production results from
a three-partite relationship between world, knowledge, and the human cognitive sys-
tem), these philosophers retreated into the idea that empirical knowledge of the world
emerges passively through observation (perception), and that (in order to warrant ob-
jectivity and avoid metaphysics) epistemology must ban the idea that some kind of
synthetic a priori knowledge plays a role.7

6Nevertheless, these scholars admit that Kant himself gave reasons for this flawed understanding, espe-
cially as a result of his Metaphysische Anfangsgründe der Naturwissenschaft (1786/2004) (Metaphysical
Foundations of Natural Science) which he wrote as an application of his principles on human cognition in
Kritik der Reinen Vernunft (1787/1998) (Critique of Pure Reason).

7Also see Massimi (2008, 2011), who argues that the empiricist idea that “literally true description of
the way things are” is possible, is highly problematic even for the observable part of the world. She argues
that a Kantian stance on (observable) phenomena studied in science can offer a genuinely new perspective
on the issue of how we infer phenomena from data, by distancing both from a metaphysics of ready-
made phenomena and from conventionalist ideas of how phenomena are established (e.g., as sometimes
proposed in Logical Positivism and Logical Empiricism). Accordingly, Massimi (2011) aims at solving the
controversy between Woodward’s (1989, 1998) realist and McAllister’s (1997) anti-realist account of how
phenomena are inferred from data.
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Although, mainstream philosophy of science has criticized, abandoned, and revised
many of the initial ideas of members of the Wiener Kreis, their claim that Kant’s
notion of synthetic a priori judgments has proven false seems still widely accepted. As
is probably already clear, I actually consider Kantian rather than Humean empiricism
a better starting point for contemporary philosophy of science, and it is from this
standpoint that I suggest the use of modern interpretations of Kantian epistemology
in developing an epistemology that explains how the construction of knowledge for
epistemic uses is possible.

3 Kantian epistemology8

In the last chapter of her monograph, which addresses “The task of philosophy,”
Neiman (1994) argues that Kant’s work reflects a tension between two wholly diverse
conceptions of philosophy and hence of his own procedure: a regulative conception
and a constitutive conception. The latter “is reflected in Kant’s determination to ‘put
metaphysics on the sure path of a science’ and to complete a necessary edifice that
will never need to be revised" (Neiman, 1994, p. 185), which agrees to how Kant is
usually understood. In contrast, the regulative conception connects with an anthropo-
logical interpretation of the task of philosophy (see last part of note 8), which is the
one I propose to endorse.

Kantian epistemology as it is proposed here, promotes the idea that scientific knowl-
edge is not the product of algorithmic (deductive and inductive) reasoning upon ex-
periences, but results from the capacity to demand explanations of experience, which
in turn, “requires the capacity to go beyond experience, for we cannot investigate the
given until we refuse to take it as given. To ask a question about some aspect of
experience, we must be able to think the thought that it could have been otherwise.
Without this thought, we cannot even formulate the vaguest why” (Neiman, 1994,

8Although I do not consider myself a Kant scholar, I have been studying Kant’s work repeatedly (both in
German and in English translations) over the past 30 years. It provided me with clues for better understand-
ing of scientific reasoning in research practices, which I did not find in mainstream philosophy of science.
When still being a practicing scientist, in 1986, I read Putnam’s (1981) Reason, Truth and History, which
has significantly affected my appreciation of Kant’s ideas, and my conviction that his ideas are crucial to an
understanding of how we produce knowledge about the world (also see note 12). Even more so, Kant and
Putnam’s work made me understand what constitutes a Copernican revolution in our own naïve presuppo-
sitions: it cured me of basic intuitions (scientism) that in many respects were close to ideas that motivated
members of the Wiener Kreis. Allison’s (2004) detailed study of the Critique of Pure Reason was a feast
of recognition, as, except for Putnam, I had not read anything so near to my own interpretation of Kant’s
work. But most of all was I touched by Neiman’s (1994) work on Kant. She shows that instead of the
common caricature of Kant as a shriveled scholar who is suffering of systematism, his work circles around
the question of what it means to be human – i.e., Kant’s fourth question: “What is the human being?” on
which Kant concludes provocatively, that the whole field of philosophy could be reckoned to anthropology,
whose business it is to tell us what is human (CPR IX, 25; Neiman, 1994, p. 185). Kant offers an extremely
rich, deep and quite coherent philosophy on that very issue.
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p. 59). Hence, the demand for explanation of experience is crucial to the construction
of scientific knowledge. Importantly, in a Kantian epistemology an explanation is not
regarded as a representation of the mind-independent world behind the phenomena
(i.e., the picture or animation as seen by a God’s eye; also see Putnam, 1981). In-
stead, an explanation of experiences is constructed, enabled, and guided by our ways
of structuring and conceptualizing even at the level of “observable” phenomena (also
see Massimi, 2008, and Boon, 2012).

According to Kant, in seeking the explanation of experience, reason seeks its system-
atization, which involves the employment of regulative principles of reason (such as,
the principle of induction; the principle that every event has a cause; the principle that
nature forms a system according to laws; and the principle of the unity of nature).
Importantly, regulative principles are crucial to the possibility of science – they are
not, as in a constitutive conception of Kant’s epistemology metaphysical (or even sci-
entific) claims about the world.9 Explanation also involves surpassing the confines
of experience, which allows theory to be extended to the realm of the unobservable.
In this way, reason both constructs and anticipates entities that could not otherwise
be incorporated into science (Neiman, 1994, p. 71). “[Reason] seeks for the unity of
this knowledge in accordance with ideas which go far beyond all possible experience
(CPR, A662/B690).”10

The following quote of Kant may illustrate the difference of view and appreciation of
science in Kantian and Humean epistemology:

When Galileo rolled balls of a weight chosen by himself down an inclined
plane, or when Torricelli made the air bear a weight that he had previously
thought to be equal to that of a known column of water, or, when in more
recent times Stahl changed metals into calx and then changed the latter
back into metals by first removing something and then putting it back

9Very similar to Kant’s notion of regulative principles as principles that make science possible, Hasok
Chang (2009) introduces the notion of ontological principles, which, similar to Kant, is not knowledge
empirically derived from the world, but concerns principles that allow for the intelligibility of epistemic
activities – for example, the epistemic activity of counting involves the ontological principle of discreteness.
Similarly, but closer to Kant’s vocabulary, I have argued that the notion of “same conditions, same effects”
is a regulative principle that cannot be proven or disproven, but that we must adopt, as without this principle,
scientific experimentation for testing theories would not be possible (Boon, 2015).

10Kant’s idea that “[Reason] seeks for the unity of this knowledge in accordance with ideas which go far
beyond all possible experience” also concerns the formation of scientific concepts. On this aspect of the
formation of scientific concepts Rouse (2011) has challenged the assumption of the Vienna Circle and Log-
ical Empiricism that the aim of science is true (or empirically adequate) theories. He argues in favor of an
image of science that would place conceptual articulation at the heart of the scientific enterprise: “Concep-
tual articulation enables us to entertain and express previously unthinkable thoughts, and to understand and
talk about previously unarticulated aspects of the world” (quote in Rouse’s paper at the San Francisco State
Workshop, March 2009, on The Role of Experiment in Modeling, but not in Rouse, 2011). To this idea, I
add that aiming at strict certainty – that is, avoiding any content that goes beyond what is empirically given
– would drastically reduce our ability to develop concepts that enable us to think about interventions with
the world; interventions that are ‘unthinkable’ without the added content of those concepts (Boon, 2012).
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again, a light dawned on all those who study nature. They comprehended
that reason has insight only into what it itself produces according to its
own design; that it must take the lead with principles for its judgments ac-
cording to constant laws and compel nature to answer its questions, rather
than letting nature guide its movements by keeping reason, as it were, in
leading-strings; for otherwise accidental observations, made according
to no previously designed plan, can never connect up into necessary law,
which is yet what reason seeks and requires. Reason, in order to be taught
by nature, must approach nature with its principles in one hand, accord-
ing to which alone the agreement among appearances can count as laws,
and, in the other hand, the experiments thought out in accordance with
these principles – yet in order to be instructed by nature not like a pupil,
who has recited to him whatever the teacher wants to say, but like an ap-
pointed judge who compels witnesses to answer the questions he puts to
them. Thus even physics owes the advantageous revolution in its way of
thinking to the inspiration that what reason would not be able to know
of itself and has to learn from nature, it has to seek in the latter (though
not merely ascribe to it) in accordance with what reason itself puts into
nature. This is how natural science was first brought to the secure course
of a science after groping about for so many centuries. (CPR, Bxii-xiv.)

But if the business of science is that of constructing our own questions and answers,
is there still a point in scientific knowledge being true or false? In Kantian epistemol-
ogy, empirical truth can no longer be grounded in alleged insight into the nature of
things-in-themselves. Kant proposes, instead, a version of what is known today as a
coherence theory of truth. Reason’s search for systematic unity is the search for this
coherence. While isolated observation-sentences may be confirmed by sense expe-
rience, any statement of empirical law can only be regarded as such by virtue of its
incorporation in a system of beliefs as a whole (Neiman, 1994, p. 75; and note that
Quine, 1951 is close to Kant’s view).

Kantian epistemology does not entail a representational image of scientific knowl-
edge, that is, the idea that scientific knowledge represents the independently existing
order, or structure, or “furniture” of the real world. Moreover, it aims to avoid the
idea that pre-given objects or structures “out there” are somehow presented in our
observations (or, in the data taken from measurements) and form the solid ground of
scientific knowledge (as in Humean empiricism). Instead, in Kantian epistemology,
synthetic a priori categories or concepts are crucial to the possibility of knowledge,
and are therefore called regulative principles.

4 A non-representational view of knowledge

For understanding how “the construction of knowledge for epistemic uses is possi-
ble,” I propose to adopt the presented interpretation of Kant’s epistemology. Crucially,
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Kant changed the problem of knowledge. He abandoned some of the ideals and as-
sumptions maintained before and after his days: the ideal of truth as correspondence
between world and knowledge; the belief that certain knowledge is possible; the ba-
sic idea of Humean empiricism that knowledge of basic facts can and should come
about by passive observation; and, the philosophical question itself, of how truth is
justified.11 Central to Kantian epistemology is that the human mind plays an active
role at different levels of structuring and conceptualizing the “sensible manifold.” Na-
ture imposes the limits, but the mind produces conscious perceptions and judgments,
and adds (morphological, logical, mathematical, causal, mechanistic, functional, etc.)
structure by the way it asks questions and constructs answers. Without these func-
tions of the mind there would be no conscious perception, nor empirical or scientific
knowledge of any physical phenomenon. Furthermore, by these activities of the mind,
empirical and scientific knowledge is constructed that goes far beyond experience. As
a consequence, as Kant admits, knowledge about nature is never certain – it may prove
incorrect when confronted with new experiences.

To the questions raised in Section 2 – What is scientific knowledge? And what pur-
poses does it serve? – another one can be added: If knowledge is “only” a representa-
tion of (aspects of) the world, what would it be good for? It is commonly assumed that
knowledge can be used (for instance in explanation and prediction) by virtue of this
representational relationship. However, the philosophy of science has been unsuccess-
ful in answering the question how scientific knowledge (e.g. scientific models) allows
for epistemic uses. Knuuttila and Boon (2011) deny that models give us knowledge
(i.e., allow for epistemic uses) because (i.e., by virtue) of this representational rela-
tionship, but instead, because they are representations in the sense of being conceptu-
ally meaningful constructs that allow for epistemic uses by the model-user.12 We call
these constructs epistemic tools, that is, conceptually meaningful tools that guide and

11Putnam (1981) – who was a former student of Reichenbach – came to reject the anti-metaphysical
project of the Wiener Kreis. Affected by Kant’s epistemology, he concluded that Logical Positivism &
Empiricism is mistaken in holding on to the distinction between primary and secondary properties, which
is fundamental to the idea that objective observational sentences are possible and that knowledge can be
reconstructed in terms of elementary statements and logical or mathematical structures (also see Suppe’s
1974/1979 outline of the so-called Received View). According to Putnam (1981, pp. 60-61): “What Kant
did say has precisely the effect of giving up the similitude theory of reference. ... I suggest that (as a
first approximation) the way to read Kant is as saying that what Locke said about secondary qualities is
true of all qualities . . . If all properties are secondary, what follows? It follows that everything we say
about an object is of the form: it is such as to affect us in such-and-such a way. Nothing at all we say
about any object describes the object as it is ‘in itself’, independently of its effect on us, on beings with
our rational natures and our biological constitutions. It also follows that we cannot assume any similarity
(‘similitude’, in Locke’s English) between our idea of an object and whatever mind-independent reality
may be ultimately responsible for our experience of that object. Our ideas of objects are not copies of
mind-independent things.”

12Both Giere (2010) and Suárez (2003, 2004) adopt an account of the representational relationship be-
tween model and world in which the model-user plays a key role. However, they intentionally developed a
deflationary notion of representation that only minimally characterizes it. As a consequence, their accounts
are not very informative as to the epistemic functioning of models. They shift the problem of how it is
possible that models are used to the competent and informed agent.
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enable epistemic uses.13 By epistemic uses we mean scientific reasoning in the broad
sense, which not only involves explanation and prediction, but also, asking new ques-
tions, crafting new hypotheses, generating ideas on possible interventions with the
target system, and even, reasoning towards models of non-existing physical phenom-
ena. Furthermore, we argue that the construction of models involves prudently putting
together heterogeneous aspects relevant to the problem at hand, in order to form a
coherent whole that allows for specific kinds of reasoning. We show, for instance
that the model of the ideal heat-engine (which is the precursor of thermodynamics)
was constructed by Sadi Carnot, not to describe or explain an existing phenomenon,
but to represent and investigate an imagined phenomenon (the cycle of conversion of
heat into motive power and reverse). Carnot’s modelling is a clear example of how
the construction of a model involves putting together heterogeneous aspects, includ-
ing empirical knowledge of his days on the behavior of gasses and steam-engines,
experiential principles such as “the restoration of equilibrium at difference in temper-
ature,” theoretical principles, such as “heat (caloric) will always flow from a hot body
to a cold body until the two bodies have the same temperature, by which equilibrium
is restored,” and the introduction of new theoretical concepts such as “reversibility
of the process.” This model allowed Carnot to theoretically predict the maximum ef-
ficiency (“as set by nature”) of real heat-engines. Significantly, Carnot did not test
the model by means of experiments. Knuuttila and Boon (2011) follow Boumans
(1999) by showing that in scientific practices much of the justification of a model is
in how it is constructed instead of how it is derived from theory (also see Hacking,
1992). This reconstruction of Carnot’s modelling shows several things: firstly, that
models are not always derived from theories,14 but instead, constructed so as to meet
epistemic criteria (e.g., empirical adequacy in view of accepted empirical knowledge,
relevancy, and reliability of empirical and theoretical content, epistemic acceptability
of simplifications, and coherency between all elements of the model) as well as prag-
matic criteria (e.g., the intended epistemic uses, and simplicity and intelligibility so
as to allow for specific types of scientific reasoning upon the model); secondly, that
a sharp distinction between discovery and justification of scientific knowledge does
not smoothly apply to knowledge constructed for epistemic uses; and thirdly, that the
model “gives knowledge” (i.e., is epistemically useful), but not by virtue of a two-way
representational relationship between the model and its real-world target.

13The notion epistemic tool is different from Rheinberger’s (1997) notion of epistemic things. An epis-
temic tool entails a conception of the target system (represented by means of representational means such
as text, analogies, pictures, graphs, diagrams, mathematical formula, but also 3D material entities), and the
epistemic tool is constructed such that we can use it in performing epistemic tasks (e.g., reasoning about
possible interventions with the target system). Differently, an epistemic thing in Rheinberger’s writing is
the research object or the scientific object. Epistemic things are material entities or processes – physical
structures, chemical reactions, biological functions – that constitute the objects of inquiry.

14Also see Morrison and Morgan (1999), who have criticized the semantic view, which assumes that
models are derived from theories. They argue that, if attention is paid to the actual construction of models
and their uses in science, it becomes evident that models are partially autonomous both of theory and of
reality, playing different kinds of epistemic roles.



Philosophy of science in practice 315

In a similar fashion, I propose that scientific concepts should be considered as epis-
temic tools (concepts may function as definitions, but this is just one way in which they
function as epistemic tools; see Boon, 2012, also see Nersessian, 2009, and Ander-
sen, 2012). My argument expands on Feest (2008, 2010), who harks back to Logical
Empiricism by explaining scientific concepts in terms of operational definitions that
are cast in terms of a paradigmatic experiment that generates the (purported) phe-
nomenon indicated by the concept.15 I agree with Feest that scientific concepts are
tools for investigating the purported phenomenon. Yet, in accordance with Kantian
epistemology, I propose that the formation of the scientific concept involves the scien-
tists subsuming the initial operational definition under more abstract concepts (such as
“object,” “property,” “process”) or theoretical concepts (e.g., force, field, etc.) or even
analogies (also see Hesse, 1966; Hanson, 1969). In a Kantian epistemology, struc-
turing and interpreting experimental data by means of concepts is not fundamentally
different from bringing structure to them by means of using logic and mathematics.
In other words, mathematical structuring (which involves employing “mathematical
templates,” e.g., Humphreys, 2004) is similar to the use of “more abstract and theo-
retical concepts” in structuring and interpreting experimental data. Although formal
epistemology only accepts the use of logic and mathematics in structuring data, there
is no good reason why this should be preferred to the use of abstract and theoretical
concepts. Again similar to structuring by means of logic and mathematics, the crux of
subsuming experimental data under concepts is that abstract and theoretical concepts
add hypothetical content to the preliminary concept (e.g., the operational definition).
This additional content goes beyond the empirically given, and allows scientists to
reason upon those concepts, and so derive new predictions and ask new (testable)
questions about the purported object or property indicated by the concept.

In short, understanding the construction of scientific models and the formation of sci-
entific concepts in terms of a Kantian epistemology allows for a non-representational
understanding of scientific knowledge (knowledge as “epistemic tool” rather than as
“representation” in the case of models and “definition” in the case of scientific con-
cepts). In this manner, Kantian epistemology explains how the construction of knowl-
edge for epistemic uses is possible.16

15Important to the question “how the construction of knowledge for use is possible,” is: how we bring an
observation under existing concepts, and how we generate new concepts for describing “apparently” similar
phenomena. Kant uses the notions determinative judgment and reflective judgement as powers of the mind
involved in these activities of applying and constructing knowledge. See Procee (2006) for a clarifying
explanation of the two notions.

16Peirce’s pragmaticism is deeply indebted to Kant’s epistemology. Peirce defended an account of scien-
tific reasoning in terms of inductive, deductive, and retroductive reasoning (which are defined more broadly
than their narrow logical meanings) that includes how knowledge is constructed. A concise account of these
ideas can be found in Chapter III of A neglected argument for the reality of God (Peirce, 1908).
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5 Conclusions – Epistemological constructivism

Since its foundation by movements such as the Wiener Kreis (Hahn et al., 1929/1973),
mainstream philosophy of science has banned metaphysics, and therefore, rejects epis-
temology that entails metaphysical notions such as Kant’s synthetic a priori concepts.
With the exception of a few outspoken dissidents (e.g. Hesse, 1966; Hanson, 1969)
most of philosophy of science has accepted that the construction of scientific knowl-
edge belongs to the context of discovery, which is beyond the liable domain of the
philosophy of science. This belief has had at least two societal disadvantages. Firstly,
after Kuhn (1970) for example, this domain has been hijacked by other movements
such as the sociology of scientific knowledge (SSK), which have emphasized the sub-
jectivity and irrationality of science to the point of skepticism, leading to a loss of
societal trust in science. Secondly, this narrow understanding of its own tasks has re-
sulted in a philosophy of science that is of limited value to scientific practices.

Philosophy of science in practice, however, is a movement that encompasses episte-
mological issues of scientific practices in its remit, one example being an epistemol-
ogy for the appropriate construction of knowledge. A focal point of this article, for
instance, is an epistemology that facilitates an explanation of how the construction
of knowledge for practical uses is possible. It has been argued that a revised, con-
temporary understanding of Kantian epistemology allows for avoiding well-known
problems of (modern versions of) Humean empiricism. The core of the argument in
favor of Kantian epistemology is, firstly, that the distinction between primary and sec-
ondary properties, needed to justify formal approaches in both the Received View and
the Semantic View, cannot be maintained; and secondly, that according to new inter-
pretations Kant’s epistemology must be understood as regulative, rather that constitu-
tive: regulative principles such as synthetic a priory concepts must be pre-supposed
as “conditions for the possibility” of generating knowledge. Synthetic a priori in the
sense of regulative principles, therefore, does not mean that these principles are a pri-
ori truths about how the world really is – but instead, that humans, in order to generate
knowledge about the world, need to adopt these kinds of principles while knowing that
proving them is not possible for fundamental reasons. Therefore, Kantian contrary to
Humean empiricism, entails that even the most elementary bits of knowledge result
from activities of the mind, not from passive observation.

Next, it has been argued that a Kantian epistemology means that it is not necessary to
adhere to a representational view of scientific knowledge according to which knowl-
edge “gives” us knowledge by virtue of the (two-way) representational relationship
between knowledge and world.17 Instead, it is proposed to view knowledge as epis-
temic tools, which are epistemic entities – such as descriptions of physical phenomena,

17In several respects Giere’s (2006) and Van Fraassen’s (2008) notions of representation agree with the
‘non-representational’ view I aim to pursue, but there are also significant differences (see Boon, 2012,
2015).
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and scientific laws, concepts, and models – that must be considered as representations
of our conceptions, rather than representations in the sense of a two-way relationship.
Indeed, in this manner, the strict separation between primary and secondary properties,
that is, between knowledge in terms of formal (logical and mathematical) structures,
and knowledge in terms of conceptual content that goes beyond direct experience,
disappears.

All this results in a position that entails a view on the character of scientific knowl-
edge and the aim of science, as well as on the tasks of the philosophy of science,
which I propose to call epistemological constructivism. In this view, the aim of sci-
ence is to construct knowledge for epistemic uses, and this can range from the highly
abstract to the very concrete, as long as this knowledge can be comprehended by
human cognition and fits with our experiences of the world. Epistemological con-
structivism adopts and stresses the idea that science cannot give certainty, as certainty
would involve a metaphysical belief in the existence of a structure to the world that
can be discovered by science, and from which relevant and true knowledge about
concrete target systems can be deduced. Nevertheless, science (should) aim to meet
relevant epistemic and pragmatic criteria. Although, epistemological constructivism
takes Kantian epistemology as its starting point, it expands on it by assuming that in
the history of science, humans have constructed more general scientific concepts (such
as force, energy, field, evolution, cyclic, symmetry, reversible, operator, amplifier) and
epistemic strategies (such as generalization, abstraction, mathematization, reduction,
idealization, categorization, explanation, conceptualization, drawing analogies, and
crafting graphs, diagrams and models) that are re-used and applied in the construc-
tion of knowledge in distinct scientific disciplines (also see Humphreys, 2004). In
accordance with Kantian epistemology, these concepts and strategies suit human cog-
nition and human experience of the world, rather than being determined by “how the
world really is,” independent of humans. This is why their application and re-use in
the construction of knowledge is possible. Epistemological constructivism, therefore,
does not only put emphasis on the idea that knowledge is constructed, but also entails
that scientific practices invent concepts and epistemic strategies for the construction
of knowledge.18 In conclusion, epistemological constructivism provides a prelimi-
nary answer to the main question of this paper: how the construction of knowledge
for epistemic uses is possible, and also illuminates one of the aims of the philosophy
of science in practice, which is to investigate and evaluate general epistemic strategies
in science that enable the construction of knowledge for use.

18Several authors have suggested that Kuhn defends a historicized (Neo-)Kantian position. Friedman
(2008), for instance cites Kuhn, who in an Afterword (first published in 1984) appended to his book on
Planck and black-body radiation, states: “The concept of historical reconstruction that underlies [this book]
has from the start been fundamental to both my historical and my philosophical work. It is by no means
original: I owe it primarily to Alexandre Koyré; its ultimate sources lie in Neo-Kantian philosophy.” Thus,
according to Friedman, Kuhn, not only characterized his philosophical conception as a dynamical and his-
toricized version of Kantianism, but also explicitly acknowledged the background to his own historiography
in Neo-Kantian philosophy.
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17 Patchwork narratives for tumour
heterogeneity

GIOVANNI BONIOLO *†

Abstract. Molecular biology, in particular post-genomics, is determining the proxi-
mal and the distal future of both biomedical research and clinical practice. Thanks to
the advancements in understanding the molecular bases of diseases, we are drastically
changing our approach to prevention, diagnosis and therapy. In particular, through re-
cently available sequencing techniques, we have realised that each instance of cancer
affecting a particular individual is actually composed of a set of different cancer sub-
populations. This phenomenon, called tumour heterogeneity, is posing a tremendous
challenge to biomedicine but also to philosophy. In this paper the notion of patchwork
narrative is introduced in order to offer a philosophical framework for the description
and the explanation of the many different events and processes ascribable to tumour
heterogeneity and to its complexity.

Keywords: tumour heterogeneity, patchwork narrative, complexity, explanation, de-
scription.

1 Introduction

Molecular biology, in particular post-genomics, is an important game-changer that is
determining the proximal and the distal future of both biomedical research and clinical

*Dipartimento di Scienze Biomediche e Chirurgico Specialistich, Università of Ferrara, Via Fossato di
Mortara, 64A, 44121-Ferrara - Italy.

†Institute for Advanced Study, Technische Universität München - Germany.



324 Patchwork narratives for tumour heterogeneity

practice.1 Thanks to the advances in understanding the molecular bases of diseases
–which makes individuals’ genetic makeup, their life styles and the environments in
which they live, amenable to systematic scrutiny– we have the promise to drastically
change our approach to prevention, diagnosis and therapy.

These achievements, especially in the oncological field on which this paper is focused,
have suggested to some that we are in the age of personalized medicine.2 Neverthe-
less, despite its importance and novelty, personalized medicine seems to attract more
researchers and clinicians, rather than patients. Indeed, understandably, the latter have
shown much more interest in the “care” side of the matter, starting from the consid-
eration that healthcare delivery should not be limited to disease treatment in a strict
technical sense, but in the act of taking care of a human being as a whole (van Heist,
2011; Cornetta & Brown, 2013; Boniolo & Sanchini, 2016).

However, the passage from personalized medicine to personalized care, especially in
the oncological field, is made more intricate by an aspect, that is, tumour heterogene-
ity, which so far has not been discussed sufficiently from an epistemological perspec-
tive (see Bertolaso, 2011; Germain, 2012; Plutynski, 2017; Fagan, 2017).

Tumour heterogeneity means not only that each cancer has to be individualised in a
specific patient, but, more importantly, that each individual cancer affecting an in-
dividual is actually composed of a set of different cancer subpopulations. That is,
cells belonging to the same cancer show distinct genetic and phenotypic character-
istics (such as gene expression, metabolism, motility, and angiogenic, proliferative,
immunogenic, and metastatic potential).

This fact, which emerged from recently available sequencing technologies and which
is at the centre of an intensive biomedical research program3, is posing a huge chal-
lenge to personalized medicine and thus to personalized care.

Needless to say, if we were able to provide a good epistemological analysis of this
issue, we would be able to understand the core of contemporary biomedicine and its
epistemic role in the fabric of knowledge. It is a task that we should undertake, if we
want to comprehend the current status of biomedical research and clinical practice and

1Of course, these new ways of seeing disease and health should be at the core of the philosophers’
attention (see Boniolo & Nathan, 2017). By post-genomics we usually refer to a research field that extends
the domain of genomics (characterised, in particular, by genome sequencing, functional genomics, gene
architecture) to include transcriptomics (the study of patterns of gene transcription), proteomics (the study
of patterns of protein expression), metabolomics (the study of patterns of chemicals influencing our cellular
biochemistry and metabolism), and, above all, epigenomics (the study of gene expression due to micro and
macro-environmental inputs particularly affecting DNA methylation and histone modifications).

2It can be broadly defined as the tailoring of medical treatment to the individual patient’s (especially
genetic and epigenetic) characteristics, needs and preferences during all stages of care, including preven-
tion, diagnosis, treatment and follow-up. See the Report on Personalized Medicine by European Science
Foundation and the report Paving the way for personalized medicine by Food and Drug Administration and
Golubnitschaja et al. (2016, 23).

3See the recent issue of Nature devoted to it (Vv.Aa., 2013).
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if we want to be more aware of the vagaries that life could present whenever we are in
the unfortunate role of patient or patient’s relative.

In order to philosophically set the question, after a first survey on what tumour hetero-
geneity is and on what its clinical consequences are, I introduce the notion of patch-
work narrative. This concept allows me to indicate how molecular oncologists de-
scribe and explain the extremely complex set of events and processes ascribable to
tumour heterogeneity by resorting to conceptual terms belonging to other biological
fields (in particular, evolutionary biology, developmental biology, ecology and stem
cells biology). Then I present the main accounts of tumour heterogeneity in order to
make clear their patchwork narrative structure. I conclude by discussing the reasons
why speaking in terms of evolutionary, developmental, or ecological models is not
satisfactory and why a patchwork account could be ideal to cope with the epistemo-
logical complexity of this biomedical field.

2 Tumour heterogeneity

Any multicellular organism shows cellular heterogeneity in its several compounding
tissues. For example, in humans there are about 200 different types of cells. Never-
theless, such heterogeneity is guided by an ordered developmental program starting
from the zygote’s single initial genome and governed by a proper coordination of
dynamic signal transduction and then by long-term maintenance of gene expression
patterns due to epigenetic mechanisms. These processes ensure a balance between
cells capable of continuous self-renewal or remaining in stem-cell-like states and their
progenies committed to tissue lineages and differentiation. The same processes occur,
more or less, in a neoplastic tissue but in that case, we do not have the initial develop-
mental program starting from the genome and resulting in ordered structures. Instead,
the neoplastic process results in a complex situation—tumour heterogeneity—that is
difficult to describe and to explain and even more difficult to clinically treat.

It is important to recall that since the advent of cancer nosology, an organ based clas-
sification system has been used with good success in clinical practice and research.
Thus, for a long time we have spoken about breast cancer, lung cancer, prostate can-
cer, liver cancer, etc. With the development of molecular technologies, both genetic
(e.g., KRAS mutation for colon and lung cancer; EGFR mutation for lung cancer;
BRAF mutation for colon cancer and melanoma) and epigenetic (e.g., DNA methy-
lation alterations) biomarkers have began playing a major role both in the diagnostic
phase and in the drug discovery process that could lead to new therapies (see Febbo
et al., 2011; Baylin & Jones, 2011; Boem, Pavelka, & Boniolo, 2015). But the intro-
duction of extensive sequencing technology has revealed the genetic and epigenetic
heterogeneity among tumours and, thus, not only that there are no two identical tu-
mours, but that not even two samples from the same patient’s cancer are exactly the
same. So, step-by-step, we have understood that cancer is not a single disease, rather
that any cancer is a “different disease”, and that in the same cancer actually we have
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“many cancers”, each with its own histopathological and biological features.

In a slogan, as any individual human being is unique (Boniolo & Testa, 2012; Boniolo,
2013a), so any tumour is unique, or, rather, any tumour cell population in an individual
tumour is unique.

Such uniqueness has two facets: the intertumour heterogeneity (the variability occur-
ring between tumours arising in the same organ) and the intratumour heterogeneity
(the variability occurring in the same individual tumour) (see Burrell, McGranahan,
Bartek, & Swanton, 2013).

In what follows, I will focus my analysis particularly on intratumour heterogeneity,
since it is the more relevant from a research and clinical point of view and the one
which necessitates a more accurate epistemological investigation.

Before beginning, it is worth recalling two pairs of notions that will help understanding
what follows. The first pair is the cell-of-origin and the cancer stem cell (CSC). By
the former we intend a normal cell that acquires the first cancer driven mutation. The
latter is a cell that possesses the characteristics usually associated with normal stem
cells, that is, self-renewal (which, in our case, produces daughter cancer stem cells)
and potentiality (which, in our case, begets sub-type cancer cells).

The second pair has to do with spatial heterogeneity, indicating that different regions
of a tumour present different series of genetic aberrations, and temporal heterogene-
ity, referring to the course of disease progression (see Geyer et al., 2010; Torres et al.,
2006; Martelotto, Ng, Piscuoglio, Weigelt, & Reis-Filho, 2014). Concerning this lat-
ter aspect, one should note that heterogeneity within primary tumours is only one of
the many aspects of cancer heterogeneity. Cancer is a systemic disease: over time, ma-
lignant cancers shed a large number of cells into the blood stream and lymph vessels;
some of these cells find a place in distant sites and develop into metastases. Therefore,
to have a really complete understanding of cancer heterogeneity we should also un-
derstand metastatic tumours, which, as is known, are the most fearsome aspects, since
they are responsible for the majority of cancer-related deaths.

3 Clinical relevance

Needless to say, spatial and temporal heterogeneity –that is, inter and intratumour het-
erogeneity and heterogeneity between primary and metastatic lesions– have profound
implications for patient care (Bedard, Hansen, Ratain, & Siu, 2013, see).

Concerning the diagnostic aspect, heterogeneity poses a challenge to personalized
cancer medicine because a single needle biopsy, or a single surgical excision, al-
most never accurately captures the complete genomic landscape of a patient’s cancer.
One might think that serial tumour sampling, at crucial times, may help to monitor
the temporal heterogeneity. In many cases, however, this multiple sampling is not
clinically feasible. On the other hand, heterogeneity also involves clinically relevant
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biomarkers. This means that, due to genetic differences within and between tumours,
biomarkers that may predict treatment responses or prognoses vary from situation to
situation.

Concerning therapies, the extent of heterogeneity observed in various cancer types
suggests we need a new paradigm for thinking about how they should be delivered.
Heterogenic tumours may exhibit different sensitivities to cytotoxic drugs among dif-
ferent clonal populations (see Yap, Gerlinger, Futreal, Pusztai, & Swanton, 2012).
This is attributed to clonal interactions that can inhibit or alter therapeutic efficacy.
Thus, drug administration in heterogenic tumours, even if it results in initial tumour
shrinkage, seldom kills all tumour cells. The initial tumour population can bottleneck,
such that few drug resistant cells can survive.4 This allows resistant tumour popula-
tions to replicate and grow a new tumour, which is resistant to the initial drug therapy
and sometimes even more aggressive (see Sequist et al., 2011; Turner & Reis-Filho,
2012; Landau et al., 2013) (see Figure 1, from Kleppe and Levine, 2014).

Figure 1.

4For example, temozolamide, the standard first-line therapy for glioblastoma multiforme, induces mu-
tations in tumour DNA. Some are deleterious for the cells and result in death, others neutral and act as
passenger mutations, but others such as mutations in mismatch repair genes are potentially advantageous
for tumour cells (see Johnson et al., 2014). Imatinib mesylate is the gold standard of treatment of chronic
myeloid leukaemia. Although response rates to imatinib are high at 5 years, approximately 6% of patients
progress to the accelerated phase and 3% have a haematological relapse (see Druker et al., 2006).



328 Patchwork narratives for tumour heterogeneity

4 The patchwork narrative

Given this brief introduction on tumour heterogeneity, let us move on to the philo-
sophical tool I wish to introduce.

In order to describe and explain scientific events and processes, we need a particular
kind of narrative, which, depending on the specific field, takes different forms. Here
by ‘narrative’ I mean a form of human discourse that, more or less coherently, com-
municates something about something. Thus, a ‘scientific narrative’ communicates
something, which should be epistemologically valid, about a given piece of nature,
also by offering a representation of it. Different scientific fields allow for different
kinds of scientific narratives. Just as there is the research field of gravitation, there
is also the research field of tumour heterogeneity. But while a narrative concerning
gravitation has the form of a theory (i.e., the theory of gravitation), it seems that this
is not true of tumour heterogeneity: we do not have any theory of tumor heterogene-
ity. Maybe here ‘theory’ could be used in a very loose and non-technical manner, but
without any strong epistemological commitment concerning its logical structure and
its predictive power. On the other hand, we know that the question of whether there
are theories in biology and medicine has a long and controversial history, recently
revamped (Pigliucci, Sterelny, & Callebaut, 2013).

Nevertheless, even if we do not have a theory of tumor heterogeneity, we need some
kind of narrative in this field, since we have to describe and explain why there is such
a genotypic and phenotypic diversity among the neoplastic cells of a single tumour,
or among those of a primary tumour and those of its metastatic products. In order to
do this we have to consider a matter of great great complexity, both from a spatial and
a temporal point of view, involving both differences among cellular populations and
intricate intersecting probabilistic causal pathways where genes, proteins, chemicals,
intrinsic and extrinsic cellular properties5, etc. have a role. It is not important here
to address the problem of whether this extreme ontological complexity has to be con-
sidered in a metaphysical way –that is, as something pertaining to the real nature of
tumors, or just epistemically –that is, as something concerning our level of knowledge
of what tumors are and of how they develop. What is at stake is the fact that we have
to describe and explain such a complexity in the most accurate and reliable possible
manner. This is not merely of philosophical interest, and not even a sheer matter of
scientific curiosity, but a practical need since we want to cure actual, and to take care
of potential, patients affected by cancer pathologies.

5By cell intrinsic properties we mean the properties related both to the genetic mutations driving the
primary tumour formation (for example, HER2, or BRCA1 and 2 mutations for breast cancer), and to the
alterations of the epigenetic landscape (disruption of DNA methylation, histone modification, and chromatin
compartments). Instead the cell extrinsic properties concern the usual interactions between cells (in this case
cancer cells) and the surrounding microenvironment, connected with the recruitment of both endothelial
cells to generate the blood supply for the developing tumour and other stromal cells (inflammatory cells,
fibroblasts, pluripotent mesenchymal stem cells, etc.).
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We could think pluralistically that in the field of tumour heterogeneity we have a nar-
rative realised by a set of different phenomenological models, each of which is able
to grasp a particular aspect.6 This may resemble what happens in population genet-
ics or nuclear physics. We know that there is no theory of population genetics as a
whole and (for totally different reasons) that there is no theory of nuclear physics as
a whole. Instead, we have a set of (more or less mathematized) phenomenological
models able to describe and explain events and processes belonging to the field of
population genetics (see Hartl & Clark, 2007; Ewens, 2004) and, similarly, we have
a set of (mathematized) models able to describe and explain events and processes
belonging to the field of nuclear physics (see Boniolo, Petrovich, & Pisent, 2002).
Nevertheless, the narratives concerning both population genetics and nuclear physics
have their own language, with their own conceptual terms on (or by means of) which
the (more or less mathematized) phenomenological models are constructed. But this
does not happen with tumour heterogeneity. As I will show in the next sections, in
order to describe and explain events and processes, each researcher constructs a pe-
culiar narrative borrowing concepts from other biological fields, mainly evolutionary
biology, developmental biology, ecology, and stem cell biology.

Certainly, as could be easily observed by reading the literature, there are molecular
oncologists constructing narratives in terms of an ‘evolutionary/Darwinian model of
tumour heterogeneity’, ‘cancer stem cells model for tumour heterogeneity’, ‘ecologi-
cal model for tumour heterogeneity’, etc. Actually, they are using the term ‘model’ in
a very loose way. As far as I know, in none of their papers is there an analysis of what
a model is, or an indication on what they mean by ‘model’. On the other hand, the fact
that they use a philosophically (epistemologically) loaded term like ‘model’ implies
neither that they use it in a technical sense, nor that they recognize the need to clar-
ify in which sense they are adopting it. They simply use it in an “epistemologically
relaxed” way, as has happened with terms like ‘information’, in the field of coding
DNA, or ‘mechanism’, especially in molecular biology (see Boniolo, 2003, 2013b).
And, I think, nothing should hinder this way of proceeding. They are not philosophers
of science and they are not publishing in philosophical journals.

The same problem attaches to their narratives: molecular oncologists claim that the
latter are evolutionary/Darwinian, or developmental, or ecological. Certainly, what
they are providing could have a certain Familienähnlichkeit with an evolutionary/Dar-
winian account, or with a stem cell account, or with an ecological account. But, as we
will see, it is just a Familienähnlichkeit.

This points have induced me to introduce the idea of patchwork narrative. By this

6There is an extremely long (and well-known) story about what a model is and about what are (if there
are) the differences between a theory and a model. There is also a long story about different taxonomies
of models in different scientific fields. Of course, it is not worth entering now such a topic (see Boniolo,
2007). For the sake of what I am discussing here, it suffices to speak in terms of ‘phenomenological models’,
intended as those models constructed by the researchers in order to save the phenomena in a given domain
in which there is no theory available.
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concept I mean a scientific narrative which is not a theory (in any technical sense), not
even a model (in any technical sense) or a set of models, but a descriptive and explana-
tory discourse which, by borrowing conceptual terms (the “pieces of the patchwork”)
belonging to evolutionary biology, developmental biology, stem cells biology, ecol-
ogy, etc., offers a logically coherent and epistemically valid view of a given aspect of
tumour heterogeneity.

Let us see if and how this philosophical idea really works. In order to accomplish this,
I will review the main narratives adopted to describe and explain events and processes
concerning (intra)tumour heterogeneity. Then, I will return to philosophy.

5 Describing and explaining intratumour heterogene-
ity

As mentioned, by intratumour heterogeneity we mean the complex coexistence of
subpopulations of cancer cells that differ in their genetic and phenotypic character-
istics within a given primary tumour, and between a given primary tumour and its
metastases. In order to describe and explain it, four main narratives have been of-
fered: (i) the clonal evolution narrative; (ii) the cancer stem cell narrative; (iii) the
cell plasticity narrative; (iv) the ecological narrative.

5.1 The clonal evolution narrative

The clonal evolution narrative was brought to wide attention in the Seventies (see
Cairns, 1975; Nowell, 1976; Attolini & Michor, 2009; Polyak, 2014). It is based on
the idea that cancer cells evolve progressively during multistep tumourigenesis and
heterogeneity is caused by heritable genetic and epigenetic changes, which form the
material for the selection and the clonal development of novel cell populations.

Tumours arise from a single mutated cell (the cell-of-origin) and accumulate addi-
tional mutations as they progress. Such mutations give rise to additional subpopula-
tions, each of which has a different ability to divide and mutate further. As a conse-
quence, there could be subclones possessing an evolutionary advantage over the others
within the tumour microenvironment, and these subclones may also become dominant
in the tumour over time. It is important to note, however, that the generation of variants
can occur more rapidly than the elimination of less-fit clones, resulting in an increase
of heterogeneity.

Already from this, it is evident that such a narrative borrows its jargon mainly from
evolutionary biology: the evolution concerns cancer cells and the selection pressure is
given by the tumour microenvironment.

For the sake of simplicity, tumour evolution is often described as a linear succession
of clonal expansion rounds, where every new step is driven by the acquisition of an
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additional mutational event, which leads to a new selective situation (Figure 2a, from
Marusyk and Polyak, 2010).

However, this linear representation does not reflect the dynamics of any tumour evolu-
tion, even if it has been observed in multiple myeloma and in acute myeloid leukaemia.
More common appears to be a so-called branched-evolution, found in many tumours
(breast, ovarian, prostate, pancreatic, and bladder cancers, as well as in chronic lym-
phocytic leukaemia, multiple myeloma, acute myeloid leukaemia, glioma and clear
cell renal cell carcinoma) (Figure 2b, from Marusyk and Polyak, 2010). Here, ran-
dom mutations are constantly produced as a result of both proliferation and increased
genomic instability and then tested by selection. Concerning these mutations, only a
minority of them is selectively advantageous, while the majority is discarded by selec-
tion. Nevertheless, there are many neutral or even slightly disadvantageous mutations
that can be retained and even undergo some expansion due to genetic drift. These are
the so-called passenger mutations, which are acquired as incidental by-products of
the cancer cells’ high mutability (they are the hitchhiker mutations of the evolutionary
account; see Greaves and Maley, 2012).

Figure 2.

As the selective pressure changes, for instance, between the microenvironment of the
primary and metastatic site or due to the administration of systemic therapies, a differ-
ent set of mutations may become advantageous. The presence of differential selective
pressures can, therefore, cause subclones to diverge, generating additional intratumour
heterogeneity. Moreover, since selection is context-specific and blind to the future,
some of the mutations that are selectively advantageous at certain stages of tumour
progression may lead to evolutionary dead ends and, therefore, cannot be present at a
successive time.
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It should also be noted that in addition to genetic alterations, epigenetic events could
be heritable and subject to selection. But the complexity of tumour evolution is further
influenced by the continuous variation of the tumour microenvironment, which alters
the selective pressures on tumour cells.7

Figure 3. The left panel shows the evolutionary history of a tumour; the central
panel represents a snapshot of the tumour at a given time; the right panel shows the
potential future development. Tumour A shows a linear evolution pattern; tumours B
and C show a branched pattern. Single snapshots of tumours B and C could suggest
that they have identical evolutionary processes, but their past and future evolution
actually follow different patterns.

Note that the subclonal diversity within a tumour if viewed as a snapshot, rather than
longitudinally, provides little information about the future evolution paths that the
tumor and its cellular populations might take. On the other hand, as already noted
above, the acquisition of mutations is a stochastic process, and it is blind to the future.

7In addition, there could a change of tumour cell populations over time due to the epistatic relationships
that there are among the effects of driver mutations (see Weigelt & Reis-Filho, 2014). Generally speaking,
in genetics by epistasis we mean that the effect of more genes together is different from the effect of each
one considered individually (see Cordell, 2002; Phillips, 2008).
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All of this implies a lot of difficulties for clinicians in prognosticating what will happen
to that particular patient in the near and more distant future. (Figure 3, from Hiley,
de Bruin, McGranahan, and Swanton, 2014).

5.2 The cancer stem cell narrative

The concept of cancer stem cell (CSC) was proposed to describe and explain het-
erogeneity of cancer cells more than three decades ago (see Dick, 2008). However,
it emerged as a mainstream idea only recently, initially for hematopoietic neoplas-
tic phenomena (Lapidot et al., 1994). Then, it was expanded to solid tumours, such
as breast cancer (see Al-Hajj, Wicha, Benito-Hernandez, Morrison, & Clarke, 2003;
Visvader & Lindeman, 2008).

The CSCs narrative proposes that, within a given tumour, a phenotypic hierarchy ex-
ists, with a minor subset of the CSCs at the apex and highly proliferating, lineage-
committed progenitors and terminally differentiated cells at the base. This means
that tumour growth, disease progression and heterogeneity generation are driven by a
small population of tumor cells, while the vast majority do not contribute and would
be unable to regenerate a tumour after a successful therapeutic intervention. In prin-
ciple, CSCs could self-renew indefinitely, drive growth and differentiate into virtually
all cancer cell types, thereby producing heterogeneity. On the other hand, progenitors
and terminally differentiated cells should be highly proliferative, display lineage com-
mitment, have limited proliferative potential8 and very poor capacity to contribute to
disease progression.

However, the existence of CSCs is under debate. One reason is that is not easy to re-
produce markers for CSCs across multiple tumours. Moreover, in order to determine
tumourigenic potential, we utilize xenograft models. Unfortunately, these methods
suffer from limitations such as the need to control immune response in the transplant
animal, and the significant difference in environmental conditions between the pri-
mary tumour site and the xenograft site (see Quintana et al., 2008; Anderson et al.,
2011; Meacham & Morrison, 2013). This has raised some doubts about the accuracy
and the relevance of the results concerning CSCs. Further, the CSCs hypothesis is
disputed given the evidence showing the existence of a dynamic equilibrium between
differentiated cells and CSCs (Gupta et al., 2011). It seems not only that CSCs can
differentiate into terminally differentiated cells, but terminally differentiated cells can
also de-differentiate into a CSCs state. This means that, in some contexts, the CSCs
phenotype may represent a state that cancer cells within a tumour can acquire rather
than an isolated population of cancer cells that constantly exhibit those properties.
Moreover, the difficulty in replicating solid-CSCs markers, the variability from pa-
tient to patient, and the dissimilarity in results from different xenograft models have

8The cellular division is linked to the so-called Hayflick’s limit (see Hayflick, 1965).
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made it even more unclear which cancers can be positively grasped with this approach
(Magee, Piskounova, & Morrison, 2012).

5.3 The cell plasticity narrative

The two approaches above might not be mutually exclusive. For example, a driver
mutation could occur in a cell with stem cell properties. Or a mutation might pro-
mote cancer stemness by reprogramming a cell that lacked this potential before (see
Visvader, 2011). The cell plasticity narrative develops this idea.

It is an approach, mixing the evolutionary jargon and the stem cells jargon, according
to which cancer heterogeneity is due to a series of processes concerning different
cell populations in which committed, non-stem cells and non-CSCs can undergo a de-
differentiation program and re-enter the cancer stem state (Figure 4, from Marjanovic,
Weinberg, and Chaffer, 2013).

Figure 4.

Note that epigenetic variation might be one of the changes contributing to cellular plas-
ticity. On the other hand, this would be an additional factor in countering the strictly
hierarchical hypothesis of the existence of CSCs as a stable and isolated population
(see Easwaran, Tsai, & Baylin, 2014).

5.4 The ecological narrative

We know that the tumour microenvironment is a highly heterogeneous mix of cellu-
lar and non-cellular components, consisting of the extracellular matrix, vasculature,
fibroblasts, smooth muscle cells, immune cells, nerves, and proteins in the immediate
extracellular environment. As briefly described, it plays a major role in heterogeneity,
since it is the selective agent.
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There is not only a one-way direction: from the microenvironment to the tumour; but
the reverse pathway also occurs: from the tumour to the microenvironment. Any tu-
mour creates its own particular microenvironment, and since any tumour is unique,
due to its heterogeneity, each microenvironment is unique. On the other hand, any
microenvironment selectively acts differently on tumour cells, and since any microen-
vironment is unique, any selective action is unique (see Figure 5, from Ungefroren,
Sebens, Seidl, Lehnert, and Hass, 2011, 1). Moreover, the tumor microenvironment
is modified by drug therapies, but different microenvironments allow for a different
efficacy of drug therapies (Junttila & de Sauvage, 2013). Starting from these con-
siderations, there are many molecular oncologists who have elaborated narratives, by
borrowing concepts from ecology and by emphasising the idea of niche construction,
based on a strong mutual causal relation between tumour heterogeneity and tumour
microenvironment (see Odling-Smee, Laland, & Feldman, 2003; Merlo, Pepper, Reid,
& Maley, 2006; van Dijk, Göransson, & Strömblad, 2013; Barcellos-Hoff, Lyden, &
Wang, 2013; Yang et al., 2014; Chen et al., 2015; Kareva, 2015; Amend & Pienta,
2015).

Figure 5. Mutual interactions between tumour cells and the extracellular matrix
(ECM), tumour-associated macrophages (TAM), carcinoma-associated fibroblasts (CAF),
mesenchymal stem cells (MSC), endothelial cells (EC).

6 The patchwork narrative and its competitors

As seen, many scientists working on tumour heterogeneity speak of an evolutionary,
or developmental, or ecological model. Unfortunately, there is no indication of the
criteria to be satisfied in order that those accounts could be really considered as such.
This mission has been taken by some (not so many) philosophers who have exercised
their analytical expertise exactly on this point.
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One of the first (if not the first) works facing tumour heterogeneity from a philosophi-
cal perspective was a paper in which the author argued that the ‘Darwinian (or evolu-
tionary) model’ is not Darwinian (or evolutionary) in a paradigmatic sense (Germain,
2012).

Germain first recalled the characteristics which should be satisfied in order for a pop-
ulation to be considered “Darwinian”. Then he showed that among the events and
processes ascribable to tumour heterogeneity, there were some that could not exactly
satisfy those criteria. Note that Germain had many possibilities of identifying the set
of characteristics considered as individuating a real Darwinian population, and there-
fore a real Darwinian model. Instead of choosing among the evolutionary biologists’
proposals (for example, that one suggested by Mayr, 2002 or by Ridley, 2007), he de-
cided for a philosopher’s account, that is, the one indicated by Godfrey-Smith (2009).
According to Godfrey-Smith, a population in order to be Darwinian should be char-
acterised by (i) fidelity of heredity; (ii) abundance of variation; (iii) continuity, or
smoothness, of the fitness landscape; (iv) dependence of reproductive differences on
intrinsic characters; (v) reproductive specialization; (vi) integration, or the extent of
mutual dependence. Germain showed, by resorting to the scientific literature, that al-
though cancer population meets these requirements to some degree, and can therefore
be considered minimal Darwinian populations, they do not quite qualify as paradig-
matic Darwinian populations:

Let us now summarize our evaluation of cancer cells. Cancer cells have
sufficient variation for evolutionary change, and although their relatively
low fidelity of heredity might threaten the possibility of complex adapta-
tion, it is generally in the range compatible with minimal Darwinian pro-
cesses. However, cancer cells display a level of integration reminiscent of
organs, and share reproductive fate to an important extent. Much of the
fitness differences between cells does not depend on their intrinsic fea-
tures, which strongly suggests that these differences cannot be the basis
for paradigmatic Darwinian processes. Perhaps the most crucial dimen-
sion, the degree of reproductive specialization will vary from case to case,
depending on the extent to which a given cancer follows a CSC model.
When it does, long-term proliferation will be restricted to a tiny subpop-
ulation of the tumour, rendering most cancer cells unable to accumulate
evolutionary changes [. . . Therefore c]ancer cells are at least minimal Dar-
winian populations [that is, there are heritable variations in fitness], but
not paradigmatic ones. (Germain, 2012.)

This perspective has recently been challenged by Lean and Plutynski (2016). They
claim that Germain is not wrong but that his view is too narrow since he does not
take into account a “multilevel evolutionary perspective” (see Sober & Wilson, 1998;
Okasha, 2006), especially in the formulation offered by Damuth and Heisler (1988).
Here there are some points to be noted. First, this perspective is not totally shared
both among the scientists and among the philosophers, even if, honestly, this fact is



Patchwork narratives for tumour heterogeneity 337

not so important for what is here on the stage.9 Second, Lean and Plutynski do not
show that each of Germain’s counter-examples to the evolutionary model of tumour
heterogeneity is really graspable by the multilevel evolutionary perspective. Third,
they assert that "this multi-level perspective provides a representation of cancer pro-
gression that is both predictive and explanatory. The accumulation of mutations (and
epigenetic changes) in neoplastic progression involves heritable variation in fitness of
cancer cells and lineages, e.g., timing and acquisition of particular mutation types,
chromosomal instability, hypoxia, acid resistance, transition to mesenchymal pheno-
type. Cancer progression involves several transitions in individuality and levels of
selection, and, is a unique case of multi-level selection: it evolves at the level of pop-
ulations of cells, competition among cell lineages, via cooption, a kind of cross-level
exaptation, and as a group, or higher level individual" (Lean & Plutynski, 2016, p. 52).
In reality, they show that some events and processes ascribable to tumour heterogene-
ity can be coopted by a multilevel evolutionary account. Nevertheless, as we know,
this does not mean that such an account is epistemologically useful in general, but
only that it is epistemologically useful in grasping those particular items. Moreover, I
have some doubts about “predictability”. If they were right, the difficulties indicated
towards the end of section 5.1 above (and depicted in Fig. 3) would not exist and
the clinical prognosis of any tumour would be easy and sure. Unfortunately for the
patients, this is not so.

Certainly, and I could agree with Plutynski (2017), there are no “devastating objections
to the evolutionary perspective on cancer”, even if she herself concedes that cancer
cells do not have the same heritable variation in fitness and the same level of adaptation
of other living beings. Nevertheless these objections exist and they weaken the claim
that we have an evolutionary model for cancer heterogeneity.

There is another point that is worth mentioning. Speaking in favour of an evolutionary
model, it has been said that even if the cancer cells have a short life (due to the death
of the host, or to their –fortunate for the host— total elimination due to a working ther-
apy), there is the case of the canine transmissible venereal tumour and of the in vitro
cancer cells, like the famous HELA cells.10 These should be examples of immortal,
or at least long living, cancer populations. Actually the canine transmissible venereal
tumour is one of the very few examples of non-viral transmissible cancer, that is, can-
cer transmissible but not by oncoviruses or cancer bacteria (others are the Tasmanian
devils’ facial tumour disease; the Syrian hamsters’ contagious reticulum cell sarcoma;
the soft-shell clams’ neoplasm of the hemolymphatic system). It is important to note
that they are transmitted from non-humans to non-humans and that they happen very
rarely in humans and in a totally different way.11 Given their rarity and particularity,
instead of being considered as a good proof of the long life of cancer cells and thus

9For a first hint on the debate, see http://edge.org/conversation/the-false-allure-of-group-selection.
10These are immortalised cancer cells derived from a cervical cancer of a woman, Henrietta Lacks, who

died of her tumor in 1951 (see Skloot, 2010).
11In the literature, very few cases between humans are reported, for example, Gärtner et al. (1996).
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as an argument in favour of an evolutionary model, I would consider them as one of
many aspects of the complexity of the phenomenon ‘cancer’, especially considering
the fact that species with different genotypes do have or do not have (as it happens in
naked mole rats) peculiar cancerogenous manifestations. Concerning the immortal-
ized in vitro cancer cells, there is a misunderstanding. The in vitro cancer cells (and
we have dozens of different varieties of these cancer lines, which are now commer-
cialised for the benefits of the researchers) have almost nothing to do with the real
in situ cancer cells or with the primary tumour cancer cells, as I discussed elsewhere
(Boniolo, 2017).

As seen above, beyond the evolutionary account, there is also the CSCs account. This
could be a problem for those who think that the evolutionary model is enough. Nev-
ertheless, Plutynski (2017) claims that there is no reason to consider the CSCs as
a counterexample, since instead of considering one single evolving lineage starting
from a cell-of-origin, one should think in terms of many evolving cell lineages. She
grounds this observation on a paper by Sprouffske and colleagues (2012). Actually,
as we know from the Popperian debate on this topic in the Seventies, every counterex-
ample can be inserted in any theory by ad hoc modifications. But we know, from
that old classical debate, that such a modified account should be empirically more
powerful than the unmodified account and it seems to me that neither Sprouffske and
colleagues nor Plutynski have provided such a proof.

This mention to stemness and tumours allows me to move to the CTCs “model”. As
far as I know, among philosophers only Laplane (2014) and Fagan (2017) have offered
a view on this issue. I focus on Fagan, since, on the one hand, her conclusions are more
or less similar to Laplane’s and, on the other hand, her account is more interesting for
my aim to show how weak an account can be in terms of CSCs and ‘model’.

First of all, while the approach above interpreted tumour progression as an evolution-
ary process, this reads it as a developmental process starting from an initial cell charac-
terized by stemness. Fagan, honestly, admits that it is not so clear what a ‘CSCs model’
is. She is not thinking about the ‘model’ part of that locution (as said, no one tells us
in which sense he/she is using the term ‘model’). Instead she wants to show the ambi-
guity of that locution as a whole. She says that, in reality, there is a “minimal model”
characterised by two features: “(i) cells comprising a tumour are heterogeneous in
phenotype and function; and (ii) these patterns of variation map onto a hierarchical
lineage structure, with more tumourigenic cells giving rise to less tumourigenic, more
differentiated, progeny”. Actually, these two features work well also for a possible
evolutionary model, as seen above, since they describe two of the main aspects of tu-
mour heterogeneity in general. Moreover, surprisingly enough, the two usual features
of stemness (self-renewal and potency) are not mentioned for this minimal model!
But let us move on. Fagan proceeds to schow that different authors add different fea-
tures to the minimal set above. In particular, it could be added that CSCs (iii) are rare
within tumours; (iv) are more likely to survive cancer therapy than other tumour cells;
(v) either acquire or inherited that molecular characteristic of stemness that protect
them from anti-cancer drugs; (vi) divide at a low rate; (vii) exhibit gene expression
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patterns associated with pluripotency and long-term self-renewal; (viii) derive from a
cell-of-origin which is a normal stem cell.

Of course, this means that we do not have just one “model” but many “models”, each
one characterised by a different set of assumptions added to the “minimal” two. This
implies that each one should be articulated differently and therefore be capable of
describing and explaining different ensembles of events and processes ascribable to
tumour heterogeneity.

There are, however, two other aspects highlighted by Fagan that deserve attention. The
first is that some of the assumptions just mentioned do not have adequate empirical
support. The second is that any CSCs “model” underestimates events or processes
which can be grasped only evolutionarily or by emphasising the role of the tumour
microenvironment. That is, none seems to be completely empirically adequate and
epistemologically powerful.

With reference to tumour microenvironment and its correlated concepts, while we
have (even if very few) philosophical analyses of the evolutionary approach and of the
CSCs approach, we do not have, as far as I know, any philosophical analysis of the
ecological approach and of its use of the niche construction concept.

Summing up, we have, on the one hand, scientists who speak loosely about evolu-
tionary models, CSCs models, ecological models and, on the other hand, philosophers
who argue for the epistemological relevance of the evolutionary “model”, or for the
CSCs “model” (but not for the ecological “model”), without telling us why it should be
a model and without being able to argue for their epistemological capability to exhaus-
tively describe and explain all the facts belonging to tumour heterogeneity. But, more
importantly, we have a field, i.e. tumour heterogeneity, whose complexity, maybe due
to lack of knowledge maybe due to intrinsic features, is so great that no account alone
seems to be able to describe and explain comprehensively. Instead we have molecu-
lar oncologists who use terms like heritable genetic and epigenetic changes, selective
pressure, evolutionary advantage, less-fit clone, driver mutation, passenger mutation,
random mutation, genomic instability, neutral mutation, disadvantageous mutation,
genetic drift, developmental program, linear and branched evolution, cellular pheno-
typic hierarchy, cellular differentiation and cellular de-differentiation, lineage com-
mitment, niche construction, etc. By means of these concepts, borrowed from evo-
lutionary biology, developmental biology, CSCs biology and ecology, they construct
what I have called patchwork narratives, which allow them to describe and explain a
certain set of events and processes in a logically coherent and epistemologically valid
way.

More precisely, each paper contains a phenomenological patchwork narrative on a
particular aspect of tumour heterogeneity. Such a patchwork narrative can be more
evolutionary, or more developmental, or more ecological, depending on the particular
situation to be coped with and depending on the particular researcher’s perspective.
But none is exhaustive; none is able to cover all the aspects of the complexity of tu-
mour heterogeneity. On the other hand, if we really wanted something fully compre-
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hensive, we should collect all the narratives contained in all the papers. In such a way
we would have a sort of big patchwork narrative which is able to grasp all the known
aspects of tumour heterogeneity and where the compounding narratives frequently
intersect or superpose, sometimes using the same jargon sometimes using a jargon
borrowed from different biological fields. Nevertheless, while each single patchwork
narrative contained in a paper is logically coherent and epistemically valid, this big
patchwork narrative as a whole is epistemically complex, superabundant and some-
times also logically incoherent. However, it is surely phenomenologically extremely
useful, if only because it is what we have now!
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Abstract. In this paper I discuss the role of normativity in model building, particularly
within formal epistemology. I begin by making some distinctions and clarifications,
and then I focus on the problem of testing normative models. I suggest a novel way
to think about putting normative models to the test, which consists in building meta-
models for first order normative settings. I argue that a successful meta-modeling
strategy should enable us to illuminate the mechanism that underlies a given normative
structure, and in this sense it can further test or refine our intuitions concerning what
ought to be the case.

Next I propose a model for probability aggregation that seeks to illustrate our prior
discussion on the relevance and purpose of meta-model building for normative mod-
eling in general. I suggest that, under certain circumstances, it can be rewarding to
look at probability aggregation as a type of cooperative bargaining. Individual agents
are assumed to hold utilities over possible probability assignments to propositions.
Given such utilities, I show how to build an appropriate (pseudo)bargaining situation,
such that points inside the bargaining set are correlated with sets of probability as-
signments (on a given proposition) by the individual agents. Solving the bargaining
problem helps us figure out the probability that can be credited to the group as a whole.
We then obtain a unified perspective on two seemingly disparate phenomena – proba-
bility aggregation and cooperative bargaining. The proposal illustrates how normative
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meta-models are meant to work: Bargaining models here act as meta-models that can
help us elicit intuitions regarding probability aggregation (the first-order phenomenon)
in an indirect way.

Keywords: normative models, probability aggregation, cooperative game theory, bar-
gaining solutions, utilities.

1 Introduction

My aim in this paper is twofold. In the first part (Sections 2 to 4) I will offer some
reflections about the role of normativity in model building, and in particular about
normativity within formal epistemology. This topic remains largely unexplored, so
I would like to establish some ground for future discussion. I will begin by making
some distinctions and clarifications, and then I will focus on the problem of testing
normative models. I will suggest a novel way to think about putting normative models
to the test, which consists in building meta-models for first order normative settings.
A successful meta-modeling strategy should enable us to illuminate the mechanism
that underlies a given normative structure, and in this sense it can further test or refine
our intuitions concerning what ought to be the case.

In the second part (Sections 5 and 6) I will develop one particular model for probabil-
ity aggregation (a subject that squarely belongs to formal epistemology), which seeks
to illustrate some of the general traits of satisfactory normative modeling, including
model testing, discussed in the first part of the paper. More precisely, the proposal
attempts to illustrate our prior discussion on the relevance and purpose of meta-model
building for normative modeling in general. The proposed model might have some in-
terest in itself, regardless of our prior discussion on modeling strategies. I will suggest
that, under certain circumstances, it is rewarding to look at probability aggregation
as a type of cooperative bargaining. Individual agents can be interpreted as holding
utilities over possible probability assignments to propositions, such that, for a given
proposition p, each agent gives maximum utility to the probability of p that each one
takes to be ‘correct’ (i.e., to his or her actual credence on p); utility functions are as-
sumed to decrease continuously from there. Given such utilities, I show how to build
an appropriate (pseudo)bargaining situation (for proposition p), such that points inside
the bargaining set are correlated with sets of probability assignments by the individ-
ual agents. I will argue that solving the bargaining problem helps us figure out the
probability of p that can be credited to the group as a whole; traditional discussions
on the adequacy and correctness of different bargaining solutions become relevant for
our current setting as well. We then obtain a unified perspective on two seemingly dis-
parate phenomena, probability aggregation and cooperative bargaining. The proposal
illustrates how normative meta-models are meant to work: Bargaining models here
act as meta-models that can help us elicit intuitions regarding probability aggregation
(the first-order phenomenon) in an indirect way; as with most normative meta-models,
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the legitimacy of Bargaining models springs from their role in a different context al-
together.

2 Models in formal epistemology: The role of norma-
tivity

Formal Epistemology is an umbrella term, which includes many different disciplines
and research lines. Correspondingly, we should expect to find many different types
of models that can be said to belong to the formal epistemology realm, or to formal
epistemology modeling. Consider, for example, the idealized setting that we take as a
starting point to study the properties of certain voting procedure, within the quarters of
social choice theory. Or consider how a system of dynamic epistemic logic explores
the ways in which the knowledge of a group of agents should (ideally) evolve in re-
sponse to new information; or how rational agents are supposed to accept hypotheses
in agreement with a particular brand of cognitive decision theory, among many other
problems. It is customary to use the word ‘model’ to refer to these and similar exam-
ples. Thus we typically read that a S5 system models knowledge in a way that allows
for negative and positive introspection. Or we say that while AGM proposal in Al-
chourrón, Gärdenfors, and Makinson (1985) aims at modeling the way agents revise
their beliefs when they learn new facts, Katsuno and Mendelzon (1991) is a model of
belief update that is better understood as aiming to capture doxastic modifications that
spring from environmental changes. Or we read that Bayesian conditionalization pro-
vides a model for (partial) belief change that applies to agents in particular contexts of
uncertainty. One salient property of all these examples, compared to typical models
in the empirical sciences, is that they exhibit strong normative features, in one way
or another. We can even wonder whether the term ‘model’ does not have a different
meaning once normativity enters so heavily into the picture. Indeed, the nature and
features of normative models appear elusive, and not as well studied as their counter-
parts within empirical models. In what follows I will try to set some background for
further discussion.

We can begin by considering a very broad distinction between normative and descrip-
tive models, where “normative models attempt to fit normative facts” (Titelbaum,
forthcoming; more on this later). Other authors would rather commit to a tripartite
setting that classifies models into normative, prescriptive and descriptive. So-called
prescriptive models are conceived of as tools to try to improve the extent to which
practice differs from what it should be (according to some account of normativity); we
find a paradigmatic example of this distinction in the work of Jonathan Baron:

One task of our field is to compare judgments to normative models. We
look for systematic deviations from the models. These are called biases.
If no biases are found, we may try to explain why not. If biases are found,
we try to understand and explain them by making descriptive models or
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theories. With normative and descriptive models in hand, we can try to
find ways to correct the biases, that is, to improve judgments according to
the normative standards. The prescriptions for such correction are called
prescriptive models. (Baron, 2004, 19, in the context of a discussion
about judgment and decision making.)

Not everybody understands the relation between the normative and descriptive realms
in the same way. Some authors tend to conceive of whole areas of inquire normally
thought of as normative as ultimately descriptive. Yap (2014) for example, argues
that epistemic logic is in fact descriptive: it contains idealizations, in the same way
scientific models do; thus “criticizing models of epistemic logic in which agents know
all propositional tautologies as being unrealistic would be like criticizing frictionless
planes in physics for being unrealistic.” (Yap, 2014). More generally, other authors
have argued that normative models should be really close to descriptive ones, to actual
practice. Gabbay and Woods (2003) are a good example of this standpoint:

how cognitive agents actually do behave is a (substantial approximation
to) how they should behave. (Gabbay & Woods, 2003, 605; they make
this remark regarding inference, rather than belief.)

And also:

...normativity inheres in how we act and behave... normativity is de-
scriptively immanent, rather than transcendent. (Gabbay & Woods, 2003,
p. 605.)

As it is apparent, this position defies a long and venerable tradition that would insist
that one cannot derive ‘ought’ from ‘is’. Regardless of the details, even if we embrace
a ‘descriptively immanent normativity’, the case remains that idealized behavior is not
actual behavior, and there will always be many different, incompatible ways to settle
on what counts as ideal for each particular situation. Notice that, as opposed to other
context in which we may find normative constraints, when applied to behavior, ‘ideal’
amounts to ‘desirable’ (for certain purposes and goals).

In any case, it might well be that no model is purely descriptive, prescriptive, or nor-
mative. To accommodate for this idea, let me try here a somewhat different taxonomy
– one that seeks to capture the extent to which, and the sense in which, normativity
can play a role within a particular model. In this sense the labels I will mention below
are not meant to single out disjunctive types of models, but to identify non-exclusive
features that might be present in any model. There are (at least) three ways in which
normativity can enter into the picture – three ways in which models can be said to
have normative traits:

(a) Normativity in the context of a (mostly) descriptive enterprise

It is important to acknowledge that normativity definitively plays a role within models
from the empirical sciences. Empirical models can exhibit normative features, for
example, at the time of reasoning about the model, or at the time of relying on various
kinds of idealizations:
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(i) No matter which discipline we are working on, eventually we will have to assess
whether it is reasonable to assert certain claims within the model; for example, we
will have to assess whether we have deductive or inductive reasons to draw certain
inferences. This is just part of the business of carrying out what is customarily referred
to as “investigation or research about the model” – as opposed to: from the model, to
the target system.1 At least in this minimal sense most models share some normative
traits: if we accept a given starting point, other claims should be asserted too.

(ii) On the other hand, empirical models can be quite removed from reality, as we all
know; many models involve what the literature dubbed either Galilean or Aristotelian
idealizations (or both); many models are also said to be caricatures.2 Idealizations
sometimes seem to implement a sort of ‘peeling off’ process; at other times they may
work by way of adding certain features, rather than just removing them.3 As I see it,
many idealizations incorporate normative features, to the extent that ideal entities of
various kinds are conceptually required to possess certain traits. Normativity in this
sense is not related to what someone should strive to do or achieve, nor is it related
to considerations of better or worse performance. As Titelbaum (forthcoming), has
rightly pointed out, “there’s no sense in which a frictionless plane is better than a
real plane”. This is of course true; however, a frictionless plane ought to have certain
properties – although this is not a moral ‘ought’.

Focusing on idealization mechanisms can establish a link between empirical models
and models within the formal epistemology realm (more on this later). However,
typical models in formal epistemology include normative features in other senses as
well, as we will see below.

(b) Constitutive Normativity

Some models seem to have the explicit goal of helping us acquire a better understand-
ing of rationality, or personhood, among other possibilities – or, to be more precise:
some models can be used with the explicit aim of bringing about such understand-
ing, regardless of the original motivation of the authors who first developed them. We
might conceive of them as aiming to represent normative facts (as Titelbaum would
put it), or perhaps as aiming to represent our intuitions regarding the features of var-
ious types of non-empirical phenomena (fairness, rationality, correct language usage,
or many others). Under the last conception, a big question at this juncture is whose in-

1Cf. also Williamson (forthcoming); models (including normative models) can give us both “vague
unconditional knowledge” that compares one model to another, as well as precise conditional knowledge of
the form “if a given case satisfies the model description, then it satisfies this other description too”.

2For an overall perspective on idealized models cf. Frigg and Hartmann (2012).
3It is not always obvious which of the two procedures is actually in place in a given example. Cf. for

example Mäki (2009): “In assuming perfect information on the part of economic agents, a model appears
to add a feature that does not obtain in the real world: an excessively powerful mental capacity seems to
be attributed to the model agents. However, it seems to me that the correct reading of the function of this
idealizing assumption is that it is used to remove certain real-world features from the model world: the
search, acquisition and processing of information.”
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tuitions we are seeking to model: those held by the layperson? By the expert? Which
expert, anyway? The resulting model can be very different in each case.

(c) Normativity within a prescriptive setting

Some models depict ideal features of different phenomena with the explicit purpose
of providing a guide to action; even if the full-fledged picture remains ultimately
unattainable, it can function as a regulative ideal. One way of putting it could be
to say that such models seek to capture ‘prescriptive intuitions’: intuitions on what
we ought to do. In any case, we should avoid thinking of prescriptive and norma-
tive models as mutually exclusive types. Consider again an S5 system of epistemic
logic with Common Knowledge. What is the target here? The model can be taken
to represent certain aspects of the behavior of rational agents, and hence constitutive
features of ideal reasoners. But at the same time, by way of modeling what perfect
reasoners will do we may also prescribe what real agents should try to do, even if they
will ultimately fail to do so, if they find it desirable to think of themselves as ratio-
nal creatures. Consider now various voting models, within social choice theory. We
could say that the goal here is mostly prescriptive, in the sense that it is possible to
take conscious implementations seriously; at the same time, however, we can seek to
use such models to have a better understanding of rational features of fair choice, or
impartiality, among other things.

The present reflections point to the fact that normativity is not an all-or-nothing affair,
which speaks in favor of treating empirical models and models in formal epistemology
(and, in general, in philosophy) along similar lines. Indeed, several accounts try to
assimilate normative to empirical models, by claiming that the most characteristic
features of normative models are in fact idealizations akin to the ones we find in the
empirical sciences (cf. Baron, 2004, p. 24; Williamson, forthcoming; or Colyvan,
2013). This has led some authors to claim, for example, that rationality models are
not ‘fully’ normative.4 I find this move curious, as I tend to think that the situation
is exactly the opposite: the fact that idealizations are widespread shows that there are
normative elements within empirical models, rather than non-normative elements in
models from logic or formal epistemology. In any case, regardless of whether we
take idealizations to inject normativity (to descriptive models) or to take it away (from
models of rationality), it is not clear to me whether what I have called ‘constitutive
normativity’ can be fully reduced to the presence of various idealizations of actual
behavior – even though idealizations can of course play a role at the time of building
such models.

4Cf. Colyvan (2013), or Yap (2014). Colyvan contends that theories of rationality within formal epis-
temology are normative, but “they are not normative through and through” (2013, p. 1338); he wants to
separate the normative elements from other kinds of idealizations, which he takes to be non-normative. On
the other hand, Yap (2014) follows Weisberg (2007) in identifying three kinds of idealizations in science
(Galilean, minimalist and multiple-models); all three of them are present in models within epistemic logic.
Yap suggests that, to the extent that we can show that the unrealistic features are in fact idealizations of
various types, a given model is not truly normative, but descriptive.
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3 A problem

In light of the above, we could be tempted to conclude that the distinction between
models in the empirical sciences and models in formal epistemology is really a matter
of degree. However, things are slightly more complicate. Even authors sympathetic to
pragmatist conceptions of models, like Suárez (for whom the reference to agents and
purposes is essential, and models do not ‘mirror’ the world in any interesting sense)
are fast to point out that “scientific representations have cognitive value because they
aim to provide us with specific information regarding their targets” (Suárez, 2004). As
I see it, one of the main problems we face here is that, when constitutive normativity
enters into the picture, the target system becomes elusive. What type of information
are we aiming at, exactly? It is true that gathering data can always be a difficult
business, regardless of the discipline. However, if our data are normative facts the
problem is compounded. How can we ever ensure we are getting such facts right?
We could try to overcome this problem, to some extent, by claiming that normative
models target our intuitions on various normative matters. But this answer does not
solve our worries.

The reason is the following. An assessment of the correctness of models in the em-
pirical sciences can proceed, among other things, by way of keeping track of their
predictions. How does the predictive enterprise work in the case of (mostly) norma-
tive models? Suppose we agree that such models seek to capture certain intuitions as
a starting point; later on we draw consequences from there, which might force us to
commit ourselves to claims we would not have thought of before building the model.
Such consequences should be equally intuitive. To put it differently, normative models
can be said to make predictions regarding which other claims we will find intuitive. So
far so good. The problem is that, as I have already pointed out, intuitions on various
phenomena are seldom universally shared. Therefore, even though we can still assess
whether certain sets of intuitions have been more or less well captured by a given
model, it is not clear how to assess whether the intuitions that lie at the heart of it are
misguided in the first place, or perhaps whether the model itself is faulty. Unwanted
consequences (i.e., consequences that are no longer intuitive, or which are at odds
with the intuitions that constituted our starting point) can mean either than the model
was not a good one, or that some of our intuitions should be re-educated: perhaps we
should bite the bullet and accept the odd consequences, or perhaps we should recon-
sider the plausibility of our starting point altogether. In this sense, modeling intuitions
fosters endogamy: the quality control mechanisms for adequate model building are
not independent of the model we are using.

It should be clear that what we may call ‘the endogamy problem’ of normative models
is not tied to our description of the target system in terms of intuitions. Consider,
for example, Titelbaum’s analysis (in Titelbaum, forthcoming). He endorses a well
known distinction among the model framework, its interpretation, and the individual
model that results from so interpreting the framework. In the empirical sciences, we
accommodate the particular model (i.e., the particular interpretation) whenever the
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predictions do not match the data; on the other hand, if there is a significant mismatch,
we tend to question the framework itself. According to Titelbaum, normative models
are analogous to empirical models in this respect.5 Take once again the AGM model
for belief change: “after the loss of belief, rationality requires the agent to believe
such-and-such propositions. Now suppose that this prediction mismatches the data:
It’s not the case that rationality requires the specified beliefs [my emphasis]. This calls
the combination of AGM and our interpretation into question.” But the problem is how
we can ever check whether rationality requires or does not require certain things. The
very possibility of putting the model to the test requires our having some mechanism
to gather reliable data which is at least partially independent of the modeling process
itself. This is sometimes a problem for the empirical sciences as well, but it is not
clear how normative models can ever avoid it. It is of course true, as Williamson
points out, that “if we started in total ignorance about the target, we could hardly
expect to learn much about it by modelling alone” (Williamson, forthcoming), but
by itself this observation leaves us in the dark as to how to proceed when we face
competing candidates to function as the real set of normative facts.

Endogamy, in the sense just explained, might be a trait of normative models we have
to learn to live with. Is there anything we can do to make things better? In the next
section I will make a suggestion that goes some way towards presenting a possible
improvement, at least for some cases.

4 Modeling first-order normativity

The problem described in the previous section can be summarized as the problem of
choosing among competing normative models. This is related (though not identical)
to the problem of choosing among competing sets of intuitions. My suggestion here
is that in order to choose among various normative models it could be helpful to count
with a second-order model. In other words, sometimes we can profit from develop-
ing meta-models for first order normative settings. I do not want to say that every
legitimate modeling strategy for normative models should rely on second-order con-
siderations, but only that this is an interesting possibility, which enables us to think
about the problem of testing normative models, in particular models within formal
epistemology, under a somewhat different light.

Very briefly, this is what I have in mind. We begin the process, at the very first mo-
ment, by acknowledging that we have certain intuitions (on rationality, on equity, on
grammatical correction, etc); if you prefer, we can take such intuitions to correspond

5Sometimes, when predictions are not satisfied, we can explain away the inconsistency by better spec-
ifying the intended domain of application (on this cf. also Colyvan, 2013); by contrast, genuine coun-
terexamples (i.e., those that amount to a real threat for the model) are those that belong to the intended
application domain.



Models and modeling in formal epistemology 357

in each case to a particular element from a normative space.6 We are supposed to elicit
our normative intuitions, or perhaps our intuitions on what we have to do, through a
model encompassing constitutive normativity, or a model with prescriptive features.
But very often we will find incompatible sets of intuitions, at level zero, which may
give rise to different normative models at level one. For example, sometimes we have
a list of criteria, each element of which sounds perfectly reasonable to us, but which
cannot be jointly satisfied (think for example of the several desiderata we can use to
fix of a voting procedure, or of the many ways to escape from Arrow’s impossibility
result). How shall we choose among different normative models, then?

A possible way to go is to try to find a model that was originally developed for a
(possibly) very different target system (ideally, from the empirical sciences), and use
it to represent features of some of the first order normative models.7 The second-order
model then represents, indirectly, a particular normative or prescriptive element from
our normative space. Such a second-order model can only be said to represent such
elements (or our level zero intuitions) indirectly, because the immediate goal is to
explain the mechanism behind a given normative model. By doing so it can reveal not
so obvious features of the normative model in question. Then a first order normative
model is worth selecting if we find a suitable second-order model that represents it. In
short, the tool to choose can be precisely another model, preferably some other model
with roots in empirical phenomena.

Ultimately, this can be seen as a more sophisticated way to test our intuitions regarding
what ought to be the case. By proceeding in this way we can notice that the original
normative fact or the original prescriptive task (for which we are trying to elicit in-
tuitions) shares structural features with other phenomena, so we can come to see the
original problem as part of a more general question. In this sense the second-order
model can provide unification: it can help us see apparently disparate phenomena in a
unified way.

A short clarification: The way I am conceiving of it here, the second-order model is
not meant to supersede the first-order model(s) that it represents. Rather, the aim of
a particular meta-model is to provide validation for a given first-order model. When
this happens, we can say that the given first-order model is robust. Sometimes none
of the elements from our prior pool of first-order models gets so validated; instead,
the second-order model points to the possibility of building an alternative first-order
structure, of which the modelers where not aware before. In this case no robustness
is revealed, which is in itself a kind of progress, in a sort of Popperian way (though
of course I do not mean to say that first-order models which are not found robust are

6Concomitantly, we can take the target system to be a particular ‘normative fact’. For the purposes of
this section, it is irrelevant whether we take target systems to be sets of intuitions (on normative facts), or
the normative facts themselves.

7Several authors acknowledged that models can be reinterpreted; in Titelbaum’s terms, the same struc-
ture can be used in multiple applications, some of them normative and some of them descriptive (Titelbaum,
forthcoming). Cf. also Weisberg (2013).
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thereby disproved).

Finally, it is clear that not all (first-order) normative scenarios will allow for second-
order modeling. Still, the fact that this maneuver is in principle available contributes
to ease our worries regarding the testing of normative models.

In what follows I will illustrate this proposal with the problem of probability aggre-
gation. I will suggest that we turn our attention to bargaining models; we will see
how a single (meta)model (the bargaining model) can be profited to do more than one
task at the same time. In this way we can come to see probability aggregation as a
sub-problem of cooperative game theory. For our present purposes, the target system
of the meta-model is a first order normative model, which will typically consist in
sets of equations; our meta-model could eventually help us decide among an array of
first-order models, and choose the “right” set of equations.

5 An illustration: A (meta)model for probability ag-
gregation

Consider a set of probability functions. The individual measures may actually be the
measures of the individual members of a given group; alternatively, they can also
represent different attempts to capture experimental results, perhaps by a single agent,
among many other possibilities. How shall we represent the probability of the set as
a whole? A rather straightforward answer would be to represent it as a set as well
– perhaps a convex set containing the individual measures. Others would argue that
what we actually need is a bona fide aggregation method, a method that delivers one
single probability function. I will not try to settle this discussion here. Rather, in
what follows I will just assume, for the sake of the argument, that we are interested in
finding the single measure that can be said to correspond to the probabilistic attitude
of a group.

How shall we combine the individual functions in order to obtain a single measure,
then? Notoriously, there are many aggregation rules we could follow here. Among
the most common solutions we should include:8

• Linear opinion pools (e.g., the arithmetic mean)
F(P1...Pn) = w1P1 + ...+wnPn

• Geometric opinion pools
F(P1...Pn) µ Pw1

1 ...Pwn
n

8For a classic overview on probability aggregation cf. Genest and Zidek (1986); cf. also Dietrich and
List (forthcoming).
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• Supra Bayesian approaches
F(P1...Pn)(A) = F(A|P1...Pn)

• Multiplicative opinion pools:

⇡ µ
⇡1...⇡n

P1...P
F(P1...Pn)

(where ‘F’ is our aggregation function; ‘P1...Pn’ are the individual probability func-
tions, for some finite n; ‘w1...wn’ are weights that add up to 1; and ‘⇡1...⇡n’ refer to
i’s posterior probability, for each i 2 (1...n).)

How shall we proceed, then? This is a non-exhaustive list, of course, but even if we
restrict our attention to these few options, there is no consensus regarding which strat-
egy is best all things considered. The standard answer is to examine which properties
are fulfilled in each case, and let such properties guide our choice of an aggregation
method. For example, if we want aggregation to commute with conditionalization,
we could pick a geometric opinion pool; if we want an analogous of the so-called
independence of irrelevant alternatives to hold in this context, the linear opinion pool
seems to be a good choice, whereas if we favor an independence preservation property,
linear opinion pools no longer look promising.9 Some sets of criteria may be more
desirable than others for particular purposes and in particular contexts (for example,
Supra Bayesian accounts seem appropriate for contexts in which the aggregation is
performed by a single agent external to the group). But in many cases it may be
unclear how to assess the properties, or how to decide which set of criteria is more
relevant.

9A property such as:

T (P1, ...,Pn)(A) = F [(P1(A), ...,Pn(A)], for some arbitrary F : [0,1]n ! [0,1], and every
event A in the algebra

implies that the aggregation is a linear opinion pool. On the other hand, linear opinion pools cannot satisfy
the so-called ‘independence preservation property’:

T (P1, ...,Pn)(A\B) = T (P1, ...,Pn)(A)T (P1, ...,Pn)(B), whenever Pi(A\B) = Pi(A)Pi(B) for
some A and B in the algebra,

unless they are dictatorial or trivial (i.e., unless weights are 0 for all agents except for one). Cf. Genest and
Zidek (1986, p. 117).
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6 The proposal

Let us look at the problem from a different perspective. Let me clarify at the outset
that this proposal will not work for every possible aggregation problem. Still it can
model quite well, I think, the attempt to arrive at a single function for a group of agents
when there is no third party agent, external to the group, in charge of producing the
aggregation. In other words, the present account attempts to capture the mechanism
of probability aggregation from the inside, as it were – as experienced from the first
person perspective. In addition, the present account is not meant to work for a com-
plete probability distribution; rather, it seeks to determine which probability the group
is entitled to have, qua group, on a particular proposition, or on a particular partition
of rival propositions or hypotheses. The proposal is still programmatic, but I hope the
broad picture is clear enough.

In what follows we assume that each agent thinks of herself as well suited to have a
well-founded opinion – at any rate, each agent thinks of herself as being at least as
much entitled to having a well-founded opinion as any of her peers. In this context,
we will also assume that the members of the group have utilities over the possible
probability assignments, such that each of them gives maximal utility to her actual
credence; utilities are assumed to decrease continuously from there. Utilities here do
not measure the desirability of a given proposition, of course, but the desirability of
adopting a particular (not necessarily precise) probability on that proposition. Each
agent would like to impose her view regarding that particular proposition on the group;
as far as each individual agent is concerned, the closer the collective probability is to
her own credence, the better.

By way of concreteness, let me illustrate with a simple example. For the easiest case,
consider a group made of two people, agents A and B, with definite probability as-
signments on some proposition p. Let PA(p) = 0.9 and PB(p) = 0.5. Consider now
each agent’s utilities on the possible probability of p. We can take utility scales to be
equivalent under positive linear transformation; to simplify we will consider values in
the range [0,1]. Different utility functions may be appropriate here. In what follows
I will illustrate with quadratic functions; this is not the only way to go, of course,
but there are some technical and conceptual advantages in proceeding in this way.
Agent A gives maximal utility to probability 0.9, and minimum utility to probability
0, whereas agent B gives maximal utility to probability 0.5, and minimum utility to
both probabilities 0 and 1. Thus we have:

• For A : uA(x) = �100x2/81+20x/9

• For B : uB(x) = �4x2 +4x

We can draw the two curves on the same graph, such that the probability of p is placed
on the x-axis:
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We can see that uA and uB intersect at t = (0.643,0.918), which maximizes the two
functions simultaneously. Can we say that t captures the probability of the group?
Ultimately, the answer is ‘yes’, but a proper justification for this claim requires a few
more steps. Notice that point s corresponds neither to the arithmetic mean (0.7), nor
to the geometric mean (0.671) between PA and PB. How shall we interpret t? Let us
look at this problem more closely.

To have a better understanding of the task utility functions are performing, we shift
to a second graph. Let us place utility scales of agents A and B along the x- and y-
axes, respectively. Consider first the set of all points on the square [0,1]⇥ [0,1]. We
will interpret each point as a set of probabilities: the probabilities that correspond to
the utility level of the two agents at that point.10 Thus, for our example, the point
(1,1) corresponds to {0.5 ; 0.9}. We then build a (pseudo) bargaining situation S ✓
[0,1]⇥ [0,1]. We define S as the smallest convex set that includes all points for which
the utilities of the two agents agree on the same probability; we can take the defect
point to be (0,0).11 Clearly, points on the boundary of S will represent singletons
(unique probabilities); by way of illustration, consider the following points on the
boundary of S, up to three decimal places:

10There is a possible alternative interpretation here, according to which such sets are taken to be convex.
In what follows I will not adopt this path, but nothing changes substantially if we do.

11The defect point is not playing any substantial role in the present meta-model. This might motivate us
to explore in the future the use of bargaining proposals that do not demand a defect point (thanks to Ted
Seidenfeld for making this suggestion).
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(0,0) represents {0}

(0.802,1) represents {0.5}

(0.889,0.96) represents {0.6}

(0.918,0.918) represents {0.643} (as captured by s)

(0.935,0.883) represents {0.671} (the geometric mean)

(0.951,0.84) represents {0.7} (the arithmetic mean)

(0.988,0.64) represents {0.8}

(0.988,0) represents {1}

(1,0.36) represents {0.9}

It is easy to see that t will lie in the diagonal; the probability captured by t is repre-
sented by the furthest North-Eastern point for which (at least) one probability assign-
ment of agent A coincides with (at least) one probability assignment of agent B, and
hence the set is a singleton. This amounts to the Kalai-Smodorinsky and the Egal-
itarian bargaining solutions.12 Notice that Nash solution does not coincide with s,
and neither do the arithmetic or the geometric mean between PA(p) and PB(p), as we
have already pointed out. In any case, both the arithmetic and the geometric mean lie
within the borders, so neither of them is Pareto inferior. Notice, however, that no stan-

12For an overview cf. for example Gartner (2009, chapter 8).
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dard game-theoretic solution provides justification for picking them, under the current
utility functions.

It is also interesting to notice that, within this setting, point (1,1) is not in S. This
fact rules out the possibility that the probability of the group be represented by the
(possibly convex) set containing the preferred credences of each agent. The decision to
proceed in this way can be thought to be the result of a trade-off between maximizing
utility and minimizing higher order uncertainty – where a set containing more than one
probability measures can be said to carry more uncertain (at least in some sense of this
word) than a singleton. The current setting, in this sense, favors uniqueness.

Is the Kalai-Smodorinsky solution the way to go? We need not take a definite stance
on this question for the moment. Regardless of the details, the core idea is that we
can look at probability aggregation as a type of cooperative bargaining. Thus, we can
borrow well-known discussions on the adequacy and correctness of different bargain-
ing solutions and apply them here. We then obtain a unified approach to seemingly
disparate phenomena.

This approach is still programmatic, but we can think of many different ways to con-
tinue it in the future. To begin with, notice that the graphics might look very different
if we change the scenario a bit. For example, one of the agents may be truly uncertain
about her first order probability assignments, so she might not give utility 1 to any
probability value whatsoever (in which case the (1,1) point will not be feasible). Or
she might have a (convex) set of probabilities herself, and assign utility 1 to a whole
interval. Alternatively, for highly opinionated individuals utility functions may de-
scend abruptly, and agents might feel compelled to give utility 0 to a whole interval.
In this scenario uA and uB might fail to intersect. Once again, at the time of construct-
ing the bargaining set we will have to make a decision as to which points to include;
we can again think of a trade-off between the amount of utility captured by each point,
and the size of the set of probabilities such points represent in each case (the smaller
the better). It would also be nice to work out generalizations to take care of n-person
groups.

Related to this, an interesting project would be to look for the precise conditions (such
as the specific utility functions) that will enable us to represent traditional methods for
probability aggregation as solutions to bargaining problems, such as the arithmetic or
the geometric mean. Once we accomplish this, we are left with the empirical problem
of finding out whether actual people can be credited with utility functions close to
those that would validate traditional proposals from the point of view of the bargaining
model. Last, but not least, we can also investigate the extent to which agents can be
motivated to adopt the aggregated measure as their own, in which case we will find a
natural connection with the peer disagreement literature.
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7 Conclusions

In the previous section I have suggested a principled account for probability aggrega-
tion that puts the value of probabilities at the center of the discussion. The proposal
seems particularly well suited to deal with cases in which there is no external agent in
charge of producing the aggregation; in that sense it can be said to honor a first person
perspective.

Let me go back to our starting point now – to the discussion of normative models in
formal epistemology – to see what we have accomplished. The proposal discussed in
the previous section constitutes a good illustration of how normative meta-models are
supposed to work. Bargaining models as I have used them here can be taken to aim
at two different target systems at the same time: (i) they seek to capture intuitions on
how groups of agents should negotiate their differences, and (ii) they seek to repre-
sent (in the mathematical sense) models that in turn seek to capture our intuitions on
probability aggregation in general. Notice that bargaining models can help us elicit
intuitions regarding probability aggregation in an indirect way: Strictly speaking, dif-
ferent bargaining models represent intuitions regarding the way to settle a particular
type of group disagreement. Now, as it happens, some such settlement strategies can in
addition represent particular sets of equations, which in turn may capture (normative)
intuitions on probability aggregation – where the legitimacy of the bargaining models
is inherited from their role in a different context altogether. In our particular exam-
ple, the settlement strategies we selected did not coincide with any of the traditional
approaches on probability aggregation (none of the standard first-order models got
validated by the meta-model), so in this case they actually defined a new aggregation
proposal.

As I have anticipated, relying on meta-models can help us unify apparently disparate
situations and, at the same time, it helps us offer an illuminating interpretation of
the mechanism that underlies the normative phenomenon. This fosters a better un-
derstanding of the phenomenon under consideration, and gives us the opportunity to
further test our intuitions concerning what ought to be the case.
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19 Unrealistic models, mechanisms,
and the social sciences

HAROLD KINCAID

Abstract. Assessing the status of unrealistic models in economics and the social
sciences more generally is an intellectual puzzle and a practical problem of some
import. I argue that attempts to provide a general defense of and metric for evaluating
unrealistic social models is misguided. Rather, compelling assessments have to look at
specific models used for specific purposes and in specific empirical contexts. I outline
how arguments can sometimes be made that unrealistic assumptions do not matter and
that indeed on occasion they are essential. Across the discussions I look at the claim
that mechanisms are needed for unrealistic models and argue that again there is no
universal answer–sometimes they are and sometimes not.

Keywords: realism, models, idealization, philosophy of social science.

1 Introduction

Some highly unrealistic economic models were behind various policy pronounce-
ments of economists in the period leading up to the great crash of 2008. Those pro-
nouncements we now know were very far off target, and some blame for the 2008
downturn probably has to go to those models and those who purveyed them. It seems
obvious to many in retrospect that these models should not have been trusted because
of their quite unrealistic assumptions. Yet simplified models are absolutely essential
in much of science and much of social science. So in evaluating unrealistic models it
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is important to avoid throwing the baby out with the bathwater. Yet how to do that is
still very much an open question in the social sciences.

This paper tries to help us decide when we should throw the bathwater out without
worry because social science models are so distant from reality and to tell when mod-
els tell us something despite their irrealism. My theme is that these problems are
unlikely to be solved on general grounds; instead a host of different issues and tech-
niques are involved depending on the kinds of models, their purposes, the empirical
domains involved, and the testing techniques used. There is of course a vast philos-
ophy of science literature on models, no doubt some of it of relevance to debates in
the social sciences about unrealistic models. In a short paper I cannot pretend to tease
out all of the possible connections, though my general approach is that the problem
of unrealistic models cannot generally be decided on general conceptual grounds, that
it must be attacked by looking for local methods for specific kinds of models, and to
show examples of how that can be done. I am doubtful that the problems can be han-
dled by first giving a general account of model representation and using that then to
decide which unrealistic models explain and which do not–a general account of model
representation seems unlikely (van Fraassen, 2008), and even if we had that, it is 1.)
not clear what it would say about unrealistic models and 2.) local detail would likely
still be essential to any assessments. My claims are also local in that they are mostly
about specific kinds of models and applications in economics and some applications
in political science, areas I know best. While some of my claims may generalize to
the use of models across other sciences, I am not going to assert that here.

However, in a sense there are some more general morals lurking in my discussion,
because evaluating unrealistic models overlaps with general questions about the place
of mechanisms. Mechanisms have been offered as a tool for dealing with unrealis-
tic models in the social sciences (Mäki, 2009) and I look at specific kinds of cases
where they can help. Still my conclusions will be that evaluating the importance of
mechanisms, as in evaluating unrealistic models, depends strongly on the local details
involved. As I have argued elsewhere (Kincaid, 2011, 2014), there are multiple inde-
pendent sense of mechanisms and there is no reason they should all the same import.
One of my main and more novel conclusions perhaps is that there are circumstances
where providing mechanisms for unrealistic models leads to error; in some cases mod-
els need to be unrealistic to be believable.

Throughout I presuppose no general account of what models are (and doubt that there
is one to be had). I take the term “model” in the way it is commonly used by social
scientists, where the paradigm case comes from economics which overwhelmingly
thinks of models as an a equation or set of equations which is accompanied by a verbal
narrative linking the model to economic phenomena. I think my conclusions can also
be applied to other senses of models such as Schelling’s physical checkerboard model
of racial segregation.

The paper is organized as follows. Section 2 elaborates on the importance and na-
ture of the issues just sketched above and then looks at some all purpose attempts to
evaluate the status of unrealistic models and argues that they are insufficient. Sec-
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tions 3-5 then look at specific circumstances where parts of economics and political
science can successfully ignore the irrealism of their models. My goal is to defend
the strong thesis that unrealistic social scientific models sometimes provide us with
well-confirmed explanations, where the explanations in question are causal explana-
tions. I make two claims: 1.) that there are methods by which we can show that the
irrealism of models does not matter in producing well-confirmed causal explanations
and 2.) that sometimes only unrealistic models can provide well-confirmed causal
explanations. Claim 1.), I should note, is not the standard and true point that some
factors can be left out because they are of negligible importance. The kinds of cases
I have in mind concern factors that can be causally very important. Rather the idea is
that given the right kind of model and method of verification, even causally important
factors can be neglected.

Section 3 looks at competitive equilibrium and game theory models, arguing that the
typical unrealistic assumptions about the abilities of agents do not necessarily under-
mine the equilibrium explanations given because some of those explanations do not
depend on cited presuppositions about how agents reach equilibrium. Section 4 looks
at instrumental variables and related techniques that can ground arguments that models
can leave out variables without sacrificing validity, though economists err in thinking
that such arguments can be purely statistical. Section 5 demonstrates cases where
leaving out causes that have significant effects is essential, not just defensible.

2 Issues and past approaches

Macroeconomic models used in the run up to the 2008 crisis (and still used) illustrate
the problem of unrealistic models vividly. These models are called dynamic stochastic
general equilibrium (DSGE) models. General equilibrium means they are supposed to
consider all market interactions at once. They are dynamic in the obvious sense that
they are supposed to describe changes over time and they are stochastic in that they
describe probabilistic relations. These models are the dominant trend in economics
because they are supposed to be grounded in mechanisms involving constrained op-
timizing of individuals, unlike traditional Keynesian models whose ties to individual
behavior is less determinate.

However, the actual ties to individual behavior of DSGE models are much less clear
than the rhetoric advertises. DSGE models depend essentially on “representative
agents”: for instance, they assume that all consumers can be treated as if they were
one agent. In other words they assume that there is only one consumer. They do so
for tractability reasons. However, it is widely known that aggregate consumption mir-
rors individual choice only under stringent assumptions that are seldom met (Kirman,
2010). Aside from this aggregative assumption, DSGE models also assume that we
can treat all firms as a single agent and that financial markets are fully efficient, and
that relations are linear.
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So these models are not making assumptions that certain factors only play a small role
and can be ignored nor just transforming complicated relationships into somewhat
more tractable simpler ones. They are starkly at odds with reality. Thus the pressing
question is how we can explain the real world using them. Models as unrealistic as
the DSGE models are not an exception in economics and political science. Two work
horses in economic analysis are competitive general equilibrium models and game
theory models, with the latter increasingly important in political science as well. Both
appear to rest on assumptions about agents that are often highly unrealistic. How can
they produce well-confirmed explanations–or do they?

Before I address these questions it is important to note that models may serve multiple
functions other than providing well-confirmed explanations. For example, models
may:

1. be essential for tractability–to get any way of systematically thinking about the
phenomena.

2. be used to discover new possible phenomena.

3. be used to show how certain phenomena might come about—Schelling’s mod-
els of residential segregation are a favorite example cited in this regard (see
Ylikoski & Aydinonat, 2014).

4. be used to get a clearer formulation of a verbal argument. This is certainly quite
true of the motivation for models in economics.

5. be used to identify robustness—to show that with weakened or different as-
sumptions results still hold (Kuorikoski, Lehtinen, & Marchionni, 2010).

None of these uses of models are committed to the idea that models have to provide
well-confirmed causal explanations of specific real world phenomena. So, given these
goals, unrealistic models are not necessarily a problem.

Relatedly, unrealistic social science models may also be unproblematic in that their
purpose is just to provide successful forecasts or predictions of the data. There is
much science that counts success as the ability to trace variables through state space
without a pretense of providing realistic causal mechanisms. Of course, it is a very
open question whether some or any social science models provide the ability to predict
variables through state space with anything like the success of some natural sciences.
Certainly some parts of macroeconomics at least hope to provide prediction models
without any claim to have realistic causal explanations. However, if unrealistic models
are able to show such predictive success, then it seems that they tell us something about
how the world is despite their unrealistic assumptions. This defense of unrealistic
models needs to be distinguished from instrumentalism, because it does not claim that
all social science is only about predicting observables but only that some models do.
A charitable reading of Milton Friedman’s (1953) classic paper might see this thesis
as one of his more defensible points.

Despite these various functions that unrealistic models can perform, we still of course
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would like them to provide well-confirmed explanations; social scientists routinely
claim that their models can do so, as witnessed by the fact that they are willing to
make policy recommendations based on them. Thus while recognizing that the func-
tion of models in science is many and that questions about realism may not always
be problematic, the status of unrealistic models in the social sciences is still press-
ing.

There are of course many defenses of unrealistic models in the social sciences, espe-
cially in economics, extant in the literature. None of them are entirely convincing. I
want to sketch some from social scientists and some from philosophers as a way of
setting up the approach that I think is more fruitful and that I apply in the rest of the
paper.

A first response frequently found among social scientists is to dismiss the problem out-
right as unimportant on the grounds that all models misrepresent, as claimed recently
for example by political scientists Clarke and Primo (2012). This “be happy, don’t
worry attitude” will, of course, not do if we want models to give us well-confirmed
explanations of how the social world actually works. Since some models with unre-
alistic assumptions clearly do not tell us how the world works, we need to know how
to tell those that do from those that do not. So the very same social scientists who
advance this view about models will go on to argue in their actual work that some
models, namely their own, are better than others; the question is how that judgment is
grounded. They will also use their models to make policy recommendations, implic-
itly implying that they are close enough to reality to allow causal inferences.

Another common claim from producers and consumers of unrealistic models in the
social sciences is that despite their departure from reality they provide “insight.” The
problem here is how to know when “insight” is anything more than a warm and fuzzy
intellectual feeling? What does the insight come to? The idea can be developed into
an account of explanatory understanding of possibilities as in Ylikoski and Aydinonat
(2014) mentioned above. Yet that still does not tell us how can we use it to ground
real world causal knowledge like that needed for policy advice.

Morgan (2012) in a recent interesting book of case studies of economics models de-
fends unrealistic models by claiming that economists provide narratives and use tacit
knowledge to tie them to reality just as scientists do in the natural sciences. While
this is no doubt true in some sense, the open question is still when and how unrealistic
social models do so successfully. There are well-developed methods in the natural
sciences for tying unrealistic models to reality (see for example Wilson, 2006) but
the question is whether the social sciences have any real parallels. Talk of provid-
ing narratives and using tacit knowledge is a promisory note that needs to be filled
out, something Morgan only hints at. I will make some efforts in that direction be-
low.

Finally, an important trend argues that unrealistic social science models are nonethe-
less explanatory when they capture or isolate the essence of a causal mechanism. This
view has been argued for by Cartwright (1989), at length by Mäki (2009), and very
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recently by, on my view, one of the more methodologically sophisticated economists,
Rodrik (2015). These approaches seem to me fundamentally on the right track. But
the question is how and when do we know that unrealistic models actually isolate
causal mechanisms? How do we know that a causal process in a model isn’t disrupted
in reality when other left out factors are involved? These authors by and large do
not address that essential question, and it is this question that I am pursuing. What a
“causal mechanism” comes to is also often left unspecified.1

I want to argue that answering this question about when we really have isolated a
real causal process has to be largely a local affair, where the local parameters include
the specific structure of the model in question and the specific techniques used to
access it. A lack of realism may be no problem for some model structures and a
serious obstacle for others; a lack of realism may be no problem for some models using
certain techniques and a serious obstacle when using other methods. Mechanisms may
be essential in some senses and some cases but not in others. Relatedly, I want to
argue that it is unlikely that questions about unrealistic models have general, purely
statistical noncausal answers, a view social scientists often harbor.

3 Showing that unrealistic assumptions are not part of
the explanation

My first example of unrealistic models that can be nonetheless well-confirmed really
builds off the previous point that questions of about the realism of models have to be
cognizant of what models are used for. Two paradigm cases of unrealistic models in
economics are perfect competition and game theory models, workhorses of the profes-
sion. Both kinds of models seem to make incredible assumptions. Perfect competition
models often assume among other things:

• complete markets over all goods at all times (e.g. used umbrellas in 2027)

• individuals with complete preferences over all goods (e.g. those umbrellas)

• every buyer and seller is a price taker

• commodities are infinitely divisible

• buyers and sellers have full information

Typical game theory models assume:

• that agents can calculate the relevant best response equilibrium strategy, e.g. the
subgame perfect Bayesian Nash equilibrium

1We could put this approach in terms of the idea of a partial isomorphism, one standard way of talk-
ing about model representation. However, we would still need to know which isomorphism and how the
isomorphism obtains if the rest of the model is false.
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• there is common knowledge of the payoffs, strategies and all the specific players

A considerable amount of ink has been spent on various twists and turns trying to
justify such assumptions. However, there is good reason to think that in some applica-
tions, these modeling assumptions are no worry (Smith (2008) is the main inspiration
for this insight). They are no worry because they need not be part of the explanation
that is given. How can that be?

The insight is that assumptions of the perfect competition and game theory models
may just be assumptions the analyst –the economist or political scientist–uses to iden-
tify equilibria. However, in certain empirical applications, the explanations are equi-
librium explanations that make no commitment to what process leads individuals to
find equilibrium. The analyst uses the unrealistic assumptions to identify an equi-
librium. Then experimental studies are used to show that individuals will reach the
equilibrium predicted from the models. So Smith shows in multiple experimental se-
tups that subjects reach competitive equilibrium in continuous double bid auctions.
Economists identify competitive equilibrium from assumptions such as that every in-
dividual is a price taker, there are an indefinite number of individuals in the market,
and so on. Obviously these assumptions are not necessary for a competitive equilib-
rium to exist, since the experimental setup is nothing like this. Nonetheless competi-
tive equilibrium is reached. Thus the unrealistic assumptions are useful to the analyst,
but they are not part of the explanation of the experimental results.

Binmore (2007) does something similar for game theory. For example, in a finite, two
person zero sum game the Nash equilibrium first proved by von Neuman was the min-
imax value. Borel first proposed the solution but had no proof; von Neuman proved
it was the Nash equilibrium. Binmore notes that his subjects are probably not smarter
than Borel, but given repeated play find their way to the minimax equilibrium.

These explanations work by showing that all individuals are making best responses to
the actions of others. Equilibrium persists because deviation from it would produce in-
feriior results for individuals. You may or may not think these are causal explanations
(cf Sober, 1983). However, the evidence for them comes from carefully designed ex-
perimental setups where the equilibrium behavior predicted by the model is observed
(Smith is a Nobel prize winner and Binmore among the most highly respected exper-
imentalists in the field). These explanations are a species of optimality analysis, but
they do not have the kind of complications that plague optimality in nonexperimental
situations (Orzack & Sober, 2001). For example, the costs and benefits individuals
face are well known because they are set by the experimenters, a decided advantage
over observational studies.

Notice the role mechanisms play in these cases. A mechanism in the sense of the
causal process that leads individuals to find equilibrium is not needed. We don’t know
how they get there but we have strong evidence that they do. On the other hand,
mechanisms are given in the form of appeal to best responses to the actions of oth-
ers.

This defense of unrealistic competitive equilibrium and game theory models need not
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generalize to their use in other settings. When we have only observational evidence of
behavior outside the lab, we are on much shakier grounds in claiming that observed
behaviors are optimal equilibrium behaviors. Then the lack of a realistic mechanism
that would lead to an optimum–for example, appeal to individuals calculating subgame
perfect equilirium by backward induction–matters.

4 Causal methods to compensate for unrealistic mod-
els

One standard worry about unrealistic models in the social sciences is that confounding
variables have been left out. This is a reasonable concern. I want to show in this sec-
tion that there are ways and circumstances in which such concerns can be shown not
to prevent well-confirmed explanations of unrealistic models. I have in mind three ap-
proaches: instrumental variables, sensitivity analyses, and the use of structural equa-
tion models to establish causal effects rather than causal effect size.

Instrumental variables are a way to defend unrealistic models. The idea of instrumen-
tal variables, for those who are unfamiliar, is that there are certain causal variables such
that, if we have the right causal structure, we can make reliable estimates of causal in-
fluence even if there are confounding variables that our model leaves out. Leaving
out important causes makes the model unrealistic. But given the right information,
instrumental variables can show that our model nonetheless provides well-confirmed
causal explanations. To use instrumental variables, we need to show that there is a
variable influencing the alleged cause but not the dependent variable or effect. We
can then use the variability in C caused by the instrument I to estimate its influence
on E independently of possible confounding variables effecting C and E. When these
conditions are met, standard regression methods –two stage least squares–can reliably
estimate the influence of C on E despite ignoring the confounder. So this is a case of
a good argument for an unrealistic model.

However, note the nature of the argument: it is a causal argument invoking a quite
specific causal structure, not a purely formal statistical argument. Econometricians
are often confused about this, defining an instrumental variable as one where the in-
strument is strongly correlated with the cause and not correlated with the effect. But,
as usual, causes cannot be gotten from correlations, and as Reiss (2005) has shown,
it is easy to imagine situations where an instrumental variable is not correlated with
the outcome or the error term and is correlated with the cause being studied, but the
instrumental variable is not a cause of the variable in question.

However, economists often just want an instrumental variable to be able to do con-
sistent estimation in the technical statistical sense, since unknown confounders can
produce estimates from samples to populations that do not converge on the correct
estimate as the sample size increases. Instruments that only meet the statistical cri-
teria do suffice for this goal, which is a rather different project than providing well-
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confirmed causal explanations. This is an instance of my claim that whether realism
matters depends on the purpose of the model and the methods being used: if you
want to confirm a causal explanation with left out confounders, you need a realistic
causal model; if you only are using the model to make consistent estimates about a
population the realism is not necessary.

A related but alternative way of arguing that we can leave out unknown confounders
comes from sensitivity analyses. Sensitivity analyses provide arguments that even if
there were confounders that are left out, they would have to take on unreasonably
high values to completely undermine the causal relations postulated in the model.
Suppose that I believe that C causes E but that I also worry that CC is a common
cause confounding the relation. I can ask how large must the relation between the
common cause CC and the C and E relation be to make the correlation between C
and E to be entirely spurious. There are both structural equation and regression based
ways of testing this hypothesis.

Note that sensitivity analysis here is much more helpful than what is commonly called
robustness analysis. Robustness analysis is common in economics. It involves seeing
whether conclusions from models hold up under changed assumptions. Yet such anal-
yses can move from one unrealistic assumption to another and there is no guarantee
that a more robust model is likely to be more reliable guide to reality.

Finally, structural equations, using the Pearl causal calculus approach, provide another
sense in which we can argue that unrealistic models can nonetheless provide well-
confirmed causal explanations despite unrealistic assumptions. Typically, a structural
equation model in the social sciences assumes that the relations between variables
are linear. But if my goal is to provide evidence for causation rather than the size
of causal parameters, I can use such a structural equation model even if the linearity
assumption is wrong. Causal relations entail dependencies and independencies among
the variables but makes no requirements on their functional forms. So long as the
requisite dependencies and independencies show up, it does not matter what their
functional form is and thus it does not matter that I have estimated an unrealistic
linear model.

Note again the nuanced role of mechanisms in these three approaches to dealing with
unrealistic models. Instrumental variables allow us to confirm a causal relation with-
out knowing the confounder(s) so in that sense we do not need mechanisms. Yet we
need to have evidence that the instrumental variable does not causally influence the
effect. In that sense we need to know about mechanisms. Much the same holds for
sensitivity analysis: it allows me to find evidence for a causal relation without know-
ing what the confounders are–to that extent I do not need to know what the mechanism
is. Finally in the case of inferring causal effects (but not causal effect sizes), I do not
need to know the details of the causal relations–the precise functional forms of their
relations–and in that sense need a minimal description of the mechanism. Yet I need
more information if inferring effect sizes is my goal and so then mechanisms carry
more weight .
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5 Showing that irrealism is a necessity

So the moral of these three examples is that with sufficient information we can confirm
unrealistic models, but that information is causal and not just formal or statistical and
in some ways mechanisms are irrelevant and in other ways needed. I want to now
show that sometimes models that leave things out –unrealistic models—are better at
getting us well-confirmed causal explanations than models that are more realistic in
that they do not leave causes out. The context I have in mind is the traditional multiple
regression frame work that is the work horse across the social sciences. The kinds
of models I have in mind here are the more empirical models involved in statistical
testing, not the abstract theoretic models often involved in economics.

Standard practice for social scientists using multiple regression is to include “control
variables” or “covariates” when looking at a specific causal relation of interest. The
general tendency is to err on the side of including more such variables rather than
fewer. The thought is that doing so gives more realistic models that will help eliminate
confounding.

However, this “include everything in the model approach”—which seems like a move
towards greater realism—can be the enemy of well-confirmed causal explanations.
How so? In two common causal situations, including covariates using multiple re-
gression techniques can result in seriously erroneous causal claims. Here are two
clear situations:

1. including mediator variables as controls in regressions

2. including collider variables as controls in regressions

We have mediators when we simply have a causal intermediary between a more distal
causal and the final effect we want to explain. A collider is a variable that two or more
other variables cause. They “collide” on their common effect.

In both cases having a more realistic model that includes mediators or colliders, given
that we are using multiple regression techniques to look for causes, leads to error. If
I control for an intermediate variable—hold it fixed—then I remove the connection
between the distal cause and the final effect. I will conclude that there is no relation
between the distal cause and the effect when there is in fact one. If I control for a
collider, I create correlations between its two causes that are spurious; holding the
collider constant creates a spurious connection. Thus including the collider leads to
mistaken causal conclusions. So in both cases, using multiple regression techniques, I
should be less realistic in the sense of leaving such variables out of my models when
I go to test them.

These kinds of problems have important real world effects. For example, economists
have used data sets from most countries in the world to examine the causes of eco-
nomic growth. Generally what they have done is to treat all possible causes of growth
as independent factors and regressed measures of growth on these variables. However,
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this is an extremely simple model. Most likely there are complex causal relations be-
tween the independent variables causing growth. That means it is likely that the re-
gressions in cross country studies are controlling for mediating causes and colliders.
So these studies are quite likely to eliminate connections that are there by controlling
for intermediate causes and to create spurious correlations by controlling for collid-
ers. In my previous work (Kincaid, 2014) I have shown this to be the case: the simple
additive model where every possible cause is controlled for fits the data very badly;
models with more complex causal structure do much better. I show that the standard
naïve models which typically find that education has no influence on growth are not
well supported by the data; models that allow for mediation and colliders find that
education does indeed contribute to growth and are much better fits to the covariances
found in the data.

So to conclude, I hope to have shown at least two things. Treating the question of
unrealistic models as a set of more specific questions about particular models using
particular methods allows us to make progress on the issues in a way perhaps not
possible if the issue is approached in perfectly general way. Similar conclusions hold
about the role of mechanisms: their importance and place varies according to the kind
of causal claims being made and the methods used to support them.
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20 Modelling failure

USKALI MÄKI *

Abstract. Philosophy of science is largely inclined to portray science as a success
story. While not in the least denying the great successes of science, it would seem
there is an important and interesting other side of the story, also worth the systematic
attention of philosophy of science: developing accounts of the nature, conditions and
dynamics of both failure and success should be on the philosophy of science’s agenda.
In this article I focus on one prominent style of scientific inquiry, that of modelling,
and on one part of philosophical study of science, that of offering philosophical ac-
counts of models and modelling in science. A sound philosophical account of mod-
elling should contain resources for identifying and diagnosing modelling failure. The
ability to articulate (at least rudiments of) a systematic account of modelling failure
can be used as a test of one’s account of model and modelling. Here I expose my own
account to such a test using an example from economics (its alleged failure in antici-
pating and conceiving the 2008 financial crisis), showing how my account provides an
encompassing framework for identifying and analyzing failures in modelling.

Keywords: models, models in economics, modelling failure, economics, philosophy
of economics, financial crisis.

1 Science fails too

Philosophy of science is largely inclined to portray science as a success story. It takes
as its task to explain how science manages to acquire truthful information about the
world or to generate successful predictions and explanations of phenomena, and it
aspires to do this by articulating the procedures and principles of science that make
this success possible. While not in the least denying the great successes of science, it
would seem there is an important and interesting other side of the story, also worth the
systematic attention of philosophy of science – not just as an unfortunate accidental

*University of Helsinki
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residuum of failures soon to be corrected, but rather as a massive enduring part of
scientific practice with its own regular features. Developing accounts of the nature,
conditions and dynamics of both failure and success should be on the philosophy of
science’s agenda. Ability to produce such accounts should be one of the criteria of
success of philosophy of science itself.

As my illustrations here will derive from the discipline of economics, it is interest-
ing to note that there is a striking analogy between conventional economics and con-
ventional philosophy of science. Both are fascinated by the successes of their target
domains, the market economy and science, respectively. Consider the following state-
ment by the economist Nouriel Roubini. In promoting an unorthodox approach to the
study of the economy (“crisis economics”) he stresses the difference between study-
ing failures and studying successes. “Crisis economics is the study of how and why
markets fail. Much of mainstream economics, by contrast, is obsessed with showing
how and why markets work – and work well.” (Roubini & Mihm, 2011, p. 39) My
paper is an exercise in the philosophy of science analogue of crisis economics – while
much of conventional philosophy of science is analogical to the urge of mainstream
economics to show how wonderfully markets function.

Naturally, the ambition to understand failure in science must be divided into man-
ageable portions. Here I focus on one prominent style of scientific inquiry, that of
modelling, and on one part of philosophical study of science, that of offering philo-
sophical accounts of models and modelling in science. There are many such accounts
available in the literature, and the challenge is to compare them for their credentials.
One obvious way to proceed is to check them against empirical evidence concerning
actual models and actual modelling practices. And provided we take these practices to
include failures, then the capacity of the philosophical accounts in dealing with such
failures may be taken as a major criterion of the success of those accounts. A sound
philosophical account of modelling should contain resources for identifying and diag-
nosing modelling failure. The ability to articulate (at least rudiments of) a systematic
account of modelling failure can be used as a test of one’s account of model and mod-
elling. Here I expose my own account to such a test, showing how it provides an
encompassing framework for identifying and analyzing failures in modelling.

2 Failure of model, failure of target: Economics and
the financial crisis

’Modelling failure’ is ambiguous between modelling <failure in the target system>
and failure in <modelling>. In the first category, the failure lies in the functioning of
the target system rather than in an attempt to model the target system. The possibility
of such a failure applies to target systems to which we are entitled to ascribe some
idea of proper functioning. Scientists can then model such failures of their target
systems to function properly, such as heart failure in the human body, business failure,
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market failure, failure of materials, failure of machines in manufacturing systems,
failure of engineered arrangements such as energy systems and jointed rock slopes to
resist landslides, and so on.

Scientists may be successful in modelling failure. Or they may fail in modelling fail-
ures in their target systems. Or they may succeed or fail in modelling the proper
(non-failing) functioning of their target systems. It is an instance of the second com-
bination that I will use as an illustration in what follows. I will be discussing tools and
acts and strategies of modelling that allegedly fail to model the failures of some tar-
get systems – such as this example from materials physics: “Traditional hyperelastic
models of materials ignore the fact that no material can sustain large enough deforma-
tions without failure.” (Volokh, 2010, p. 684) Here models fail to model failure due to
employing the excessively idealizing assumption of hyperelasticity. The illustration
I will use later in the paper is of this sort of double failure: failure in economics to
model the failures of the financial system. The possible sources of failure, however,
will be shown to be far more varied than just a single idealizing assumption.

Just a few years before the outbreak of the financial crisis of 2008 and the subsequent
persistent recession, there was a good deal of optimism in the academic air, celebrating
the “great moderation” of business cycles and praising macroeconomics for having
solved the “problem of depression prevention” by developing theories and methods
and policy recommendations that were disputed by few in the economics profession.
Here is Nobel Laureate Robert Lucas from Chicago in 2003, in his presidential address
to the American Economic Association:

“The term [‘macroeconomics’] then referred to the body of knowledge
and expertise that we hoped would prevent the recurrence of that eco-
nomic disaster. My thesis [. . . ] is that macroeconomics [. . . ] has suc-
ceeded: Its central problem of depression prevention has been solved, for
all practical purposes, and has in fact been solved for many decades.”
(Lucas, 2003, p. 1)

Soon thereafter, things went badly wrong (in fact they were getting wrong at the time
of Lucas’s statement). In a few years, triggered by the subprime mortgage crisis that
burst the bubble in the US housing markets, the global financial system would collapse
– without anticipations, warnings, or recommendations as to how to prevent it offered
by the profession that had just a while earlier congratulated itself for having solved
the problem.

The generation of the crisis was no simple process. It is therefore no surprise that
the aftermath of the financial crisis of 2008 has exhibited an almost proverbial blame
game. Whom, or what, to blame for the crisis? The candidates have ranged from
the government (for regulating too little, too much, or wrongly) through the design
of the global financial market system (for its inherent instability and susceptibility to
systemic risk) to the credit rating agencies (for massive mistakes in their assessments)
and, of course, the human nature in general (greed and all that).

The discipline of economics has received its share of the blame. Even those who
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charge central bankers like Alan Greenspan and Ben Bernanke for having made fa-
tal mistakes consider that those mistakes were shared by the establishment of the
economics profession and so individuals like them cannot bear the main responsi-
bility (e.g. Posner, 2009, p. 286). It is a matter of collective and institutional failure,
and this is where the discipline of economics enters the picture, with its collectively
held and institutionally ingrained conventions and convictions, principles and prac-
tices. Indeed, many people, including many leading economists, started questioning
the performance of economics as a scientific discipline, including the explanatory and
predictive capacities of the highly abstract mathematical models that have become so
popular in the discipline. In July 2009, the cover of The Economist asked: “What went
wrong with economics?” A bit later, Nobel Laureate Paul Krugman (2009) famously
wrote in The New York Times Magazine:

“[. . . ] the economics profession went astray because economists, as a
group, mistook beauty, clad in impressive-looking mathematics, for truth.
[. . . ] When it comes to the all-too-human problem of recessions and de-
pressions, economists need to abandon the neat but wrong solution of
assuming that everyone is rational and markets work perfectly. The vi-
sion that emerges as the profession rethinks its foundations may not be
all that clear; it certainly won’t be neat; but we can hope that it will have
the virtue of being at least partly right.”

The above passage provides rudiments of a methodological diagnosis of the alleged
failures of economics. It claims that economists have been preoccupied with the
beauty and neatness of their models, expressed in impressive mathematics, while they
have forgotten the task of looking for truths about the real world. As to the contents of
their models, the claim is that economists have envisaged a fantasy world of perfectly
rational agents in perfectly self-regulating markets, and this fantasy world is too far
removed from the imperfections of the real world to be helpful for acquiring truthful
information about the latter. The economics profession is criticized for holding an all
too strong faith in the powers of the invisible hand, manifesting itself in the widely
accepted and applied but allegedly failed DSGE (dynamic stochastic general equilib-
rium) models in macroeconomics and those of efficient markets in finance.

The remarks in the following sections will provide an elaboration of such rather pop-
ular Krugman-style allegations. This will be done by dealing with the alleged failures
of economics vis-à-vis the financial crisis as modelling failures and by offering a se-
ries of possible partial diagnoses of different kinds and sources of modelling failure.
Modelling is a multi-stage and multi-faceted cognitive process, so there are multiple
sources of, and multiple opportunities for, possible failure – as well as multiple ideas
of what constitutes failure. Some of these will be mapped. For this task, we need an
account of model and modeling that is rich enough for exhibiting several such oppor-
tunities for failure.



Modelling failure 385

3 An account of model and modelling

In the last couple of decades, philosophy of science has recognized models as among
the key cognitive tools in science and modelling as one of the key activities in scientific
practice. It has become a major industry within philosophy of science to produce ac-
counts of model and modelling in science. These accounts have often been generated
and applied (sometimes even tested) using historical and contemporary case studies
in a variety of scientific disciplines, from physics and biology to the social sciences.
I will now briefly summarise my own account and then put it into use for highlight-
ing failure rather than success, with economics and the financial crisis serving as the
illustrative case. Its capacity in this role provides a test of its general adequacy.

Philosophers of science have moved beyond the idea that models involve a simple two-
place representational relationship between the model and its target: M is a model of
target R. It is now commonplace to conceive of representational models as more com-
plex, involving in addition an agent and a purpose: Agent A uses (builds, employs) M
as a model of target R for purpose P (see e.g. Giere, 1999). Some philosophers wish
to add further components in the modelling relationship, such as some idea of an inter-
pretation (see e.g. Weisberg, 2013). I have proposed that representational modelling is
still more complex (e.g. Mäki 2009b, 2011b, 2011a). My account portrays model rep-
resentation as a multi-faceted activity that can be schematized as [ModRep]1:

1Thanks for brilliant help in designing the figure go to Ilmari Hirvonen
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[ModRep] can be put in words only:

Agent A
uses multi-component object M as
a representative of (actual or possible) target R
for purpose P,
addressing audience E,
at least potentially prompting genuine issues of relevant resemblance
between M and R to arise;
describing M and drawing inferences about M and R in terms of one or
more model descriptions D;
applies commentary C to identify and coordinate the other components;
and all this takes place within a context X.

Among the novelties here we can list the involvement of an audience; the idea that
merely potentially giving rise to genuine issues of relevant resemblance is needed for
representation to be in place; a rich functionally loaded notion of commentary; and a
generous placeholder for various contextual factors.

A simple version of the idea of success in modelling would say that success occurs
when relevant resemblance between M and R becomes secured. This requires, for
example, that the causal structure or causal forces captured in the model relevantly re-
semble those in the target; the model descriptions are of the sort that enable the needed
inferences; and that the components of [ModRep] become coordinated and commu-
nicated so that purposes P and audiences E are sufficiently served. Finally, context C
must be such that it is sufficiently supportive of those accomplishments.

We can then say that failure in modelling occurs when relevant resemblance between
M and R fails to be secured, in one way or another, for one or another of the various
possible reasons that [ModRep] helps identify. The components [ModRep] and their
relations will next be investigated as potential loci and sources of modelling failure.
It appears that many existing critiques of economic modelling can be construed as
focusing on some specific component in the structure of [ModRep] and that some
other possible critiques can also be envisaged within this framework. In both cases, it
seems obvious that the claims about possible sources of failure can be made sharper
than without the framework of [ModRep] and that the framework will also enable
more focused assessments of the credibility of such claims.2 I will next rush through
the framework component by component.

2I will use the structure of [ModRep] for outlining possible sources of failure without making any
strong claims about actual failures. The usefulness of the framework for organising focused scrutiny is
not dependent on the correctness of such claims. There is an analogy between the exercise here and much
of economic modelling: the latter often describes possible ways in which a pattern of phenomena comes
about, and so do the examinations outlined in the present remarks.
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4 Multiple sources of modelling failure

I will exhibit the usefulness of the [ModRep] framework for organizing some of the
popular misgivings about economic modelling – for identifying and localizing the
various criticisms of economic models for their failures regarding the financial crisis
(and surely beyond this case as similar criticisms are a chronic feature of debates
around economics). It appears that all components listed in [ModRep] have been or
can be charged for not having done well.

Agent A

Identifying the agent of modelling as a separate component, and attributing charac-
teristics to it, is somewhat awkward since this is the melting pot where the influences
of the other components get together. This is fortified by the fact that individual and
collective agency interact and depend on one another. The individuals inventing and
proposing models have been educated and socialized in the collective disciplinary
culture and prevalent fashions of research practice. On the other hand, the individ-
ual modeller must persuade the collective to join her in using an object as a model.
The identity and properties of A make a difference for whether A qualifies as a (cred-
ible) economist; what sorts of models are being built and examined, shaped by A’s
skills and background beliefs; what is taken seriously as a model worth some further
attention; and so on.

Economists are generally recognised as intelligent people. Yet the critics argue that
this is not sufficient for successful modelling and that the failures regarding the 2008
crisis are one indication of this. They say economists are too narrowly educated
(mainly just in contemporary economics, math and statistics), too ignorant about his-
tory (of the economy and of their own discipline), about the other social sciences,
about culture and human psychology. Some say their competences and epistemic
preferences are ill suited for modelling the complexities of social reality. Their math-
ematically inclined style of inquiry encourages them to streamline the nuances of the
real world in epistemically harmful ways: they are extremely skilful in mathemati-
cal puzzle solving when reasoning about the model worlds, but relatively speaking
clumsy and uninformed in connecting their formulas to the detailed complexities of
real world economies. These capacities and their limitations may also nurture over-
confidence, hubris, and arrogance – characteristics often attributed to the economics
profession and conducive to the sorts of failure witnessed in connection to the 2008
crisis (see e.g. Posner 2009; Fourcade et al. 2015).

Regarding the contents of their worldviews, there is empirical literature suggesting
that economists are more self-seeking than other professions, either due to economics
education or self-selection (see e.g. Carter & Irons, 1991). This may be suggested to
result in systematic biases in favour of models that put too much stress on self-seeking
behaviour amongst the populace at large.

. . . uses multi-component object M as
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Even though models are systems with multiple components, they are necessarily par-
tial: models isolate only a subset of potentially relevant causal factors in the economy
while leaving the rest out of the model. Such isolations – inclusions and exclusions
of factors – can be accomplished simply by omitting them without any mention, or by
means of idealizing assumptions that assume, directly or indirectly, those factors to be
absent, constant, or otherwise ineffective (Mäki, 1992).

An important potential source of modelling failure is, of course, the contents of the
model system itself. Failure occurs if causally, explanatorily and/or predictively rele-
vant factors are excluded from the model. Virtually all criticisms of the performance
of economics regarding the 2008 crisis make this charge. Here is Nobel Laureate
Joseph Stiglitz: “the conventional models inadequately modelled – and typically left
out – many, if not most, of the key factors that played a central role in this crisis”
(Stiglitz, 2011, p. 172).

Models of efficient financial markets rely on strong idealizing assumptions such as
zero transaction costs and perfect and symmetrical information between the agents.
These idealizations help produce an image of the financial system in which market
prices fully incorporate all relevant information and in which there can be no bubbles
in asset prices such as those of stocks or houses. This is a model system that has the
features of being self-regulated and having the capacity of containing all relevant risks
without external regulation (so Alan Greenspan and others believing in these models
were able to relax). Critics argue that such an exclusion of real-world imperfections
from the models is fatal, suggesting that the properties of real-world markets may in
fact be the reverse of those of the model-world markets: “. . . where the Efficient Mar-
kets Hypothesis suggests that financial markets provide a way of managing economic
risk, the evidence suggests that they are actually a major source of risk.” (Quiggin,
2010, p. 51)

Macroeconomic models, in their turn, have employed the highly idealized notion of
representative agents. These models have chronically missed the crucial causal fac-
tors such as animal spirits, herd behaviour, informational asymmetries, structure of
financial markets, and corporate governance, therefore failing to recognize phenom-
ena such as excess indebtedness, debt restructuring, bankruptcy, and agency problems.
The critical verdict is that any model with these characteristics “leaves out much, if
not most, of what is to be explained; if that model were correct, the phenomena – the
major recessions, depressions and crises that we seek to understand – would not and
could not have occurred” (Stiglitz 2011, 168; see Akerlof and Shiller 2009). So the
failure regarding this component is a matter of leaving out from the models important
(e.g. bubble-generating) factors and mechanisms that are responsible for the sort of
crisis we have just experienced.

. . . a representative of (actual or possible) target R

The key point of modelling is that models stand for their targets as their representa-
tives, and that models are directly examined for their properties and behaviour so as
to indirectly acquire information about their targets. This involves a sort of objectifi-



Modelling failure 389

cation or reification of model systems as such direct subjects of inquiry. One simple
failure lured by this is the failure to distinguish between the model and the target in
one’s reasoning, to proceed, without further systematic inquiry, as if the model system
is the target system, and to believe that the properties discovered to be possessed by
a model are also properties of its targets. This is a very old criticism of economic
models, levelled already in the 19th century. It is still topical today, also in relation to
the modelling failures regarding the 2008 crisis.

The targets of models can be either actual or merely possible objects or systems, and
whether they are one or the other has consequences for what kind of information
modelling can deliver, and what sorts of failure may occur. Even though models can
be required to ultimately stand for some actual target objects or systems (such as
really existing macro economies or the current global financial system), economists
often treat their models as representatives of some possible targets, using them as
tools for how-possibly explanations. Often an economist simply takes on the task of
examining whether it is possible to derive a given stylized fact from the assumptions
of individual optimizing behaviour, that is, whether it is conceivable that the stylized
fact is an outcome of the functioning of a mechanism involving such behaviour. Or
an economist may examine the conditions under which a simple imagined market
system is stable. It may happen that no one (or no contemporary economist, or no
sufficient number of economists credible enough to have their voices heard) takes
the task of establishing whether these connections also obtain in some actual target
system. This means that no information is generated about actual systems. Such a
situation may miss important facts about the relevant actual target systems, such as
the global financial system.

One can conceive of the very idea of a model’s target with different degrees of speci-
ficity, in terms of a varying magnitude of attributes. With a sufficiently rich notion of
target, one can then argue that the failure of economic modelling was to be preoccu-
pied with relatively stable, bubble-free economies as the main or sole targets, and this
meant missing the actually emerging dramatic instabilities in the bubble-generating
crisis-prone economies. This is to say those models deal with “special cases where
market inefficiencies do not arise” (Stiglitz, 2011, p. 166) or that they do not apply
to economies that are capable of generating bubbles. In other words, the targets of
the criticized models were too narrowly conceived, especially as they crowded out ac-
tual targets that mattered greatly at the time. Ben Bernanke (2010) acknowledges the
premise of this reasoning, but uses it for defending macroeconomic models, arguing
that they work fine under ordinary conditions: “Economic models are useful only in
the context for which they are designed. Most of the time, including during reces-
sions, serious financial instability is not an issue. The standard models were designed
for these non-crisis periods, and they have proven quite useful in that context.” (2010,
p. 17) In other words, the 2008 crisis was not a feature of the proper targets of the
then-dominant economic models. Thus the problem was not with those models but
with the modelling practices that had failed to address targets with bubble-generating
capacities.
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. . . for purpose P,

There is a vast multiplicity of possible purposes that models – or any given model
– can serve, or intended or presumed to serve. These include explaining this or that
phenomenon or aspect of the phenomenon; predicting this or that phenomenon with
this or that accuracy of timing, magnitude etc.; exploring the properties of possible
scenarios; solving this or that puzzle (so as to get yet another paper published); elab-
orating this or that new or old technical tool; designing an institution or policy with
these or those desired features; educating or persuading students (or lay people, media,
politicians); and so on.

It makes no sense to talk about successes or failures without specifying the relevant
purposes. Success and failure are functions of purpose, among other things. This pro-
vides part of the pragmatic context of models. Modelling can serve multiple purposes,
such that any particular model is designed for – or is expected or found to serve - one
or more particular purposes and can only be evaluated in terms of its success in serving
those purposes. It is worth noting that the issue of target specification or the proper
domain of a model’s applicability (that we just briefly discussed above) can often be
transformed into an issue of the purposes of modelling. This is what Stiglitz suggests:
“Is the purpose of an economic model to help us predict a little bit better how the
economy is performing in ’normal’ times – when things do not matter much? Or, is
the purpose of an economic model to predict, prevent and manage big fluctuations and
crises?” (Stiglitz, 2011, p. 168)

Stiglitz and many others charged economics for predictive failure, but this is very
ambiguous. Of the 2008 financial crisis, one may have failed to predict (a) that it is
coming; (b) by what pathways it is coming; (c) when it is coming; and (d) with what
(e.g. quantitative) characteristics it is coming. These tasks are concerned with the
anticipation of actual events, and they are not equally easy. While (a) is surely the
easiest task, (c) and (d) are far more difficult – while their degree of difficulty depends
on the desired accuracy of the predictions. What is important is that many economists
defended their models and modelling practices by arguing that prediction is not among
their proper and reasonable goals after all.

An even heavier charge is for a failure of conception: economists not only failed to
predict the crisis, they failed to conceive it, which is even more serious. As much as
economists are fond of modelling possibilities, it is notable that the sort of systemic
crisis exhibited by the financial system in 2008 was not among the possible scenarios
entertained by economists. They failed to conceive what is possible within the system
given the sorts of causal mechanism that the system contains. And they failed to
conceive what the system has a propensity to do, given those mechanisms.

Many critics have pointed out that the dominant purposes of large and most respectable
parts of economic modelling may have been removed too far from the timely needs of
effective economic policy – such as the anticipation of certain dramatic kinds of real
world development or even the recognition of their possibility based on accounts of the
complex system of underlying mechanisms. The suspicion is that economists are in-
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clined to address relatively small and easy specialized intra-academic puzzle-solving
challenges so as to maximize their academic performance measured in terms of pub-
lication output, rather than to tackle big and difficult issues that take more time and
effort and are more risky in their capacity to yield an impressive publication record.
Perhaps the dominant purposes of modelling have become rather fragmented and in-
ward looking.

These observations inspire two further remarks. The first is that given the large variety
of possible purposes, there is also a large variety of ways of failing (so it is easy to
fail) as well as of ways of escaping charges of failure (so it is difficult to fail). One can
defend a model or a model format by varying the associated purposes. In response to
(alleged) failure in relation to (intended or presumed) purpose P1 the modeller makes
an excuse or escape by proposing an allegedly more appropriate purpose P2 and by
claiming success in relation to P2 (and in response to the possible further failure in
relation to P2 the modeller escapes by proposing another purpose P3, and so on). No
doubt this structure has been in place in the debates around economics. The second
remark is that there is a limit to the room that can be permitted for escape. The
purposes of modelling themselves are and should be subject to critical scrutiny and
debate. Not all possible purposes are equally appropriate. Some purposes just cannot
be ignored without damaging the legitimacy of a modelling discipline.

. . . addressing audience E,

Modelling is always addressed to some audience or set of audiences. Models are used
to convey information to audiences, to educate them, to impress them, to persuade
them, to use them as test partners. The possible audiences include likeminded experts
in the modeller’s specialised field of inquiry and those in disagreement, other members
of one’s own discipline and those in other disciplines, students and journal editors,
media and policy makers, and so on. The expectations and beliefs of particular target
audiences partly determine what is offered to them by the modellers. This provides
another pragmatic aspect of modelling. (One can of course try to embed the roles
of audience in the category of purpose, but this would make the latter intractably
extensive and variegated and internally structured, so I prefer keeping audience as a
separate component.)

I mentioned using an audience as a test partner. Any model, in the course of its life-
time, travels through a private-public dimension, from private conception to public
acceptance or rejection. At various stages, audiences as test partners can be internal
(modeller herself) or external (other scientists or non-scientists). The internal audi-
ence as a test partner examines the conceived model for its public recognisability and
acceptability, at least for further study and discussion, before submitting it to public
scrutiny. Anticipations of the forthcoming public reception of the model are shaped by
the dominant modelling conventions in the discipline or research field, so the model
had better be constructed and proposed without violating these social conventions to
have a chance. The public examination of models will therefore virtually always re-
strict itself to a limited and relatively homogeneous set of candidate models (see Mäki,
1993, p. 97). This is one mechanism resulting in the sort of intellectual herd behaviour
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that has been mentioned among the sources of modelling failure regarding the 2008
crisis.

Among the external audiences, there is the primary audience consisting of other aca-
demic economists attending specialised seminars and reading top journals in the same
field. One of the important functions of this audience is to serve as a pool of referees
used for assessing paper submissions for publication in journals. Given how academic
performance is nowadays measured, this is crucial for academic survival and promo-
tion, so modellers had better be successful in persuading this audience. This takes
place within a narrow specialism, which means that critical or corrective feedback
tends to be limited, focused mostly on technical details. Broader issues and those of
societal relevance play side roles at most. The big picture easily gets lost.

Then there are secondary audiences, such as economists and non-economists in other
fields, and policy makers and the general public as well as journalists mediating be-
tween academic research and these non-academic audiences. The demand for the big
picture may be pressing, but the demand is not very likely to be met due to the over-
riding pressures of specialised academic performance. In general, there tends to be
little effective feedback on the relevant models from these secondary audiences, and
this may be due to a lack of competence (e.g. insufficient mathematical literacy), or
perhaps in some cases ideological coherence or political convenience.

So it is possible that much of the most respectable academic work in economic mod-
elling has been directed predominantly to other academic economists within some
limited field of specialization rather than to audiences busy with policy work con-
cerned with concrete complexities of real world issues. One consequence of this may
have been a failure to develop sound comprehensive accounts of the functioning (or
malfunctioning) of the system as a whole. Or, in case economic research has been
addressed to people in policy practice, the latter may have been happy to receive them
without complaints because the economy was believed to be running its course suf-
ficiently smoothly and perhaps because the message from the academia was in line
with their political prejudices. Indeed, one of the suspicions presented by the critics is
that the belief in the self-stabilizing capacities of unregulated markets has been strong
both among leading economists and among leading politicians, and that these beliefs
have fortified one another (see e.g. Stiglitz 2010 and Quiggin 2010).

. . . at least potentially prompting genuine issues of relevant resemblance between M
and R to arise;

While many different things can stand for, or can be used as a representative of, a
given target thing, only those that resemble the target in relevant ways are useful for
generating true information about the target. To find out whether this is so, the issue
of relevant resemblance must arise. The notion of relevant resemblance involves both
objectively ontological and subjectively pragmatic aspects. Resemblance is a matter
of objective matter of fact, while relevance is a matter of relativity to some purposes,
goals, interests, and audiences. One and the same resemblance relation between a
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model and its target may be sufficiently relevant for some purpose and audience but
not so for another. The critic may then argue that the dominant available models do
not resemble their targets relevantly for conceiving, anticipating, and avoiding the
sorts of crisis that was witnessed in 2008. It is important to see that there are two
ways in which models may fail to relevantly resemble their targets (Mäki, 2009a,
2011a).

One kind of failure occurs when relevant resemblance is pursued by the modeller, but
the attempt fails. In this case the issue of relevant resemblance arises, but it will be
resolved in support of the conclusion that a given model does not relevantly resemble
some target. Or, it may be that this would be the right conclusion, but it is not actually
drawn by economists for one reason or another. In either case, surrogate modelling is
exercised: models are conceived as bridges to their targets, so that finding about the
properties of models are intended and hoped to be informative about the respective
properties of the targets. But the bridge may fail, and the intended resemblance is
not established. The model may be based on isolations that serve to exclude, rather
than include, some important crisis-generating mechanisms in operation in the real
economic system. This would be one type of failure of resemblance, based on trying
and failing.

Another kind of failure occurs when there is no trying at all, unlike in the case of
surrogate modelling. It is not a failed attempt but rather a failure to attempt. In what I
call substitute modelling, models are conceived as islands (rather than bridges), with
no issue of relevant resemblance being prompted at all. Imaginary model worlds are
examined for their own sake, as it were, with economists learning a great deal about
the properties of their models but nothing about any real world targets – not even about
what these targets are not like. The study of models substitutes for the investigation
into anything beyond them. Criteria other than those pointing towards resemblance
between models and their targets dominate the exercise. This is probably what Paul
Krugman had in mind when writing, “economists, as a group, mistook beauty, clad
in impressive-looking mathematics, for truth” (see also Hodgson, 2009). Krugman is
not alone with this suspicion.

The distinction between surrogate modelling and substitute modelling is not crystal
clear though, and this creates some room for justifying modelling practices that do
not immediately address issues of resemblance. As I said before, it is part of the na-
ture of modelling that attention and research effort are directly focused on examining
the properties of models. There are two dimensions along which to consider the fur-
ther issue of whether such attention and effort are a matter of surrogate or substitute
modelling. One dimension is that of individual-collective: the task of addressing the
issue of resemblance is delegated to other researchers within the scientific commu-
nity in line with some principle of division of scientific labour. Even if one modeller
may appear to practice substitute modelling only, this is supplemented by others who
turn the exercise into one of surrogate modelling. Another dimension is the histor-
ical one of now-later: there is an appropriate temporal order of research tasks, and
the task of addressing issues of resemblance will be taken up and accomplished by
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some later (generations of) researchers. Both of these dimensions have been utilised
by economists in defending their models. (See Mäki 2009a, 2011a.)

The critical diagnosis, however, is to argue that major parts of economic modelling
may have degenerated into the investigation of imaginary model worlds only, with no
issues of resemblance being raised under the prevalent division of scientific labour
or along a natural temporal sequence of intellectual effort. This situation results in
treating models as substitute systems that are investigated in their own right with no
concern whatsoever with how they might connect with real-world systems. Such a
tendency may have been supported by a variety of factors, such as the increasing
specialization of economic inquiry, its over-mathematization, and perhaps in some
cases by the fact that economists and some of their audiences have been charmed
by the smooth functioning of model economies within the model worlds, apparently
justifying non-interventionist attitudes in policy making.

. . . describing M and drawing inferences about M and R in terms of one or more model
descriptions D;

A given model can be described variously, such as in terms of verbal means, algebra,
geometry, diagrams, etc. It is in terms of whatever medium is used for describing
the model world that inferences are drawn about the properties and behaviour of that
model world. Each type of medium has consequences for many other things in the
modelling exercise, such as the range of inferences and claims that can be made (and
are likely to be made) about the models, the range of ingredients to be included in the
models, and the sorts of audience that can be reached.

In economics education, addressing students from introductory to advanced levels,
one and the same model can be described variously at different stages of the education
process, beginning with using easily accessible mathematics and gradually employing
ever more demanding techniques. In policy memos, one may explain the key message
of a model verbally, perhaps using diagrams, and then adding an appendix with a full-
blown mathematical description of the model (with goals such as exposing the model
to expert scrutiny or impressing the policy makers with a façade of scientificity). The
structure of journal articles in terms of model description techniques also resonates
with issues of audience, such as the readability of published articles and the sales and
citations attracted by the journal.

It has been argued that the popularity of sophisticated mathematical means of descrip-
tion may have fortified the allegedly great distance between some economic models
and the real world. This charge can be made more precise by invoking the idea of
formal tractability as a dominant guiding principle of modelling (see e.g. Hindriks,
2006). The claim then would be that economists may have been excessively and un-
critically constrained and inspired by considerations of formal tractability rather than
empirical adequacy or relevant resemblance, and that this has imposed serious limi-
tations on how they view the world. The discipline suffers from “the obsession with
technique over substance” (Hodgson, 2009, p. 1210).

Recall Krugman’s claim that the charm of “impressive-looking mathematics” has
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taken an upper hand and suppressed an interest in truth about the complexities of
real world economies. In his vigorous response to Krugman, Chicago economist John
Cochrane Cochrane (2011, p. 39) acknowledges that real world economies are more
complex than the models economists build and use, and that it would indeed be desir-
able to be able to model the frictions and other imperfections in the world – and that,
unfortunately, the mathematical tools now available are limited for the purpose: “Fric-
tions are just hard with the mathematical tools we have now.” So it seems Cochrane
admits that economic models have missed important features of real world targets and
that part of the reason lies in mathematical descriptions of the models constraining the
contents of those models. But he thinks the problem is not with mathematics per se
but rather with the limitations of the sorts of mathematics now used: “The problem is
that we do not have enough mathematics.”

. . . and applies commentary C to identify and coordinate the other components

By themselves, model objects do nothing to serve a purpose, to reach an audience,
or to link with a target object. Model objects themselves and their relations to such
other things are complex and typically not fully transparent, so they require clarifica-
tion and coordination. This is provided by the model commentary. Yet there is no
guarantee that modellers always have the sort of complete understanding of the com-
plexity of the modelling exercise that would enable them to provide a commentary that
successfully spells out what is not transparent. Economists busy with mere substitute
modelling might even not have a strong interest in providing a clarifying commentary
accurate and comprehensive enough to deal with intricate connections with the real
world.

A major challenge is to be clear about the roles of and interrelations between what eas-
ily appear as outrageously false idealizing assumptions used in describing theoretical
models. Commentary has the important task of accomplishing a functional decom-
position amongst model components (e.g. Mäki, 2011c). Idealizations are not to be
interpreted literally at face value, they typically need first to be translated into claims
whose roles are well understood in the structure of the modelling process, so that they
can be more directly assessed for how well they serve their proper functions. These
latter claims may turn out to be true statements about things such as negligibility (of
some falsehood for some purpose) or applicability (of the model to one rather than
another domain), or they may become justified as serving a useful purpose as early
steps in a sequence of models leading to ever better ones. Or they may fail in playing
their proper roles. To be able to check whether they fail or succeed, an informed com-
mentary must have done its job of functional decomposition. Economists often fail to
provide such a commentary.

Model commentary also resonates with audiences. Given the reputation of arrogance
and self-confidence enjoyed by the economics profession, it is remarkable that when
addressing fellow economists, they exhibit relatively more modesty and humility when
presenting their models and making claims about them. They pay more attention to the
complexity of the issues, and are more explicit about the various provisos, background
assumptions, and uncertainties that are involved. When addressing non-economists
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on the other hand, there is less modesty and humility, and less attention is paid to
the complexities hidden in the background. “In private discussions among ourselves
we recognize this complexity, but we don’t add the appropriate warning labels to our
models when they are discussed in public. There, we pretend we understand more than
we do.” (Colander, 2011, p. 20) Another version of the story, often told by economists,
is that their otherwise sound ideas are misinterpreted and ill applied by policy makers
due to incompetence or the involvement of messy conflicts of political interest. This
charge may be intended to redirect the blame for failure, but it can also be taken to
emphasise the high importance of supplementing (sound or unsound) models with a
sound commentary, but it is not obvious that economists are doing their best in this
regard.

It should be part of the academic competences of trained economists to be able to be
clear about what their models are for; what the models are about; what the models are
capable of doing, and what not; how reliable the models are; what sorts of criticisms
have been levelled against the models and how the criticisms have been responded;
what alternative models there are; etc. The challenge is not easy, and it is clear that
it has not been met with sufficient exuberance and success. The capacity of writing
“warning labels” would be part of the needed professional competence. Colander sug-
gests requiring “publications of models that seem to have policy relevance to include
an explicit warning directed at the non-scientific users of the model” (Colander, 2010,
p. 424). Such warning labels would alert the relevant audiences to the capabilities and
limitations of the models.

It is clear that the commentary attached to popular economic models has failed in
spelling out their potentials and limitations. This has led to existing models being
used for inappropriate purposes and non-existing but important models not having
been built at all. Existing models depict bubble-free economies, but they have been
erroneously applied to the current financialized economies that are not bubble-free;
and models that would be adequate for representing our bubble-prone economies
have failed to be developed by a sufficient number of sufficiently credible economists.
Avoidance of these errors would be helped by reliable commentaries informing what
any given model can and cannot do. It should be added here that philosophers,
methodologists and historians of economics might be expected to be well equipped
to do their share in contributing to the construction of an enlightening commentary of
economic models.

. . . and all this takes place within a context X

The final component of the context of modelling includes lots of various further in-
gredients that make a difference for models and modelling practices. It includes items
such as intra-disciplinary conventions and practices, standards and incentives, arrange-
ments of education, research and publishing, and so on. The context also includes
various external (including non-academic) enabling and constraining conditions, ex-
pectations, pressures, resources, such as the ongoing transformation of the university
institution and the societal status of economics. Such contextual factors make a direct
or indirect impact on the other components of the system of modelling.
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For example, the deficiencies in the competence of the economics profession to pro-
vide adequate commentary of the capabilities and limitations of the models it produces
is likely to be an outcome of the rather narrow education nowadays offered to eco-
nomics students – consisting mainly of recent economic theory and mathematical and
statistical techniques. It is generally recognized that fatal consequences may follow
from not systematically learning about the other social sciences, about the society at
large, about past economic history, about the history and philosophy of the economics
discipline itself.

Thinking of the allegedly flawed contents of the models behind the 2008 crisis more
directly, the structure of the disciplinary division of intellectual labour may have
played important roles. That the isolations of macroeconomic models have excluded
causally relevant details of financial markets is partly a product of the structure of
disciplinary practices within economics, namely the increased specialization that has
deepened the divide between the two fields: “The fact that finance and macroeco-
nomics have become separate fields with some difficulties of intercommunication may
have been the inevitable result of the relentless pressure for ever-greater specialization
in academic disciplines.” (Posner, 2009, p. 328)

As to the epistemic values and conventions underlying disciplinary practices, the ideal
of formal tractability may have favoured certain problematic idealizations and sup-
pressed the pursuit of factual adequacy. A tendency towards substitute modelling
may have been supported by failures in the division of labour in economic inquiry
(economists supposedly bridging the gap between theoretical models and their targets
not showing up); by the compulsory incentive to publish elegant modelling exercises
in prestigious journal with little need to address issues of real-world connections; and
perhaps in some cases by economists and some of their non-academic audiences being
overly charmed by the smooth functioning of model economies, therefore reluctant to
consider the importance of any real-world imperfections.

Exceptional amongst the social sciences is the role of the economics discipline in con-
temporary society, the intellectual and political authority economics enjoys regardless
of its failures. Above, I cited Colander’s confession, “we pretend we understand more
than we do” and we could add that economists do so in order to – or with the conse-
quence of – protecting and promoting their socially acknowledged authority. In the
worst case, there is a nightmarish scenario on which the more economists are con-
sulted for policy advice, the more they need to pretend to know, and so the higher the
likelihood of policies going astray. Avoiding the nightmare would require some smart
restructuring of the institutions of the economics discipline.

***

Models and modelling as such are powerful means of acquiring information about
dynamically complex systems such as economies. While powerful, they are also prone
to error and epistemic risk – and not just epistemic risk, but institutional risk as well
in that the (academic and other) institutions of economic inquiry may fail to provide
appropriate incentives and other preconditions for adequate modelling. Investigating
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the possibility and actuality of modelling failure is a matter of exercising disciplinary
risk management (see Mäki, 2011a).



Modelling failure 399

Bibliography

Akerlof, G., & Shiller, R. J. (2009). Animal spirits. How human psychology drives
the economy, and why it matters for global capitalism. Princeton: Princeton
University Press.

Bernanke, B. (2010). Implications of the financial crisis for economics. Remarks at a
conference at Princeton University, 24.10.2010.

Carter, J. R., & Irons, M. D. (1991). Are economists different, and if so, why? Journal
of Economic Perspectives, 5, 171–177.

Cochrane, J. H. (2011). How did Paul Krugman get it so wrong? IEA Economic Af-
fairs, 36–40.

Colander, D. (2010). The economics profession, the financial crisis, and method. Jour-
nal of Economic Methodology, 17, 419–427.

Colander, D. (2011). How economists got it wrong: A nuanced account. Critical Re-
view, 23, 1–27.

Fourcade, M., Etienne, O., & Yann, A. (2015). The superiority of economists. Journal
of Economic Perspectives, 29, 89–114.

Giere, R. (1999). Science without laws. Chicago: University of Chicago Press.
Hindriks, F. (2006). Tractability assumptions and the Musgrave-Mäki typology. Jour-

nal of Economic Methodology, 13, 401–423.
Hodgson, G. M. (2009). The great crash of 2008 and the reform of economics. Cam-

bridge Journal of Economics, 33, 1205–1221.
Krugman, P. (2009). How did economists get it so wrong? The New Your Times Mag-

azine, 2 September.
Lucas, R. E. JR. (2003). Macroeconomic priorities. American Economic Review, 93(1),

1–14.
Mäki, U. (1992). On the method of isolation in economics. Poznan Studies in the

Philosophy of the Sciences and the Humanities, 26, 319–354.
Mäki, U. (1993). Social theories of science and the fate of institutionalism in eco-

nomics. In B. Mäki U. Gustafsson, & C. Knudsen (Eds.), Rationality, institu-
tions and economic methodology (pp. 76–109). London: Routledge.

Mäki, U. (2009a). MISSing the world: Models as isolations and credible surrogate
systems. Erkenntnis, 70, 29–43.

Mäki, U. (2009b). Realistic realism about unrealistic models. In H. Kincaid, & D. Ross
(Eds.), Oxford handbook of the philosophy of economics (pp. 68–98). Oxford:
Oxford University Press.

Mäki, U. (2011a). Contested modelling: The case of economics. In Models, simula-
tions, and the reduction of complexity. Hamburg Academy of Sciences.

Mäki, U. (2011b). Models and the locus of their truth. Synthese, 180, 47–63.
Mäki, U. (2011c). The truth of false idealizations in modelling. In P. Humphreys, & C.

Imbert (Eds.), Models, simulations, and representation (pp. 216–233). London:
Routledge.

Posner, R. A. (2009). A failure of capitalism. The crisis of ’08 and the descent into
depression. Cambridge, MA: Harvard University Press.



Quiggin, J. (2010). Zombie economics. How dead ideas still walk among us. Princeton:
Princeton University Press.

Roubini, N., & Mihm, S. (2011). Crisis economics. A crash course in the future of
finance. London etc: Penguin Books.

Stiglitz, J. E. (2010). Freefall. Free markets and the global economy. London etc:
Penguin Books.

Stiglitz, J. E. (2011). Rethinking macroeconomics: What went wrong and how to fix
it. Global Policy, 2, 165–175.

Volokh, K. Y. (2010). On modeling failure of rubber-like materials. Mechanics Re-
search Communications, 37(8), 684–689.

Weisberg, M. (2013). Simulation and similarity. Using models to understand the world.
Oxford: Oxford University Press.

Author biography. Uskali Mäki: Academy Professor, Academy of Finland; Professor
of Practical Philosophy, University of Helsinki; Director of the Academy of Finland
Centre of Excellence in the Philosophy of the Social Sciences; Former Professor and
Director at Erasmus Institute for Philosophy and Economics [EIPE], Erasmus Univer-
sity of Rotterdam (1995-2006); Former Editor of Journal of Economic Methodology
[JEM] (1996-2005); Former Chair of the International Network for Economic Method
[INEM] (2007-2008).



Part E

International Council for
Science (ICSU) special session:

Future Earth





21 Transformative research for a
sustainable future Earth

GORDON MCBEAN *AND HEIDE HACKMANN †

Abstract. The scientific consensus is that we have entered the Anthropocene, a new
geologic epoch defined by our own massive impact on the planet. This paper addresses
the broad scope of interconnected issues, such as biogeochemical flows and biodiver-
sity integrity, land-system and climate change, which are all interconnected. There is
need to identify and quantify the planetary boundaries that provide a “safe” operating
space for humanity. In the present international context, the issues are being dealt with
as disaster risk reduction (Sendai Framework), climate change (Paris Agreement) and
Sustainable Development Goals. How can science best provide the inputs to these
policy processes and more importantly to help governments and people address the
issues? These questions require outputs leading to outcomes that address complex
socio-economic, natural, health, engineering, philosophical and cultural issues and
most challenging their intersections.

The Program Future Earth: Research for Global Sustainability has, as its goal: “To
provide the knowledge required for societies in the world to face risks posed by global
environmental change and to seize opportunities in a transition to global sustainabil-
ity”. The program has adopted a unique approach of both a Science Committee and an
Engagement Committee to co-design and co-produce the scientific research program.
The Science Committee: represents the full spectrum of scientific fields, as well as
scientists from other sectors and the Engagement Committee includes representatives
from business, civil society and government. The research theme of transformations to
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sustainability will be a special challenge in dealing with issues such as transformation
processes and global and regional governance, including incentives and international
law. The challenge for Future Earth will be to bring together interdisciplinary, trans-
disciplinary teams of scientists to undertake transformative research providing outputs
leading to outcomes that make a difference for global sustainability.

Keywords: sustainable development, climate change, disaster risk reduction, trans-
formative research, international research collaboration, science for policy, science
and society.

1 Introduction

The scientific consensus is that our planet has entered the Anthropocene, the age of hu-
mans, a new geologic epoch defined by our own massive impact on the planet (Steffen,
Crutzen, & McNeill, 2007). This paper addresses the broad scope of interconnected
issues, such as biogeochemical flows and biodiversity integrity, land-systems, ozone
layer depletion and climate change, which are all interconnected. There is need to
identify and quantify the planetary boundaries that provide a “safe” operating space
for humanity (Syvitski, 2012). How far have we gone? Where are the global “tipping”
points that may exceed the planet capacity of adaptation? What actions can turn us
back? These are critically important policy issues for societies and governments that
are challenging global realities. A global perspective of the relative risks of climate
change, extreme weather and natural disasters was given in The Global Risks Report
2016 (World Economic Forum, 2016). The failure of actions on climate change miti-
gation and adaptation is now ranked as the global risk with the highest impact and one
of the most likely ones. The Top 5 Global Risks in Terms of Likelihood are ranked
to be: 1. Large-scale involuntary migration; 2. Extreme weather events; 3. Failure of
climate change mitigation and adaptation; 4. Interstate conflict with regional conse-
quences; and, 5. Major natural catastrophes. We are living in a world of converging
crises and facing the imperative of profound social transformation. As we go forward,
there will be more and more interdependencies, of which we understand less and less.
The bringing together the typical ingredients for an upcoming crash means that it is
essential to have coordinated efforts of public authorities, civil society, industry, and
academia to avoid possible collapse of society as we know it (Lechner, Jacometti,
McBean, & Mitchison, 2016).

An example of the issues and their interconnectedness is what we may call the “Disas-
ter Risk-Poverty Nexus” (International Strategy for Disaster Reduction, 2009). There
are global drivers of risk, such as uneven economic and urban development, climate
change and weak governance and limited endogenous capacities. When these are
imposed on the underlying risk drivers, such poor urban and local governance, vulner-
able rural livelihoods, ecosystem decline and lack of access to risk transfer and social
protection and the mix of everyday, extensive or intensive risk resulting in disaster
impacts, the results are poverty outcomes which in turn accentuate the poverty and
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related factors, making the community’s risks even higher. The result is a “feedback”
loop in that communities that are already poor are more impacted by hazards, leading
to further enhancement of their poverty and, hence risk, with even greater negative
impacts when the next hazard strikes. Hence, weak governance, limited endogenous
capacities and superimposed climate change, lead to uneven economic and urban de-
velopment, further enhanced when a hazard strikes, demonstrating the linkages of the
issues of poverty, health, environment, development and governance.

These interconnected issues are challenging, and changing, science, and all its aspects.
Doing integrated science that makes a difference and pursuing excellence through
engagement in open knowledge-action arenas is important and necessary to address
these issues. There is need for science-based information as inputs to the issues of
global security, intersections of cultures and societies and these are challenges for
science policy and practice. Now is the time to create the ‘conditions of possibility’, to
support science for a sustainable and just world. The characterization of today’s global
realities includes (United Nations Educational, Scientific and Cultural Organisation &
International Social Science Council, 2009):

• the inseparability of social, political, cultural and environmental problems;

• the centrality of people;

• the inadequate social responses to date; and

• the urgent need for social transformation.

There is need for transformations recognizing the complex processes of profound
social change, the altering of our social and economic systems and the values and
lifestyles in ways that could put society on a fundamentally different development
path. The global scientific community needs to, and is, responding to these changes.

2 The International Council for Science

The International Council for Science (ICSU)1 is a leading non-governmental science
organization that was created in 1931. The Council now has 122 National Members
and 31 Unions or Associations of scientists by discipline. The scope of these dis-
ciplines include math, physics, chemistry, geology, biology, anthropology, sociology
and the history and philosophy of science. The Mission of the International Council
for Science (ICSU) is “to strengthen international science for the benefit of society”,
for all societies. The vision of the Council is for a world where excellence in science
(all sciences) is effectively translated into policy making and socio-economic devel-
opment, with universal and equitable access to scientific data and information, where

1http://www.icsu.org
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all countries have scientific capacity, enabling the generation of new knowledge and
nations can establish their own development pathways in a sustainable manner. The
Council’s key priorities and associated activities are: Science for Policy (and policy
for science); Universality of Science with the freedom to do science while recognizing
the responsibilities of science and scientists; and International Research Collabora-
tion.

The International Council for Science works closely with the International Social Sci-
ence Council (ISSC)2. ICSU and ISSC are co-sponsors of the Integrated Research
on Disaster Risk Program and the Future Earth Program. They also collaborate in
other ways, such as through Science International3. In 2015 the International Coun-
cil for Science (ICSU) initiated ‘Science International’ as a new series of action-
oriented meetings bringing together major international science bodies: International
Council for Science (ICSU); the International Social Science Council (ISSC); The
World Academy of Sciences for the advancement of science in developing countries
(TWAS)4; and the InterAcademy Partnership (IAP)5. The 2015 edition of Science In-
ternational has developed an international accord on the values of open data in the
emerging scientific culture of big data. The Accord recognises the need for an inter-
national framework of principles on “Open Data in a Big Data World” and proposes
a comprehensive set of principles. The Accord has now close to 100 endorsements
from academies and other international organisations. Negotiations are now under-
way towards a merger of the two councils to create a scientific organization for “all”
sciences”.6

Another example of the ICSU and ISSC working together was the proclamation of
the 2016 International Year of Global Understanding7 by the International Council for
Science (ICSU, International Social Science Council (ISSC) and the Conseil Interna-
tional de la Philosophie et des Sciences Humaines (CIPSH)8, based on an initiative of
the International Geographical Union (IGU). The IYGU stems from the recognition
that global understanding is an important and essential human condition. In the face
of global change, it is important we think globally recognizing that local actions alter
global processes and that global understanding clarifies the connections between the
local and the global. The International Year of Global Understanding was established
to address the ways in which we inhabit an increasingly globalized world and examine
the questions: “How do we transform nature?” and “How do we build new social and

2http://www.worldsocialscience.org/
3http://www.icsu.org/science-international/science-international
4TWAS. http://twas.org/
5IAP. http://www.interacademies.org/ The InterAcademy Partnership is an umbrella organization that

brings together IAP - the global network of science academies, the InterAcademy Medical Panel (IAMP),
and the InterAcademy Council (IAC).

6http://www.icsu.org/general-assembly/extraordinary-general-assembly-oslo-2016/background
7http://www.global-understanding.info/
8http://www.cipsh.net/htm
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political relationships for the emerging global reality?” It is recognized that societies
and cultures determine the ways that we live with and shape nature. They influence
how we perceive the global consequences of our everyday actions. Hence, we need to
understand what our daily actions mean for the world as a whole in order to overcome
global challenges. The IYGU is an important example of transformative approaches
for a sustainable future Earth.

3 International environmental policy agenda and the
international agreements of 2015

The year 2015 was a crucial year for the international policy agenda with the Third
UN World Conference on Disaster Risk Reduction (WCDRR)9 and the ensuing Sendai
Framework on Disaster Risk Reduction 2015–203010, United Nations Sustainable De-
velopment Summit and ensuing Agenda 2030 and Sustainable Development Goals
(SDGs)11 (2015), the 21st Conference of the Parties (COP-21) of the UN Framework
Convention on Climate Change and its Paris Climate Agreement12 (2105) and the
International Conference on Financing for Development (2015)13. For these inter-
national negotiations, the International Council for Science was the principal in the
Science and Technology Major Group 14 15 and, hence, had a major participatory role.
To address these issues, there is need for integrated information on these topics and
related issues. As we look ahead for the next decades, there is need for recognizing
the responsibilities of global science to contribute to post-2015 frameworks, including
the Sendai Framework, Agenda 2030, Paris Climate Agreement and the urban agenda
at Habitat III Conference16.

9www.wcdrr.org/
10UNISDR; www.unisdr.org/we/inform/publications/43291
11Sustainable Development Goals; https://sustainabledevelopment.un.org/?menu=1300.

SDG/Agenda 2030 “Transforming our world: the 2030 Agenda for Sustainable Development”
http://www.un.org/ga/search/view_doc.asp?symbol=A/RES/70/1&Lang=E

12Paris Agreement, UNFCCC; https://unfccc.int/resource/docs/2015/cop21/eng/l09r01.pdf
13Third International Conference on Financing for Development,

http://www.un.org/ga/search/view_doc.asp?symbol=A/CONF.227/20
14https://sustainabledevelopment.un.org/majorgroups/scitechcommunity
15www.icsu.org ›Science for Policy ›Sustainable Development Goals
16https://www.uclg.org/en/issues/habitat-iii
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3.1 Sendai Framework for Disaster Risk Reduction 2015–2030

In 2005, nations agreed to the Hyogo Framework for Action on disaster risk reduc-
tion17. In 2015, at the meeting in Sendai, nearby to the location of the Fukushima
disaster, negotiations were undertaken to provide a post-Hyogo Framework. As Rep-
resentative of Science and Technology Community Major Group, I was invited to
make presentations both on panels and as part of the negotiation process. The new
Sendai Framework for Disaster Risk Reduction 2015–2030 takes into account the ex-
perience gained through the implementation of the Hyogo Framework for Action. The
Framework states: “In pursuance of the expected outcome and goal, there is a need
for focused action within and across sectors by States at local, national, regional and
global levels in the following four priority areas:

1. Understanding disaster risk;

2. Strengthening disaster risk governance to manage disaster risk;

3. Investing in disaster risk reduction for resilience; and

4. Enhancing disaster preparedness for effective response, and to “Build Back
Better” in recovery, rehabilitation and reconstruction.”

These intergovernmental negotiations on the post-2015 development agenda, financ-
ing for development, climate change and disaster risk reduction provide the interna-
tional community with a unique opportunity to enhance coherence across policies,
institutions, goals, indicators and measurement systems or implementation, while re-
specting the respective mandates. It is important to ensure credible links, as appropri-
ate, between these processes that will contribute to building resilience and achieving
the global goal of eradicating poverty. The Council is collaborating with UN and
other partners to make this a reality, including at the now completed International
Conference, held in January. 2016 in Geneva, and specifically through the Integrated
Research on Disaster Risk Program (IRDR)18 and its projects on data and monitor-
ing systems and methodologies for forensic investigations of disasters. The IRDR
Program has a major role in addressing the Sendai Framework.

3.2 Sustainable development goals

Sustainable Development (World Commission on Environment and Development, 1987)
(World Commission on Environment and Development, 1987) is defined as: “Human-
ity has the ability to make development sustainable - to ensure that it meets the needs
of the present without compromising the ability of future generations to meet their
own needs”. A principal key part of the sustainable development is the linking of

17https://www.unisdr.org/we/coordinate/hfa
18http://www.irdrinternational.org/
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social, economic, technology, science and environmental issues and connecting the
future with the present. It essentially leads to science-informed decision making. The
concept of “seeing the future” (McBean, 2008) is an essential part of sustainable de-
velopment, and disaster risk reduction. Another important aspect is understanding the
interconnectivity between actions and responses across and around the planet with its
major societal, logical and philosophical issues.

There are 17 Sustainable Development Goals19 with 169 targets agreed to for the Post-
2015 Development Agenda. They collectively address issues of: poverty; hunger
and food security; healthy lives; inclusive and equitable quality education; gender
equality; water and sanitation; sustainable and modern energy; sustainable economic
growth; inequality; and sustainable consumption and production patterns. Specifically
linked to the other pillars of the 2015 international agenda include: Goal 9. Build re-
silient infrastructure, promote inclusive and sustainable industrialization and foster
innovation; and Goal 11: Make cities and human settlements inclusive, safe, resilient
and sustainable; - linked to Sendai and Goal 13: Take urgent action to combat climate
change and its impacts – obviously links to the Paris Agreement. Goal 14 is: Con-
serve and sustainably use the oceans, seas and marine resources for sustainable de-
velopment; and Goal 15 is: Protect, restore and promote sustainable use of terrestrial
ecosystems, sustainably manage forests, combat desertification, and halt and reverse
land degradation and halt biodiversity loss. Goal 16 is about peaceful, inclusive soci-
eties and justice. It also includes, importantly, accountable and inclusive institutions
at all level. Goal 17 is: Strengthen the means of implementation and revitalize the
global partnership for sustainable development. The latter specifically addresses the
challenges for transformative research for a sustainable future Earth.

Associated with the 17 Goals are 169 Targets and the International Council for Sci-
ence and International Social Science Council convened a group of experts to review
the targets from the philosophical perspective and issues of measurement, measurabil-
ity, logic and methodology (International Council for Science & International Social
Science Council, 2015). The Group concluded that the SDG framework was a major
improvement on the Millennium Development Goals (MDGs) but also concluded that
the SDG framework would benefit from an overall narrative articulating how the goals
will lead to broader outcomes for people and the planet and that it does not identify
the wide range of social groups that will need to be mobilized. Of the 169 targets,
49 (29%) were considered well developed, 91 targets (54%) could be strengthened by
being more specific, and 29 (17%) require significant work.

Following from this, a draft framework for understanding SDG interactions (Interna-
tional Council for Science, 2016) was developed as part of a project led by the Council
to explore an integrated and strategic approach to implementation of the SDGs. The

19Sustainable Development Goals; https://sustainabledevelopment.un.org/?menu=1300.
SDG/Agenda 2030“ Transforming our world: the 2030 Agenda for Sustainable Development
”http://www.un.org/ga/search/view_doc.asp?symbol=A/RES/70/1&Lang=E
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framework is a starting point for building an evidence base to characterize the goal
interactions in specific local, national or regional contexts. The Council is currently
convening research teams to develop thematic case studies, starting with the SDGs
for health, energy, and food and agriculture. The case studies will be compiled into a
report, expected to be published at the end of 2016. Through these initiatives, inter-
national science is playing a major role in addressing the international development
issues.

3.3 Climate Convention

As part of the preparatory process for the 21st Conference of the Parties (COP-21) of
the UN Framework Convention on Climate Change and its Paris Climate Agreement,
ICSU convened on 6 July 2015 in Paris an event Science and the Road to Transforma-
tion: Opportunities in the post-2015 Global Climate Regime20 which brought together
leading scientists and journalists to examine the scientific issues. UNESCO, Future
Earth, and ICSU convened in Paris the Our Common Future Under Climate Change
7-10 July 2015. The Outcome Statement21 noted that: “Science is a foundation for
smart decisions at COP21 and beyond. Solving the challenge of climate change re-
quires ambition, dedication, and leadership from governments, the private sector, and
civil society, in addition to the scientific community” and expressed the commitment of
the scientific community “to understanding all dimensions of the challenge, aligning
the research agenda with options for solutions, informing the public, and supporting
the policy process.”

A separate event, Climate Summit of the Americas22 was held 7–9 July, 2015 in
Toronto, Canada to bring together representatives from the western hemisphere. In-
cluded in the Summit was a climate science statement calling for governments, indus-
try and community leaders to make risk- and science-based decisions to limit global
warming. The result was the first-ever Pan-American action statement on climate
change signed by 23 states and regions in the Americas. These scientific events con-
tributed to the successful Climate Convention CoP21 Paris, 201523.

4 International research collaboration

The International Council for Science (ICSU) is very involved in initiating, organiz-
ing and leading international research collaboration, often partnering with other gov-

20http://www.icsu.org/events/ICSU%20Events/science-and-the-road-to-transformation-opportunities-in-
the-post-2015-global-climate-regime

21http://www.commonfuture-paris2015.org/The-Conference/Outcome-Statement.htm
22https://www.ontario.ca/page/climate-summit-americas-retrospective
23https://unfccc.int/resource/docs/2015/cop21/eng/l09r01.pdf
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ernmental and non-governmental organizations. The International Geophysical Year
(IGY)24 of 1957 is an important early example. Recognizing the increasing societal
concerns about the climate system, the International Council for Science (ICSU) and
the World Meteorological Organization (WMO) joined in 1980 to create the World
Climate Research Programme (WCRP)25 with the scientific objectives: to determine:
the predictability of climate; and the effect of human activities on climate. The In-
tergovernmental Oceanographic Commission of the UN Educational, Scientific and
Cultural Organization (UNESCO) became a co-sponsor in 1992, to most effectively
connect the global oceanographic community to the WCRP. By the mid-1980’s, the
level of international concern regarding climate change and broader issues of global
environmental change, plus the discussions on sustainable development, led the Inter-
national Council for Science (ICSU) to initiate the global change program, Interna-
tional Geosphere-Biosphere Programme (IGBP)26 to: study earth system science and
to help guide society onto a sustainable pathway during rapid global change. In 1992,
the International Council for Science (ICSU), with one of its unions, the International
Union of Biological Sciences, and the ICSU Scientific Committee on Problems of the
Environment, with UNESCO, recognizing the concerns about the state of biodiversity
on the planet, created the program DIVERSITAS27 , as an integrative biodiversity sci-
ence, that links biological, ecological and social disciplines to address the complex
scientific questions posed by the loss in biodiversity and ecosystem services and to
offer science-based solutions to this crisis. The International Human Dimensions Pro-
gramme on Global Environmental Change (IHDP)28 was established in 1996 by its
two scientific sponsors, the International Council for Science (ICSU) and the Interna-
tional Social Science Council (ISSC). IHDP was an international, non-governmental,
interdisciplinary research programme addressing the coupled human-natural system
in the context of global environmental change (GEC). It fostered high quality research
aimed at describing, analysing and understanding the human dimensions of GEC. Hu-
man dimensions are the ways in which individuals and societies contribute to global
environmental change, are influenced by global environmental change and mitigate
and adapt to global environmental change.

The impacts of natural hazards continue to increase around the world with hundreds
of thousands of people killed and millions injured, affected, or displaced each year be-
cause of disasters, and the amount of property damage has been doubling about every
seven years over the past 40 years. To address the shortfalls in current research on how
science is used to shape social and political decision-making in the context of hazards
and disasters, the International Council for Science (ICSU) initiated the Integrated

24http://www.icsu.org/publications/about-icsu/the-international-council-for-science-and-climate-
change-2015/the-international-council-for-science-and-climate-change-2015-1

25http://www.wcrp-climate.org/
26http://www.igbp.net/
27http://www.diversitas-international.org/
28http://www.icsu.org/what-we-do/past-interdisciplinary-bodies/hdp



412 Transformative research for a sustainable future Earth

Research on Disaster Risk (IRDR) Programme29. The IRDR mission is to develop
trans-disciplinary, multi-sectorial alliances for in-depth, practical disaster risk reduc-
tion research studies, and the implementation of effective evidence-based disaster risk
policies and practices. The IRDR Programme objectives are: 1) Characterization of
hazards, vulnerability and risk; 2) Understanding decision-making in complex and
changing risk contexts; and 3) Reducing risk and curbing losses through knowledge-
based actions. Attainment of these objectives through successful projects will lead to a
better understanding of hazards, vulnerability and risk; an enhanced capacity to model
and project risk into the future; better understanding of decision-making choices that
lead to risk plus how they may be influenced; and how this knowledge can better guide
disaster risk reduction. The IRDR Programme is now co-sponsored by the Interna-
tional Council for Science (ICSU), the International Social Science Council (ISSC)
and the UN Office for Disaster Risk Reduction (UNISDR, International Strategy on
Disaster Reduction)30.

With the increasing growth of populations in cities and the accompanying health is-
sues, the International Council for Science (ICSU), in partnership with the UNU Inter-
national Institute for Global Health31 and the Inter-Academy Medical Panel (IAMP)32

created the Health and Wellbeing in the Changing Urban Environment: a Systems
Analysis Approach Programme33 to promote systems approaches to understanding
health and wellbeing in urban settings by understanding the functioning of the urban
system as a whole. The systems approaches involves one or more of the following
elements: 1) development of new conceptual models that incorporate dynamic rela-
tions; 2) use of systems tools and formal simulation models; and 3) integration of
various sources and types of data including spatial, visual, quantitative and qualitative
data. The overarching vision for the Urban Health and Wellbeing Programme is the
development of aspired levels of wellbeing for people living in healthy cities.

5 Science system realities

The realities of the global scientific system include the persistent funding pressures
and the unfortunately continued, and in some place growing, public mistrust of sci-
ence. These lead to the new sense of urgency, and unrelenting pressure, for science
to make a difference to real-world problem-solving. The grand challenge is: to ur-
gently contribute transformative solutions to a converging set of global crises and to
work simultaneously to protect planetary resources, safeguard social equity and hu-

29http://www.irdrinternational.org/
30https://www.unisdr.org/
31iigh.unu.edu
32www.iamp-online.org/
33http://urbanhealth.cn/
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man wellbeing. These issues bring forward the needs for integrated science, which
can be seen as:

• Works across disciplines and fields – (inter-disciplinarity)

– Supporting the joint, reciprocal framing, design, execution and application
of research

• Works globally – (international collaboration)

– Including the agendas, perspectives, approaches, methods and models of
scientists from all parts of the world

• Works with society – (trans-disciplinarity) (Mittelstrass, 2011)

– Engaging decision makers, policy shapers, practitioners, as well as actors
from civil society and the private sector as partners in the co-design and
co-production of solutions-oriented knowledge, policy and practice

6 Future Earth: Research for Global Sustainability

In recognition of these issues, the International Council for Science joined with others
for the Science and Technology Alliance for Global Sustainability34. Strategic plan-
ning sessions were held to develop the concepts (Reid et al., 2010). A transition team
was formed in 2011 and the result was Future Earth: Research for Global Sustainabil-
ity35, launched in 2015, as major international research platform, with the Goal: “To
provide the knowledge required for societies in the world to face risks posed by global
environmental change and to seize opportunities in a transition to global sustainabil-
ity”. Future Earth will advance Global Sustainability Science, build capacity in this
rapidly expanding area of research and provide an international research agenda to
guide natural and social scientists working around the world. It is also a platform for
international engagement to ensure that knowledge is generated in partnership with
society and users of science, connecting closely with the Sustainable Development
Goals and climate and biodiversity agreements (United Nations Framework Conven-
tion on Climate Change and the Convention on Biological Diversity36 and the Inter-
governmental Platform on Biodiversity and Ecosystem Services37).

Future Earth brings together and, in partnership with existing programmes on global
environmental change, coordinated new, interdisciplinary approaches to research on

34http://www.icsu.org/future-earth/who
35http://www.futureearth.org/
36https://www.cbd.int/
37http://www.ipbes.net/about-us



414 Transformative research for a sustainable future Earth

three themes: Dynamic Planet; Global Sustainable Development; and Transforma-
tions towards Sustainability. DIVERSITAS, the International Geosphere-Biosphere
Programme (IGBP) and the International Human Dimensions Programme (IHDP)
have been merged into Future Earth and the World Climate Research Programme
(WCRP) is a partner. Partnerships with START38 and other programs are also be-
ing undertaken.

Future Earth is a platform for international engagement to ensure that knowledge is
generated in partnership with society and users of science and will bring together
scientists of all disciplines, natural and social, as well as engineering, the humanities
and law. The governance structure of Future Earth embraces the concepts of co-design
and co-production of science with relevant stakeholders across a wide range of sectors
(Mauser et al., 2013).

Future Earth is led by a Governing Council and supported by two advisory bodies: a
Science Committee and an Engagement Committee. The Governing Council of Future
Earth is composed of the International Council for Science (ICSU), the International
Social Science Council (ISSC), the Belmont Forum of funding agencies, the United
Nations Educational, Scientific, and Cultural Organization, the United Nations Envi-
ronment Programme, the United Nations University, World Meteorological Organiza-
tion, Sustainable Development Solutions Network (SDSN)39 and the STS Forum40.
The Future Earth Engagement Committee is a strategic advisory group, comprising
thought-leaders from stakeholder groups including business, policy and civil society.
Working together with the Future Earth Science Committee and the Secretariat, its
primary purpose is to foster in-depth and innovative interactions between science and
society. The Engagement Committee provides leadership and creative thinking on
how to bridge the gap between knowledge and solutions for sustainable development.
Through their joint actions the research program of Future Earth is developed to co-
design the themes, priorities and approaches with the stakeholder community so that
the co-produced knowledge, technologies and approaches with better address societal
needs.

Future Earth, and all ICSU related programs, have a role in outreach, communication,
regional activities. The Future Earth program is building Open Knowledge Action
arenas in specific socio-ecological settings that focus on concrete challenges and ad-
dress specific transformation needs or opportunities (Cornell et al., 2013). The arenas
are to: traverse boundaries between different disciplines, perspectives, approaches,
and types of knowledge; bring knowledge partners—academic and non-academic—
together in networks of collaborative learning and problem solving; and to contribute
to a global knowledge trust that can support transformations to a sustainable and just
world.

38http://start.org/programs
39http://unsdsn.org/
40www.stsforum.org/
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The Future Earth science co-design, co-produce and co-deliver model changes the
science-policy-practice interface from the linear model, with its impacts and uptakes,
in which “science proposes, society disposes”(Guston, 2001)(Guston & Sarewitz,
2002) and dualistic mechanisms of production and use (policy briefs, assessments,
some advisory systems) to iterative interaction, with feedback loops and sometimes
messy processes on all sides.

7 Science for Policy and policy for science

An important area of action for the International Council for Science (ICSU) is Sci-
ence for Policy, which includes the international research programs described above,
and policy for science. In the global policy arena, there are the intersecting issues
of climate change, disaster risk reduction and sustainable development and their ap-
plications for cities, energy, resilience, health, populations and security. As shown
schematically in Figure 1, there is the need to bring the integrated science together for
policy so that the issues of technology and society can be addressed for the benefits of
future societies. There is also the need to address fully global science capacity so that
science benefits of all societies.

Figure 1. Intersecting issues and the need for integrated science to policy

8 Relevance, autonomy and science-society relationships

It is important that the relevance of science be established and highly considered in
its planning and implementation. There is a need to change from “taken-for-granted
promise of science” to approaches that:
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• do strategic basic or use-inspired fundamental research

• drive innovation, economic growth and competitiveness

• address complex global challenges that require science to step into the transfor-
mative ‘solutions spaces’ of, for example, open Knowledge-Action Networks

The principle of “academic autonomy” has always been important but it is important to
move from being unfettered by external constraints: autonomy as a right to autonomy
as “collaborative assurance”: working with society in securing the public good of
science. This will result in changing conceptions of who society is, i.e., who has a
say in steering science, shifting from only governments to governments and industry
and then to the full range of ‘users’ and stakeholders, including funders, practitioners,
citizens and social movements. The knowledge that counts will shift from only ivory
tower expertise to multiple knowledge actors and a diversity of valid knowledge claims
as we shift to science with society relationships.

There are challenges which will continue. Disciplines will still dominate in academic
training, funding priorities and mechanisms, evaluation, rewards and career advance-
ment. The integration of the natural, social (and human and other) sciences remains
a challenge, including incentive mechanisms. The added value of international col-
laboration is still questioned, and when it is supported, historically institutionalized
hegemonic systems and practices persist. The co-design and co-production of knowl-
edge is not well understood, let alone supported in real dollar terms. There is also a
need for researchers to have the process and communication skills needed to facilitate
and manage the processes involved.

9 Conclusions

Although we are aware of the challenges and complexity of transformative research,
the important “BUT” is, it is very important and essential to address issues of cli-
mate change, reduce risk, sustainable development for people and the planet. It also
is essential towards addressing and solving the issues of intergenerational and inter-
national equity and ethics. Through the Future Earth Program and its co-development
in integration with the Integrated Research on Disaster Risk, Urban Health and initia-
tives such as another science-policy issue of “big” science and open data Accord. The
Accord is an example of international science, the global voice of science, addressing
issues of policy for science.

This paper has discussed the building on transformative research to address global
issues and bringing all the sciences together, to enable through collective actions to
have the “future we want”. It has focussed on the role of the International Coun-
cil for Science (ICSU) as a key, leading international non-governmental organization
that works with many partners to achieve these common goals. We look forward to
working together for the benefit of all societies.
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Abstract. We are currently in the midst of one of the largest mass extinction events
in Earth’s history and there is no end in sight. Many species have little or no chance
of survival and for many others their fate depends on the development of promising,
implementable conservation management strategies. These strategies include, for ex-
ample, captive breeding programs, habitat protection, habitat recreation, and reversing
various forms of land degradation. An important step in the development of such con-
servation strategies is deciding where to best focus conservation efforts. The situation
is not unlike an under-resourced war-zone hospital, facing regular massive influxes
of casualties. Sadly, it’s not possible to even attempt to save all the species currently
classified as threatened. Like the war-zone hospital, triage measures need to be imple-
mented to determine where we should spend our time and resources. Such measures
are controversial for a number of reasons, not least of which is that they sometimes
recommend allowing a particular threatened species to go extinct. I will give a qual-
ified defence of triage, outlining its theoretical underpinnings and discussing its limi-
tations.
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1 The sixth great extinction

There is no doubt that we are in the midst of one of the largest mass extinction events
in the Earth’s history. This is the sixth such major extinction event and it is clear that
humans are largely responsible for this one. Biodiversity is being lost at an alarming
rate.1 According to leading ecologist and conservation biologist Stuart Pimm:

Current rates of extinction are about 1,000 times the background rate of
extinction. These are higher than previously estimated and likely still
underestimated. (Pimm et al., 2014, p. 987.)

To put this in perspective, the International Union for Conservation of Nature (IUCN)
claims that:

17,291 species out of the 47,677 assessed species are threatened with ex-
tinction. The results reveal 21 percent of all known mammals, 30 percent
of all known amphibians, 12 percent of all known birds, and 28 percent of
reptiles, 37 percent of freshwater fishes, 70 percent of plants, 35 percent
of invertebrates assessed so far are under threat. (International Union for
Conservation of Nature, 2009.)

In light of all this, many species have little or no chance of survival and for many oth-
ers their fate depends on the development of promising, implementable conservation
management strategies. But such conservation efforts need to be strategic.2

This raises a crucial question: what is the appropriate conservation strategy or strate-
gies in the face of such an ecological crisis? Several possibilities spring to mind. We
could focus conservation efforts on biodiversity hotspots3 such as Madagascar and
the Indian Ocean Islands. Alternatively we could focus conservation efforts on those
species facing the greatest threat, wherever they are. Another option is to focus on
rare ecosystems that provide unique services. Or we might instead opt for something
less systematic and more ad hoc, such as attempting to save threatened species when
they come to our attention. Current conservation prioritisation is something of a mix
of all of the above and has no doubt met with some success. But there is an argument
that we can do better by adopting a triage strategy. To see how this works, we must
first rehearse some basic decision theory.

1Here I’ll focus on species-level biodiversity (i.e. diversity of species). Alternatives would be to focus
on biodiversity at lower levels such as sub-species or even the genetic level, or at higher levels such as that
of ecosystems. See Maclaurin and Sterelny (2008) for a good discussion of how to understand biodiversity.

2Although the existence of the sixth mass extinction is not in doubt, there is disagreement about its
magnitude. A great deal of the disagreement hangs on the difficult task of estimating the background
extinction rate, with which the current rate is compared (Regan, Lupia, Drinnan, & Burgman, 2001; De
Voz, Joppa, Gittleman, Stephens, & Pimm, 2015).

3These are areas where there is a great deal of biodiversity and which face current or future threats.
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2 Conservation prioritisation

2.1 Decision theory

Decision theory is the formal theory of rational choice. It assumes that an agent has a
number of actions at her disposal, A1–An, and that the world might be in any number
of different states, S1–Sm (where S1–Sm form a partition of the ways the world might
be, or turn out to be). Outcomes are the result of performing a particular act when the
world is in some state or other. That is, an outcome is simply an act-state pair: Oi j is
the result of the agent choosing action Ai while the world is in state S j. Probabilities,
pi j and utilities ui j are then assigned to each outcome Oi j. The expected utility of act
Ai is EU(Ai) = Âm

k=1 uik pik, where Âm
k=1 pik = 1 We calculate the expected utility of

each act at our disposal and the decision rule is: choose the action with the greatest
expected utility, if there is such and action (Jeffrey, 1990).

A special class of decision problems are known as optimisation problems. An op-
timisation is a decision under constraint where one is attempting to maximise one
quantity, subject to a constraint of some kind. For example, consider the problem of
enclosing the maximum rectangular area of land, subject to the constraint of a fixed
length of fencing. Or, closer to our current purposes, consider the problem of trying
to maximise some quantity with a fixed budget. In such situations some outcomes
are inaccessible because the costs of the actions involved are too high. Although it is
common for the constraint to be financial, it need not be; the constraint can be in terms
of any resource. In its most general form, an optimisation problem is one of choosing
the action with the greatest expected utility, subject to the constraint in question. Now
we apply such methods to our conservation strategies.

2.2 Triage

In war-time hospitals the sick and wounded can arrive in such numbers that not all of
them can be given the most thorough treatment. Moreover, some patients are in greater
danger of dying than others. Medical staff must make decisions about who gets treated
first and, in some cases, who gets treated at all. In the most difficult cases, patients are
so seriously injured that little can be done to increase their chances of survival. In other
cases, patients could be treated but their chance of survival would not be significantly
increased and the treatment would seriously drain resources—both medical supplies
and the time of the medical team. Since such resources are limited, decisions need to
be made about where best to spend resources. We thus have an optimisation problem
of maximising expected lives saved, subject to resource constraints.

The relevance of this to the current environmental situation is obvious enough. We
are faced with a situation of limited resources (financial, temporal, etc.) so we cannot
do all we would like to preserve all the biodiversity we currently find on our planet.
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Suppose we have a ranking of the various threatened species from most to least threat-
ened. We must answer the question: where should we spend our valuable resources?
A tempting answer is to focus resources on the most threatened species—those higher
up the list. But this is akin to treating the most seriously injured first in our war-time
hospital, without considering the chances of success and without looking at the rele-
vant opportunity costs (the lives that otherwise might have been saved). This is a bad
strategy in the war-time hospital and it is a bad strategy for saving species.

The answer to our environmental prioritisation problem is to set up and solve the
relevant optimisation problem. That is, we need to engage in environmental triage
(Wilson, McBride, Bode, & Possingham, 2006). Here we try to maximise some ap-
propriate quantity (e.g. reducing the expected number of threatened species), subject
to existing resource and budgetary constraints.

It is worth pausing to note that one of the benefits of the decision-theoretic way of
looking at such issues is that it forces decision makers to be explicit about what the
quantity to be maximised is and how it is to be measured. For example, is the aim
to reduce the number of extinctions in the wild, critically endangered species, endan-
gered species or threatened species?4 The quantity to be maximised (or in this case,
minimised) needs to be decided and explicitly incorporated into the set up.5 We are
thus not able to get by with vague and imprecise aims such as “improving the natural
environment” or “making the world a better place to live”. We may still achieve such
lofty goals but we do so by maximising a well-defined, measurable and explicitly-
stated quantity such as numbers of species saved from extinction. This approach also
forces us to think about the nature of the resource constraints we face. More on this
later.

As in the war-time hospital sometimes the result will be that utility is maximised by
directing resources to those other than the most serious cases. Often, although there
are things that could be done to save a particular species, the optimisation strategy will
advise doing nothing for that species. The strategy will advise, in effect, to give up on
some species in order to focus resources elsewhere. As a notable defender of triage,
ecologist and conservation biologist Hugh Possingham, puts it:

[w]e should pick winners rather than struggling away with the ones on
their last legs. (Possingham, from an interview in the Sydney Morning
Herald, 6/9/14.)

Just as it must be hard in war-time hospitals to leave some critically ill patients to
die, giving up on some of our most endangered species is no easy matter. Leaving
species to go extinct is certainly not something we do lightly; it is forced upon us

4As is standard, I’m here appealing to the IUCN Red-list classification (International Union for Conser-
vation of Nature 2008).

5Technically, it is aways expected utility we are maximising but in practice we often allow more easily
measurable surrogates for utility such as money, number of species saved and so forth.
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by the overwhelming number of threatened species and the relatively poor prognosis
for many of them. Desperate times call for desperate measures. Although the triage
model is firmly supported by standard decision theory, it should come as no surprise
that triage has attracted some criticism. I will now look at some of this criticism and
offer a (qualified) defence of environmental triage against the criticism.

2.3 Limitations of the triage model

There are a number of poorly motivated arguments against triage (e.g. the value of
the environment cannot be represented in economic terms or that the environment is
sacred and conservation biologists should not play God) but to my way of thinking
the best arguments against triage attack the theoretical framework used: optimisation
under constraint. In any case, these are the arguments I’ll focus on here.

First, we might question the assumption of the triage/optimisation model that the re-
sources are an absolute constraint. It is not always the case that resources are fixed.
In at least some circumstances, if the budget or resources are negotiable, it might be
better to spend some effort petitioning for a larger conservation budget rather than
trying to get by with an unreasonable budget or inadequate resources. There is no
room for such negotiations in the standard optimisation models under consideration
here.

Another assumption of standard triage models is that there are no costs associated
with the reallocation of resources. That is, it is assumed that were we to decide not
to pursue conservation efforts in relation to some species, the Orange-bellied parrot
(Neophema chrysogaster, currently classified as critically endangered), say, we could
redirect those resources to conservation efforts for some other species, the Tasmanian
Devil (Sarcophilus harrisii, currently classified as endangered), say. There are a num-
ber of difficulties with this assumption. First, sometimes the funds made available
have strings attached. Resources from a bird conservation source may not be allowed
to be reallocated to conservation efforts directed at a non-bird. In any case, the con-
servation efforts themselves are also going to be very different, so a group working
on saving a bird may not be qualified to engage in conservation of, say, Tasmanian
Devils. At the very least there will be transaction costs. There are also issues of
geopolitical strings attached to resources: sometimes funds cannot cross national or
state boundaries.

Finally, triage requires a standard probabilistic representation of uncertainty. This is
not always available and sometimes probability may not even be the appropriate tool
for representing the uncertainty in question (Colyvan, 2008a). For example, standard
probability theory, is based in classical logic, which is appropriate only if the world is
not gappy. That is, for any proposition P, either P or not-P is the case, even though we
may be uncertain about which. But now consider cases where vagueness is involved.
Take a question such as ‘is a given level of risk of extinction of a particular species
acceptable?’. Here the vagueness of the notion of ‘acceptable risk’ (which permeates
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much of risk analysis), means that there may not be a fact of the matter.6 If this is the
case, it can be argued that probability theory is not the appropriate tool for the repre-
sentation of the resulting uncertainties (Regan, Colyvan, & Burgman, 2002).

I take all of these objections to the triage model seriously. I do not, however, take them
to be decisive. Rather, they highlight limitations on the applicability of the model. As
with any model, it has its domain of useful applications and one should exercise cau-
tion when using a model beyond its domain of intended applications. All the above
objections draw attention to various idealisations in the triage model that are unreal-
istic in some circumstances. We can thus respond by acknowledging the idealisations
in question and this, in turn, forces us to think about the appropriateness of each of the
idealisations in question for the particular application of the model.

For instance, if the budget in question is not fixed, then we simply do not have an
optimisation problem. If the budget is genuinely open for negotiation then we should
move to another more-appropriate model (e.g. a Nash bargaining model) for the bud-
get negotiation. But once the budget has been negotiated, we can then return to the
optimisation model with the newly-bargained budget. Similarly, reallocation expenses
can be included in the model—we do not need to assume zero-transaction costs. Drop-
ping this idealisation makes for a slightly more complex model but there is no problem
in principle incorporating such complications. Similarly, non-probabilistic representa-
tions of uncertainty can be accommodated in decision theory (e.g. vague probabilities
Walley, 1991), but again it complicates things. This is not to give up on the basic triage
model though. If there is no need to introduce such complications (as will sometimes
be the case), then we should stick with the basic model.

So, while these criticisms of the assumptions of the triage model are correct, they do
not undermine the basic approach. Rather, focussing attention on the assumptions is
useful in determining the appropriate applications of the model and can even help in
suggesting modifications of the model and different models for applications beyond
the scope of the basic triage model. Now we turn to some more radical attacks on
triage.

3 Infinite value

Some have suggested that the natural environment is infinitely valuable. If this were
right, saving the natural environment would take priority over mere economic con-
cerns. What is not often noted is that it would also mean any environmental trade-

6This, of course, depends on your preferred theory of vagueness. Epistemic accounts of vagueness
(Williamson, 1994; Sorenson, 2001) hold that there is an unknowable fact of the matter, but others allow
there to be truth-value gaps associated with vagueness (e.g. Fine, 1975). Such vague categories can be
sharpened up or, rather, replaced with sharp categories but this brings its own problems (Regan, Colyvan,
& Burgman, 2000).
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offs would be impossible. Triage would not work but neither would very much else.
Thankfully there is no reason to entertain infinite environmental values. The natural
environment is valuable but not infinitely so. But lets’s look at these issues in more
detail.

Douglas McCauley is one who appeals to infinite values in order to prioritise the
environment over other concerns.

I suggest that the aggregate value of a chunk of nature—its aesthetic
beauty, cultural importance and evolutionary significance—is infinite, and
thus defies incorporation into any ecosystem service programme that aims
to save nature by approximating its monetary value. (McCauley, 2006,
p. 28.)

The idea is clear enough: if a chunk of nature is infinitely valuable, its value trumps
any finite, economic concerns. But what reason do we have for believing that nature
is infinitely valuable? McCauley seems to suggest (without further argument) that the
infinite value of nature follows from accepting that nature has intrinsic value (Mc-
Cauley, 2006, p. 28). There are several problems with this line of argument. First, it
is anything but clear that nature is intrinsically valuable. And even if it were, it would
not follow that its value would be infinite (Justus, Colyvan, Regan, & Maguire, 2009).
So what reason is there to entertain infinite value for nature? Of course we can simply
stipulate that this is so but this solves nothing. Apart from from being unmotivated,
it leaves the door open for others to stipulate alternative uses of land to be infinite:
coal-seam gas mines, car parks, and so on. We end up with value inflation by stipula-
tion. If nature is to be seen as infinitely valuable, this needs to be motivated. Without
such motivation, this line of argument is without merit. But even setting aside the
motivational problem, there are other problems for this view.

The first big problem is that infinite value insufficiently discriminates the salient out-
comes (Colyvan, Justus, & Regan, 2010). For example, if we hold that some piece of
the natural environment is infinitely-valuable (e.g. mangrove forests), assigning mean-
ingful values to larger regions of that habitat is problematic because there is no extra
value to be had in larger areas of it. The problem is that all infinite values (at least in
standard decision theory) are equal (and it is not clear that appeals to trans-finite val-
ues help here). This approach thus prohibits prioritisation of conservation goals—they
are all equal!

The second big problem is that infinite value swamps probability. More formally:
we violate the Archimedian condition.7 Without some clever use of non-standard
analysis, non-Archimedian decision theory, or the like, we end up with the expected

7The Archimedian condition states that whenever a rational agent prefers A to B and B to C, there exists
a real–valued 0 < w < 1, such that the agent is indifferent between B and the following lottery: a w chance
at C and a (1�w) chance at A. Informally: there exists a weighted average of the best and worst outcome
which is equal in expected value to the middle outcome. When A is infinite, there is no such w.



428 Biodiversity and triage

utility of any action with a non-zero chance of the desired outcome being infinite.
For example, if persistence of an endangered species is considered infinitely valuable,
any action with a non-zero chance of the species’ survival will have infinite expected
value. We would need to be indifferent between hunting the species in question, ini-
tiating captive breeding programs, designing reserves for them, poisoning them, and
so on, for all of these management strategies have some non-zero chance of outcomes
that result in the preservation the species in question.8 But this is clearly the wrong
answer; we want to invest in conservation strategies with higher chances of success.
For example, we want to be able to recommend designing appropriate reserves for rhi-
nos rather than hunting them. Infinite values stand in the way of such common-sense
judgements.9

It is worth noting explicitly that this does not mean that nature has only finite value.
Rather, the lack of discriminatory power we have just seen gives us a pragmatic rea-
son for rejecting appeals to infinite values. But there are also good reasons to reject
that the environment has infinite value. Apart from anything else, one needs evidence
that something has infinite value; it is not enough to simply assert this as McCauley
does. What evidence is there that the natural environment has infinite values? In fact
all evidence seems to suggest that its value is finite. If the values in question are in-
strumental, then we reveal these values via our behaviour. But our behaviour includes
making precisely the kinds of trade offs that we have already seen would be impos-
sible were the values in question infinite. The instrumental value of natures is surely
finite. One might instead appeal to intrinsic values and insist that the intrinsic value of
nature is infinite. On this account, value is disconnected from human behaviour so the
fact that we behave as though nature is only finitely valuable is neither here nor there.
But therein lies the problem with the intrinsic value account: if human behaviour does
not reveal the values in question, what does? Intrinsic-value accounts of the value of
nature face serious epistemic problems: the values in question are inaccessible and
thus there is no evidence that they are infinite.10 It seems that we cannot coherently
let go of our anthropocentric perspective (Grey, 1993).

It might, instead, be claimed that the values in question are incommensurable or that
we are fundamentally ignorant of the value of nature. But as Elliott Sober correctly
points out, ignorance does not help motivating conservation efforts: "[i]f you are com-
pletely ignorant of values, then you are incapable of making a rational decision, either
for or against preserving some species" (Sober, 1986, p. 175). If you don’t know what
something’s value is, a fortiori you have no reason to think its value is greater than
something else. Similar problems exist for incommensurable value. If something’s

8This line of objection is due to (Hájek, 2003) where it is raised in relation to the infinite values found
in Pascal’s Wager.

9Some of these problems can be avoided by moving to a non-standard decision theory that allows for
comparisons between various infinite outcomes (e.g. Bartha and DesRoches, 2017; Colyvan, 2008b).

10Such epistemic problems exist for intrinsic values more generally, either infinite or finite (Justus et al.,
2009).
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value is incommensurable with, say, economic values, then no trade offs are possible
and there can be no rational motivation for allocating budgets to conservation efforts.
(Justus et al., 2009.) In short, infinite values, incommensurable values, and unknown
values are no basis for conservation.

4 Special pleading

Another line of attack on the triage model is to argue that sometimes, at least, special
pleading is in order. Defenders of this line of thought then point to successful cases in
support. One such case is sometimes thought to be the California Condor (Gymnogyps
californianus).

In 1987 the California Condor was on the brink of extinction. At that stage there were
only 6 birds remaining in the wild. The bird’s cause was relentlessly championed by
two conservationists, Noel and Helen Snyder, when others had given up on saving
the California Condor (Snyder & Snyder, 2000). The remaining wild Condors were
captured and placed in captive breeding programs at San Diego and Los Angeles zoos
along with 16 other captive birds. The breeding program was very successful and by
1991 Californian Condors were released back into the wild. By October 2014 there
were around 425 California Condors (about 219 in the wild, the rest still in captivity)
(U.S. Fish & Wildlife Service, 2014).

Stuart Pimm, for one, presents the Condor case as flying in the face of triage.

[N]ot all species are equal in their ability to inspire us—the condor is
among the most spectacular birds—nor in their ability to extend our ap-
plied scientific skills to the limits necessary to save them. Were I endan-
gered, I’d want the Snyders and their colleagues there to ensure I wasn’t
written off. (Pimm, 2000.)

Presumably, the thought is that because the resources used to save the condor were
rather extensive (and hard to justify in cost–benefit terms), triage would have recom-
mended that we should have given up on the California Condor. The success of the
Snyders and the captive breeding program thus is supposed to tell against the triage
approach.

But it is not clear that the condor case is the problem for triage that Pimm takes it to
be. First, there is nothing in the triage approach that suggests that all species are of
equal value. For whatever reason, some species might be assigned greater importance
(e.g. iconic species), just as in wartime hospital, a General might be given greater
weight than a Private. Given the cultural importance of the California Condor, it
could well be argued that it should be assigned extra weight in any triage model. If
so, the triage model may well recommend the same course of action as the Snyders’
captive breeding program. But in any case, the triage calculations would need to be
done. One shouldn’t simply assume that triage always recommends against assigning
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resources to critically endangered species.

The second thing to say about this case is that it is misleading to focus on a single suc-
cessful story. Decision theory does not—nor should it—guarantee the best outcome
in a given case. Triage and decision theory in general is probabilistic at its core. This
means that sometimes it recommends an action that does not result in the best out-
come. But nothing can guarantee the best outcome in any given case. Just as casinos
can suffer the odd big loss (but win in the long run), triage will sometimes recom-
mend that the chance of a species recovering are so low as to not warrant investing
resources and yet, against the odds, it recovers. The Californian Condor might be
such a case.

Moreover, focussing on cases where decision theory does not result in the best out-
come is to ignore the many cases where it does get it right. For instance, had the
recovery program for the California Condor failed (and the game is not over yet—the
Californian Condor is still critically endangered), what would Pimm say about the
many species that went extinct in the meantime. But of course the recovery program
for the Californian Condor does look to have been successful but the point remains
that the resources spent on this single species was at the expense of others. There are
always opportunity costs, even in successful cases.

5 Ethics versus decision theory

Triage adopts an explicitly consequentialist framework: the values in question are
attached to outcomes, which in turn are products of actions of the agents and the states
of the world. Indeed, this is how standard decision theory (including economic theory)
proceeds. But it might be argued that this consequentialist framework is controversial.
For example, it might be argued that we have duties to care for non-human species and
this duty has nothing to do with consequences. At the very least, we ought to give due
respect to more explicitly ethical motivations for conserving biodiversity, or so goes
this line of thought.

The first thing to note is that although standard decision theory is consequentialist in
the sense that it is outcomes that are the bearers of value, it is not consequentialist in
any stronger sense. For example, the values attached to outcomes need not be any-
thing to do with promoting the greatest good for the population at large. Indeed, the
so-called utility function of decision theory is simply a mathematical function that sat-
isfies the von Neumann-Morgenstern axioms (von Neumann & Morgenstern, 1944),
and these axioms are, in many ways, rather liberal. They rule against intransitivity of
the utility function11 but they do not rule against valuing genocide. The theory fixes

11If the utility of outcome A is greater then the utility of B, and the utility of outcome B is greater than
the utility of C, then the utility of A must be greater than the utility of C.
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the structure of the utility function but the values this function takes are left open. In
an important sense, decision theory is amoral. A natural thought is to appeal to ethics
to place further restrictions on the values the utility function can realise (so, for exam-
ple, we might want genocide to be highly disvalued). On this way of looking at things,
at least, there is no conflict between ethics and the decision-theoretic framework that
triage appeals to; ethics complements decision theory.

Moreover, any ethical theory cannot “go it alone” so to speak. Ethical theories, such
as deontology simply do not give advice about what to do in an uncertain world (Smith
& Jackson, 2006). Ethical theories need a decision theory. Now it might be thought
that the consequentialist framework adopted by standard decision theory is not well
suited to non-consequentialist ethical theories such as deontology or virtue ethics. But
non-consequentialist ethical theories can be combined with standard decision theory
(Colyvan, Cox, & Steele, 2010). The basic idea, for deontological decision theory, for
example, is that further formal constraints are placed on the utility function so that the
utility function assigns high values to outcomes arising from certain classes of actions
(the “duties”) and low values to outcomes arising from another class of actions (the
“prohibitions”).12 The details need not concern us; the important point is that ethical
theories on their own do not give advice about anything let alone about how best to
preserve biodiversity. For this we need decision theory. On this way of looking at
things, again there is no conflict between ethics and the decision-theoretic framework;
decision theory complements ethics.

In short, ethical theories require decision theory in order to give any practical advice
about conservation and non-consequentialist ethical theories can be accommodated in
something like the standard decision theoretic account. A version of triage is thus
compatible with non-consequentialist ethical theories. There is nothing essentially
consequentialist (in the ethical sense) about triage. It is thus hard to see the sense in
which triage might be thought to be in tension with ethical sensibilities.

6 Conclusion

I’ve provided a limited defence of triage as the core decision tool in conservation man-
agement and conservation planning. There are devils in the details of its application
though. As with models, wherever they are applied, we need to be aware of, and
critically examine, the various idealisations and assumptions. Understanding these
idealisations and assumptions can help in ensuring that the model is used only in ap-
propriate settings. For the triage model under discussion this means: not accepting

12Still, the framework remains consequentialist in that it is outcomes that are the bearers of value. If
this is objectionable to the deontologist or to the virtue theorist, they need to develop their own non-
consequentialist decision theory. Until that is done, they both remain unable to give practical advice in
an uncertain world such as ours.
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resource constraints as absolute when they are not; including transaction and realloca-
tion costs when appropriate; employing careful and appropriate representations of the
various uncertainties; and employing careful and appropriate representation of utility
(which includes appropriate values for iconic species). With these caveats in place,
triage is simply the rational way to ensure the optimum allocation of resources for
the best conservation outcomes. As I’ve already stressed, it does not guarantee the
best outcome in any single case—nothing can do that—but it does guarantee the best
results in the long run. And it is the long run we are interested in.

Finally, a word about complications arising from climate change. One of the most se-
rious threats to the Earth’s biodiversity in the medium term is anthropogenic climate
change. Various climate mitigation measures, such as carbon sequestration schemes,
if managed carefully, may be beneficial for both reducing climate change and for the
preservation of biodiversity (Bekessy & Wintle, 2008; Venter et al., 2009). But care
needs to be taken here. Too narrow a focus on carbon storage can lead to perverse
environmental outcomes. For example, quick-growing plantation forests are a useful
measure for reducing atmospheric carbon but they contribute little to biodiversity and
may even reduce biodiversity, especially if native grasslands and other native veg-
etation are cleared for plantation forests. There are also concerns about the effects
of plantation forests: the plantation tree may become invasive or otherwise signifi-
cantly alter ecosystem processes (Putz & Redford, 2009; Lindenmayer et al., 2012).
Any plausible strategy for dealing with the preservation of biodiversity must include
strategies for curbing the effects of climate change but this must be done in a holistic
manner. Environmental goals such as biodiversity and carbon sequestration need to be
carefully distinguished and ways of jointly optimising these and other environmental
values need to be identified. Triage will be an important part of such holistic strate-
gies but careful attention to the relevant environmental values is crucial to success
here.
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